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Abstract: In this paper, we present the quadratic associative symmetry algebra of the 3D

nondegenerate maximally quantum superintegrable system. This is the complete symmetry

algebra of the system. It is demonstrated that the symmetry algebra contains suitable

quadratic subalgebras, each of which is generated by three generators with relevant structure

constants, which may depend on central elements. We construct corresponding Casimir

operators and present finite-dimensional unirreps and structure functions via the realizations

of these subalgebras in the context of deformed oscillators. By imposing constraints on

the structure functions, we obtain the spectrum of the 3D nondegenerate superintegrable

system. We also show that this model is multiseparable and admits separation of variables

in cylindrical polar and paraboloidal coordinates. We derive the physical spectrum by solving

the Schrödinger equation of the system and compare the result with those obtained from

algebraic derivations.
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§1. Introduction

Superintegrable Hamiltonian systems are a very exclusive family of physical systems as they

are exactly solvable systems and their symmetries are, in many cases, generated by a nonlinear

generalization of Lie algebras [1]. In a classical system, a d-dimensional dynamical system

with Hamiltonian H = 1
2g
jkpjpk + V (x) and constants of motion Al = fl(x, p), l = 1, . . . , d −
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1 is (Liouville) completely integrable if the system allows d integrals including H that are

functionally independent on the phase space, and are in involution {H,Al} = 0, {Al,Am} = 0,

l,m = 1, . . . , d − 1. The integrable system is known as superintegrable if it allows additional

well-defined constants of motion Bm on the phase space and they are in involution {H,Bm} =

0, m = 1, · · · , k. It is assumed that the set of integrals {H,A1, · · · ,Ad−1,B1, . . . ,Bk} are

functionally independent. The system will be maximally superintegrable if the integrals set has

(2d− 1) integrals and minimally superintegrable if the set has d+ 1 such integrals. There is a

remark that the additional integrals Bm need not be in involution with A1, · · · ,Ad−1 as well

as not with each other.

In quantum mechanics, similar definitions apply with the coordinates xi and momenta pk,

in which they represent as hermitian operators in the Hilbert space satisfying the Heisenberg

algebra. Thus, the quantum counterpart of the system is integrable, if there exist d − 1 well-

defined algebraically independent quantum integrals of motion A1, · · · , Ad−1 on the Hilbert

space that commute with the Hamiltonian operator H and pair-wise with each other, that is,

[H,Al] = 0 and [Al, Am] = 0 for 1 ≤ l,m ≤ d − 1. The system is superintegrable for the ex-

istence of the additional algebraically independent quantum integrals of motion Bm such that

[H,Bm] = 0 for m = 1, · · · , k. Moreover, the system is known as the quasi-maximally superin-

tegrable system which has 2d − 2 independent constants of motion including the Hamiltonian

H. The maximally superintegrable system is more special for the existence of a large num-

ber of symmetries and for arising many unique properties such as periodic motions and finite

closed trajectories or accidental degeneracies of the energy spectrum in classical/(or) quantum

mechanics. More exhaustive algebraic descriptions of superintegrable systems in classical and

quantum mechanics, symmetry algebras, and their connections to special functions can be found

in the review paper [1]. Famous examples of superintegrable systems are the Coulomb-Kepler

[2,3] and the harmonic oscillator [4,5].

A systematic algebraic investigation is performed for superintegrable Hamiltonian system-

s on 2D and 3D Euclidean spaces in [6C8]. The algebraic computations were more or less

completed for the constants of motion which are first- or second-order polynomials of the mo-

menta. Over the year, much work has been done on the complete classifications of second-order

classical and quantum superintegrable systems [9C14]. Nowadays, the search for arbitrary di-

mensional quantum superintegrable systems and their higher-order constants of motion is a

paramount research area (see for examples [15-24]). In the context of the algebraic perspective,

the higher-order polynomial algebras with structure constants of certain Casimir invariants

are constructed by using the integrals of the d-dimensional superintegrable systems [25-30].

However, the classification of 3D superintegrable Hamiltonian systems is still an active field of

research in particular for nondegenerate quantum superintegrable systems and their symmetry

algebras [31-34]. The four parameters depending potentials are classified as the nondegenerate

potentials, and less than four parameters depending potentials are classified as the degenerate

potentials of the 3D superintegrable systems. Such classifications have been explicitly studied

in [31,35]. The systems with degenerate and nondegenerate potentials were investigated in the

seminal paper [8]. It is established that any 3d nondegenerate classical superintegrable system

with five second-order constants of motion (including the Hamiltonian) allows an additional
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integral, which is linearly independent to others. All these integrals of the 3D nondegenerate

superintegrable system [32,32] close to form a parafermionic-like Poisson algebras [36]. The

energy spectra of the generalized Coulomb-Kepler system in Euclidean space have been studied

using the methods of separation of variables in [37]. The energy eigenvalues of the generalized

quantum Kepler-Coulomb system with nondegenerate potentials were calculated algebraically

in [38]. However, the superintegrable systems with nondegenerate potential, their correspond-

ing quadratic integrals and the symmetry algebras investigation are still interesting problems in

quantum mechanics [32]. We introduce the 3D nondegenerate quantum superintegrable system

depending on four parameters, which is known as the KKM Potential VIV [31] with quadrat-

ic integrals to present full symmetry quadratic algebra structure. We calculate the energy

eigenvalues of the system algebraically. We also show the multiseparability of the system in

cylindrical polar and paraboloidal coordinates and solve the Schrödinger equation of the system.

We compare the result with those obtained from algebraic calculations.

We present this paper in the following form. In section 2, we present a 3D nondegen-

erate quantum Hamiltonian system in a flat space, and its superintegrability for the set of

algebraically independent quadratic integrals. In section 3, we construct the quadratic ful-

l symmetry algebra structure generated by the quadratic constants of motion of the system.

Section 4 contains a brief discussion on the quadratic algebra Q(3) related to the symmetry

algebra. In section 5, we recall quadratic subalgebras which are generated by three generators

involving structure constants from symmetry algebra and present their corresponding Casimir

operators. In section 6, we present the algebraic realizations of the quadratic subalgebras in

the context of deformed oscillators of Daskaloyannis’s approach [39,40] and obtain the energy

spectrum of the 3D system. Section 7 contains the solutions of the Schrödinger equation of the

3D Hamiltonian system in cylindrical polar and paraboloidal coordinates. Section 8 contains

the concluding remarks.

§2. The 3D Nondegenerate Quantum Superintegrable System

The 3D superintegrable systems with the Hamiltonian

H =
1

2

(
p2
x1

+ p2
x2

+ p2
x3

)
+ V (x1, x2, x3) (2.1)

on the flat space have been initially studied in [8]. All these 3D systems with quadratic in-

tegrals have been classified in the complex Euclidean space and distinguished to the so-called

nondegenerate potentials [31]. These nondegenerate potentials are linear combinations of four

parameters, while degenerate potentials depend on less than four parameters. Kalnins, Kress

and Miller [31] also established a general result for the nondegenerate potentials: if V is a 3D

nondegenerate potential depending on four parameters considered on a conformally flat space

with the metric

ds2 = g(x1, x2, x3)(dx2
1 + dx2

2 + dx2
3), (2.2)

then the classical analog of the Hamiltonian associated with the above metric is maximally
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superintegrable with five functionally independent quadratic integrals L = {Sk : k = 1, · · · , 5}
(including S1 ≡ H) and there always exists an extra quadratic integral S6 which is linearly inde-

pendent to the others. These classical nondegenerate systems and their corresponding quadratic

integrals have been performed a parafermionic-like quadratic Poisson algebra on conformally

flat space [32]. However, the associative quadratic ternary symmetry algebras for the nondegen-

erate superintegrable systems in quantum mechanics and their degeneracy of the energy spectra

remain largely unknown. Their analytic solutions to the Schrödinger equations via separation

of variables would be of much interest. At the first attempt, we thus introduce a nondegenerate

quantum system, which is known as the KKM potential VIV , with the Hamiltonian operator in

real Euclidean space E3 [31],

H = p2
x1

+ p2
x2

+ p2
x3

+ c1(4x2
1 + x2

2 + x2
3) + c2x1 +

c3
x2

2

+
c4
x2

3

, (2.3)

where pxi = −i ∂
∂xi

and we set m = ~ = 1. It is remarked that c2 can be eliminated by a shift

of coordinates under the condition that c1 is not zero and it is possible to reduce the potential

to 3 parameters, in this case, the algebra must transform correspondingly. In this paper, we

present the full symmetry quadratic algebra of the 3D nondegenerate quantum superintegrable

system (2.3) and obtain the energy spectrum applying the Daskaloyannis deformed oscillator

algebra approach [39] on the symmetry algebras.

The quantum Hamiltonian system (2.3) has the following four algebraically independent

quadratic integrals,

A1 = p2
x1

+ 4c1x
2
1 + c2x1, A2 = p2

x2
+ c1x

2
2 +

c3
x2

2

,

B1 = J2px3
+ px3

J2 + 2c1x1x
2
3 +

c2x
2
3

2
− 2c4x1

x2
3

, B2 = J2
1 +

c3x
2
3

x2
2

+
c4x

2
2

x2
3

, (2.4)

and one additional quadratic integral,

F = px2J3 + J3px2 − 2c1x1x
2
2 −

c2x
2
2

2
+

2c3x1

x2
2

, (2.5)

where

J1 = x2px3
− x3px2

, J2 = x3px1
− x1px3

, J3 = x1px2
− x2px1

. (2.6)

All these integrals are linearly independent including the Hamiltonian H. The Hamiltonian

system is maximally superintegrable. It can be proved by the following commutation relations

[Ai, H] = 0, [Bi, H] = 0, i = 1, 2, [H,F ] = 0. (2.7)

We also found that

[A1, B2] = 0, [A1, A2] = 0, [A2, B1] = 0. (2.8)

The above commutativity relations can be expressed as the following diagram to easily under-
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stand,

where the dashed lines indicate that the commutator of the corresponding integrals is zero

and the absence of dashed lines among the integrals means the commutator is nonzero. The

presence of F ensures that the integrals generate a ternary type quadratic algebra involving six

generators including the Hamiltonian operator. We can also define

C1 = [A1, B1], C2 = [A2, B2], D = [B1, B2]. (2.10)

It is shown that the new integrals of motion C1 and C2 are cubic functions of momenta, which

can not be expressed as a polynomial function in terms of other integrals of motion that are

the second structure of momenta. We may also define

E1 = [A1, F ], E2 = [A2, F ], E3 = [B1, F ], E4 = [B2, F ]. (2.11)

§3. Quadratic Symmetry Algebra

We now derive the full quadratic symmetry algebra of the quantum superintegrable Hamiltonian

system (2.3). After a long direct computation and using different commutation relations and

Jacobi identities, the six integrals of motion including the Hamiltonian H close to form the

following quadratic symmetry algebra,

[A1, C1] = 4c2A1 + 16c1B1 + 4c2(A2 −H), (3.1)

[B1, C1] = 24A2
1 + 32(A2 −H)A1 − 4c2B1 + 8H2 − 16HA2

−8c1(4c4 − 3) + 8A2
2, (3.2)

[A2, C2] = 8A2
2 + 8(A1 −H)A2 + 8c1(2B2 + 1), (3.3)

[B2, C2] = −16(c3 + c4 − 1)A2 − 8{A2, B2} − 8(A1 −H)B2

−8(2c3 − 1)A1 + 8(2c3 − 1)H, (3.4)

[A1, D] = 8A2B1 − 8FA1 − 8A2F + 8HF, (3.5)

[C1, F ] = 8HA2 − 8A2A1 − 8A2
2 − 16c1B2 − 8c1, (3.6)

[C1, B2] = 8A2B1 − 8A1F − 8A2F + 8HF, (3.7)

[E1, A2] = 16c1F + 4c2A2, (3.8)
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[E1, B2] = 8HF − 8FA1 − 8A2F + 8B1A2, (3.9)

[E1, F ] = 16A2A1 − 4c2F − 8A2
2 + 8c1(4c3 − 3), (3.10)

[E1, A1] = −16c1F − 4c2A2, (3.11)

[C2, B1] = 4c2B2 − 8FA2 − 8A1F + 8HF + 2c2, (3.12)

[E2, A2] = −4c2A2 − 16c1F, (3.13)

[E2, B1] = 8A2
2 + 8(A1 −H)A2 + 16c1B2 + 8c1, (3.14)

[E2, B2] = 8A2F + 8A1F − 8HF − 8B1A2, (3.15)

[E2, F ] = 8A2
2 − 16A1A2 + 4c2F − 8c1(4c3 − 3), (3.16)

and

[B1, D] = 8FB1 − 8(A2 + 3A1 −H)B2 − 8(2c4 − 1)A2 − 12A1 + 4H, (3.17)

[D,B2] = 8(B1B2 +B2B1) + 8FB2 + 8(2c3 − 1)B1 + 8(2c4 − 1)F − 8B1B2, (3.18)

[E3, B1] = 8(A1 +A2 −H)F − 4c2B2 − 2c2, (3.19)

[E3, B2] = 8FB1 − 8(2c3 − 1)A1 − 16(c3 + c4 − 1)A2 + 8(2c3 − 1)H

−8A1B2 − 16A2B2 + 8B2 − 8B1F, (3.20)

[E3, F ] = 8A2B1 − 4c2B2 − 2c2, (3.21)

[E4, A1] = −8(A1 +A2 −H)F + 8B1A2, (3.22)

[E4, B2] = −8(B2F + FB2) + 8FB2 − 8(2c4 − 1)F − 8B1B2 − 8(2c3 − 1)B1, (3.23)

[E4, F ] = −8(2A1 −A2)B2 + 8B1F − 4(4c3 − 3)H + 4(4c3 − 5)A1 + 8(2c3 − 1)A2. (3.24)

We can also present a second algebra in terms of C1, C2 and D with coefficients in linear

combinations of integrals A1, A2, B1, B2, F,H as

[C1, C2] = 8A2C1 − 4c2C2 − 16c1D,

[C1, D] = 8FC1 − 8A2C2 − 24A1C2 + 8HC2 + 4c2D,

[C2, D] = −8B2C1 − 8FC2 + 8A2D − 8(2c3 − 1)C1. (3.25)

To the observation, the relations (3.1) - (3.2) and (3.3)- (3.4), respectively, involving the inte-

grals set {A1, B1, C1} and {A2, B2, C2}, defined by the subalgebras, Q1(3) and Q2(3), have a

connection to the quadratic algebra Q(3) of 2D superintegrable systems with quadratic integrals

of motion [39]. It is stimulating to see the subalgebras Qi(3), i = 1, 2 that are embedded in

the symmetry algebra of the 3D nondegenerate superintegrable system (2.3). In the following

section, we consider the subalgebras Qi(3), i = 1, 2 to calculate the spectrum of the system

(2.3) by using the Daskaloyannis approach and the deformed oscillator algebra realizations in

[39, 40].

§4. The Quadratic Algebra Q(3)

In the above section, we successfully obtain the symmetry algebra structures of the 3D su-
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perintegrable system (2.3) for nondegenerate potential. We now have to calculate the energy

spectrum of the system based on the symmetry algebra. In order to derive the spectrum alge-

braically, we demonstrate the existence of a set of subalgebra structures Qi(3), i = 1, 2, involving

three generators and compared them with the quadratic algebra Q(3) presented by Daskaloy-

annis in the context of 2D superintegrable systems [39]. We recall briefly this algebraic method

for two subalgebras Qi(3), i = 1, 2 which involves three operators {Ai,Bi, Ci} for i = 1, 2 and

[Ai,Aj ] = 0, for all i, j [30]. They are close to form the following quadratic algebras,

[Ai,Bi] = Ci,

[Ai, Ci] = αiA2
i + γi{Ai,Bi}+ δiAi + εiBi + ζi,

[Bi, Ci] = aiA2
i − γiB2

i − αi{Ai,Bi}+ diAi − δiBi + zi, (4.1)

where i = 1, 2. The coefficients αi, γi, ai are constants and di, δi, εi, ζi, zi are polynomials of

central elements: the Hamiltonian H and the generator Aj of the j-th subalgebra, which com-

mutes with the generators of the i-th subalgebra. The generators {Ai,Bi, Ci} of the subalgebras

Qi(3), i = 1, 2 form a Casimir invariant

Ki = C2
i − αi{A2

i ,Bi} − γi{Ai,B2
i }+ (αiγi − δi){Ai,Bi}+ (γ2

i − εi)B2
i

+ (γiδi − 2ζi)Bi +
2ai
3
A3
i +

(
di +

aiγi
3

+ α2
i

)
A2
i +

(aiεi
3

+ αiδi + 2zi

)
Ai. (4.2)

It is pointed out that this Casimir invariant is possible to reform in terms of only central

elements of the corresponding subalgebras. To determine the spectrum of the Hamiltonian

operator H, the algebra Qi(3) (4.1) i = 1, 2 needs to realize in terms of the deformed oscillator

algebras [39,40],

[ℵi, b†i ] = b†i , [ℵi, bi] = −bi, bib
†
i = φ(ℵi + 1), b†i bi = φ(ℵi), (4.3)

and the structure function φ for γi 6= 0 is given by

φi(ni) = γ8
i (3α2

i+4aiγi)[2(ni+ui)−3]2[2(ni+ui)−1]4[2(ni+ui)+1]2 − 3072γ6
iKi[2(ni+ui)−1]2

− 48γ6
i (α2

i εi−αiγiδi+aiγiεi−γ2
i di)[2(ni+ui)−1]4[2(ni+ui)+1]2[2(ni+ui)−3]

+ 32γ4
i

(
3α2

i ε
2
i+4αiγ

2
i ζi−6αiγiδiεi+2aiγiε

2
i+2γ2

i δ
2
i−4γ2

i diεi+8γ3
i zi
)
×

[2(ni+ui)−1]2[12(ni+ui)
2−12(ni+ui)−1] + 768(αiε

2
i + 4γ2

i ζi − 2γiδiεi)
2

− 256γ2
i [2(ni+ui)−1]2(3α2

i ε
3
i+4αiγ

4
i ζi+12αiγ

2
i ζiεi−9αiγiδiε

2
i+aiγiε

3
i+2γ4

i δ
2
i

− 12γ3
i δiζi+6γ2

i δ
2
i εi+2γ4

i diεi−3γ2
i diε

2
i−4γ5

i zi+12γ3
i ziεi) (4.4)

and the eigenvalues of the operator Ai,

e(Ai) = Ai(qi) =
√
εi(qi + ui), γi = 0, εi 6= 0; (4.5)
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and for the case γi = 0, εi 6= 0, the structure function is given by

Φi(ni) =
1

4

[
−Ki
εi
− zi√

εi
− δi√

εi

ζi
εi

+

(
ζi
εi

)2
]

− 1

12

[
3di−ai

√
εi−3αi

δi√
εi

+3
δ2
i

εi
−6

zi√
εi

+6αi
ζi
εi
− 6

δi√
εi

ζi
εi

]
(ni+ui)

+
1

4

[
α2
i+di−ai

√
εi−3αi

δi√
εi

+
δ2
i

εi
+2αi

ζi
εi

]
(ni+ui)

2

− 1

6

[
3α2

i−ai
√
εi−3αi

δi√
εi

]
(ni+ui)

3+
1

4
α2(ni+ui)

4 (4.6)

and the eigenvalues of the operator Ai,

e(Ai) = Ai(qi) =
γi
2

(
(qi + ui)

2 − εi
γ2
i

− 1

4

)
, γi 6= 0. (4.7)

§5. The Subalgebras Qi(3), i = 1, 2

The relations (3.1) - (3.2) and (3.3)- (3.4) of the quadratic symmetry algebras formed similar

quadratic structure Q(3) (4.1) involving three generators sets {A1, B1, C1} and {A2, B2, C2}.
The subalgebras Qi(3), i = 1, 2 can be presented in the following diagrams,

¸

The left figure shows that A2 and H are central elements and the right figure shows that

A1 and H are central elements of the corresponding subalgebra structures. It is seen as a fact

that one integral plays a role as a generator in a subalgebra structure while it plays a role

as a central element in another subalgebra structure. In account to obtain the spectrum, we

manipulate the subalgebras Qi(3), i = 1, 2 and it is clear that each of these subalgebras has a

relationship with the quadratic algebra (4.1) and Casimir operator (4.2) presented in [39] for

the 2D superintegrable system. We rewrite the relations (3.1) - (3.2) as the subalgebra structure

Q1(3),

[A1, B1] = C1,

[A1, C1] = 4c2A1 + 16c1B1 + 4c2(A2 −H), (5.2)

[B1, C1] = 24A2
1 + 32(A2 −H)A1 − 4c2B1 + 8H2 − 16HA2

−8c1(4c4 − 3) + 8A2
2,
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and the relations (3.3)- (3.4) as the subalgebra structure Q2(3),

[A2, B2] = C2,

[A2, C2] = 8A2
2 + 8(A1 −H)A2 + 16c1B2 + 8c1, (5.3)

[B2, C2] = −8{A2, B2} − 16(c3 + c4 − 1)A2 − 8(A1 −H)B2

+8(2c3 − 1)(H −A1).

There are Casimir operators K1 of Q1(3) and K2 of Q2(3) satisfying [K1, A1] = 0 = [K1, B1]

and [K2, A2] = 0 = [K2, B2], respectively,

K1 = C2
1 − 4c2{A1, B1} − 16c1B

2
1 − 8c2(A2 −H)B1 + 16A3

1

+32(A2 −H)A2
1 + [128c1 + 16H2 − 32HA2 − 16c1(4c4 − 3) + 16A2

2]A1, (5.4)

and

K2 = C2
2 − 8{A2

2, B2} − 8(A1 −H){A2, B2} − 16c1B
2
2 − 16c1B2

−16(c3 + c4 − 5)A2
2 − 16(2c2 − 5)(A1 −H)A2. (5.5)

Moreover, the quadratic subalgebras Q1(3) and Q2(3) possess corresponding Casimir invariants

in terms of only central elements in the following forms, respectively,

K ′1 = 128c1H − 128c1A2 − 3c22 + 4c22c4, (5.6)

and

K ′2 = 4(4c3 − 3)(H −A1)2 − 16(2c1 − 3c1c3 − 3c1c4 + 4c1c3c4). (5.7)

It is seen that the Casimir operator K ′1 depends on only central elements H and A2 for the

subalgebra Q1(3), and the Casimir operator K ′2 depends on only central elements H and A1 of

the subalgebra Q2(3). These two forms of the Casimir invariants will be used to realize these

subalgebras in terms of the deformed oscillator algebras (4.3).

§6. Deformed Oscillators Realizations and Energy Spectrum

In order to obtain the energy spectrum of the superintegrable system (2.3), we realize the

subalgebra structures Q1(3) and Q2(3) in terms of deformed oscillator algebra [39,40] {ℵi, b†i , bi}
of (4.3) with satisfying the real-valued function,

φ(0) = 0, φ(ni) > 0, ∀ni > 0. (6.1)

The φ(ni) is known as structure function. We first investigate the realization of the quadratic

subalgebra structure Q1(3) (5.2). The realization of Q1(3) is of the form A1 = A1(ℵ1), B1 =

b1(ℵ1) + b†1ρ1(ℵ1) + ρ1(ℵ1)b1, where A1(x), b1(x) and ρ1(x) are functions to lead the following
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forms [30],

A1(ℵ1) =
√

16c1(ℵ1 + u1), (6.2)

b1(ℵ1) = − c2√
c1

(ℵ1 + u1)− c2(A2 −H)

4c1
, (6.3)

ρ1(ℵ1) = 1, (6.4)

where u1 is an arbitrary constant to be determined later. The following structure function

φ(n1, u1, H) of the subalgebra (5.2) is constructed by using the deformed oscillators (4.3) and

the Casimir invariants (5.4) and (5.6),

φ1(n1, u1, H) =
1

1024m5
1

[
(A2 −H)−m1 (2 +m4 − 4 (n1 + u1))

]
[

(A2 −H) +m1 (−2 +m4 + 4 (n1 + u1))

]
[
m2

2 + 32m3
1 (−1 + 2 (n1 + u1))

]
, (6.5)

where m2
1 = c1, m2 = c2, m2

4 = 4c4 + 1. To obtain the eigenvalues of the central element A2

of this subalgebra and the values of parameter u1 by requiring that the unitary representations

(unirreps) to be a finite, we should impose the following constraints on the structure function:

φ(p1 + 1;u1, E) = 0; φ(0;u1, E) = 0; φ(x) > 0, ∀x > 0, (6.6)

where p1 is a positive integer. We also replace the eigenvalue E of H in φ1(n1, u1, H). The

constraints guarantee the structure functions are finite (p1 + 1)-dimensional unirreps. We solve

the constraints (6.6), which give information of the eigenvalues e(A2) of A2 and the values of

the constant u1. Imposing the condition (6.6) to the structure functions (6.5) for unirreps of

finite-dimensional (p1 +1) and positive values of the structure function, we obtain the solutions

with ε1 = +1, ε2 = ±1, ε3 = ±1,

u1 =
1

2
− m2

2

64m3
1

, or u1 =
1

4m1
[E + 2m1 + ε1m1m4 − e(A2)] , (6.7)

e(A2) = 4ε2m1(p1 + 1) + E + ε3m1m4 +
m2

2

16m2
1

. (6.8)

It is remarked that the subalgebra Q1(3) is the algebra of the superintegrable two-dimensional

subsystem, depending on the variables x1, x3. The above computation shows that the energy of

the subsystem equal to E−e(A2) and the quadratic algebra depends on H−A2, it is thus clearly

understandable the existence of the Casimir invariant (5.6). A similar reason is applicable for

the subalgebra Q2(3) and the Casimir invariant (5.7). We now obtain the eigenvalues of A1

from the relations (6.2) and (6.7) as follows,

e(A1) = 2m1(2n1 + 1)− m2
2

16m2
1

, or e(A1) = 2m1(2n1 + 1) + E + ε1m1m4 − e(A2). (6.9)
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We now turn to the quadratic subalgebra structure Q2(3) (5.3). Similar to Q1(3), the realiza-

tions of Q2(3) present the functions

A2(ℵ2) =
√

16c1(ℵ2 + u2), (6.10)

b2(ℵ2) = −8(ℵ2 + u2)2 − 2(A1 −H)
√
c1

(ℵ2 + u2)− 1

2
, (6.11)

ρ2(ℵ2) = 1 (6.12)

and the structure function

φ(n2, u2, H) =
1

256m4
1

[−2−m3 + 4(n2 + u2)][−2 +m3 + 4(n2 + u2)]

[A1m1 −m1H −m2
1m4 +m2

1(−2 + 4(n2 + u2)]

[A1m1 −m1H +m2
1m4 +m2

1(−2 + 4(n2 + u2)], (6.13)

where m2
3 = 4c3 + 1. We now impose the constraints (6.6) on the structure function (6.13) for

unirreps of finite-dimensional (p2 + 1) and positive values of the structure function, giving the

following solutions,

u2 =
1

2
+
ε1m3

4
, or u2 =

1

4m1
[E + 2m1 + ε1m1m4 − e(A1)] , (6.14)

e(A1) = 4ε1m1(p2 + 1) + E + ε2m1m3 + ε3m1m4, (6.15)

where ε1 = +1, ε2 = ±1 and ε3 = ±1. Similar, from the relations (6.10) and (6.14), we obtain

the eigenvalues e(A2) of A2 as

e(A2) = 2m1(2n2 + 1) + ε1m1m3, e(A2) = 2m1(2n2 + 1) + E + ε1m1m4 − e(A1). (6.16)

The energy eigenvalues of the superintegrable system (2.3) are calculated using the relations

(6.9), (6.15) and (6.8), (6.16), and choosing the suitable sign of εi, i = 1, 2, 3 for positive energy

levels,

E = 4(p2 + 1)m1 + 2(2n1 + 1)m1 +m1m3 +m1m4 −
m2

2

16m2
1

, (6.17)

E = 4(p1 + 1)m1 + 2(2n2 + 1)m1 +m1m3 +m1m4 −
m2

2

16m2
1

. (6.18)

It is a fact that the elimination of the energy E from the above relations (6.17) and (6.18) leads

to a relation,

p1 − p2 = n1 − n2, (6.19)

which is valid, because the two deformed oscillators are treated as independent ones,

n1 = 0, 1, 2, · · · , p1, and n2 = 0, 1, 2, · · · , p2. (6.20)

The mean value of the relations (6.17) and (6.18) reduce to the energy eigenvalues of the
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superintegrable Hamiltonian system (2.3),

E = 2(p1 + p2 + 2)m1 + 2(n1 + n2 + 1)m1 +m1m3 +m1m4 −
m2

2

16m2
1

. (6.21)

It is a fact that the quadratic subalgebra structures of the symmetry algebra provide us the

energy spectrum for the 3D nondegenerate potential of the maximally quantum superintegrable

system (2.3) purely algebraic computations. It is shown that the energy spectrum of the system

in the algebraic investigation depends only on differential operators and their corresponding

operator algebra in symmetry forms without knowledge of wave functions and calculus.

§7. Separation of Variables

We now demonstrate analytic calculations of the 3D superintegrable system (2.3) via separation

of variables in the cylindrical polar and paraboloidal coordinates. The results will be compared

with those obtained from algebraic derivations.

7.1 Cylindrical Polar Coordinates

The cylindrical polar coordinates are given by

x1 = z, x2 = ρ sin2 θ, x3 = ρ cos2 θ, (7.1)

where ρ > 0, −∞ < z < ∞ and θ ∈ [0, 2π] [37]. The Schrodinger equation Hψ = Eψ of the

system (2.3) in the coordinates can be expressed as[
−
(
∂2

∂z2
+

∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

1

ρ2

∂2

∂θ2

)
+ c1(4z2 + ρ2) + c2z +

c3

ρ2 sin2 θ

+
c4

ρ2 cos2 θ
− E

]
ψ(ρ, z, θ) = 0. (7.2)

The separation of variables of (7.2)

ψ(ρ, z, θ) = R(ρ, z)Y (θ) (7.3)

gives rise to the angular and radial parts with separation constant A,[
− ∂2

∂θ2
+

c3

sin2 θ
+

c4
cos2 θ

−A
]
Y (θ) = 0, (7.4)

[
−
(
∂2

∂z2
+

∂2

∂ρ2
+

1

ρ

∂

∂ρ

)
+ c1(4z2 + ρ2) + c2z − E +

A

ρ2

]
R(ρ, z) = 0. (7.5)

We now take the equation (7.5) to separate the variables

R(ρ, z) = G(ρ)F (z) (7.6)
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and obtain, [
− ∂2

∂z2
+ c14z2 + c2z − E −A1

]
F (z) = 0, (7.7)[

− ∂2

∂ρ2
− 1

ρ

∂

∂ρ
+ c1ρ

2 +
A

ρ2
+A1

]
G(ρ) = 0, (7.8)

where A1 is a separation constant.

We now turn to (7.4), which converts to, by setting υ = sin2 θ and g(υ) = υ
1
4 (1+2γ3)(1 −

υ)
1
4 (1+2γ4)g1(υ),

υ(1− υ)g1
′′
(υ) +

[
(1± γ3)− (1 + 1± γ3 ± γ4) υ

]
g1

′
(υ)−[(

1

4
± γ3

2
+

1

4
± γ4

2

)2

− A

4

]
g1(υ) = 0, (7.9)

where γ3 = ± 1
2

√
1 + 4c3 and γ4 = ± 1

2

√
1 + 4c4. By comparing with the Jacobi differential

equation [41]

z (1− z) y
′′

+ [γ − (α+ 1) z] y
′
+ n (α+ n) y = 0, (7.10)

we find the separation constant

A = (2n± γ3 ± γ4 + 1)
2
, (7.11)

where n is positive integers. Hence we have the solutions of (7.9) as follows

Y (θ) = (sin2 θ)
1
4±

γ3
2 (1− sin2 θ)

1
4±

γ4
2

×
[
C12F1

(
−n, n+ 1± γ3 ± γ4, 1± γ3, sin

2 θ
)
− (−1)

−(1±γ3) (
sin2 θ

)±γ3
×C22F1

[
(±γ3 − n), 1 + n± 2γ3 ± γ4, (1± γ3), sin2 θ

]]
. (7.12)

Let us now turn to the equation (7.8). Putting the separation constant A = (2n ± γ3 ±
γ4 + 1)2 into (7.8), we have[

− ∂2

∂ρ2
− 1

ρ

∂

∂ρ
+ c1ρ

2 +
1

ρ2
(2n± γ3 ± γ4 + 1)

2
+A1

]
G(ρ) = 0. (7.13)

By setting ξ = ερ2 , G(ξ) = ξαG1(ξ) and G1(ξ) = e−
1
2 ξG2(ξ), (7.13) can be converted to

the form

ξG2

′′
(ξ) +

[
(2α+ 1)− ξ

]
G

′

2(ξ)−
[

1

2
(2α+ 1) +

A1

4ε

]
G2 (ξ) = 0, (7.14)

where α = 1
2 (1± γ3 ± γ4 + 2n) and ε2 = c1. Comparing (7.14) with the confluent hypergeo-

metric differential equation [41],

zf
′′
(z) + (c− z) f

′
(z)− af(z) = 0, (7.15)
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we obtain the separation constant,

A1 = 4εa− 2ε(2n± γ3 ± γ4 + 1) (7.16)

and the solution of (7.13) can be written as

G (ρ) =

[ (
ερ2
) 1

2 (1±γ3±γ4+2n)
e−

1
2 ερ

2

C1φ

(
a+

1

2
; (2± γ3 ± γ4 + 2n) ; ερ2

)]
+

[
C2

(
ερ2
)1−(2±γ3±γ4+2n)

φ
(
a+ 1; (2± γ3 ± γ4 + 2n) ; ερ2

) ]
. (7.17)

Putting (7.16) into (7.7), we can be reformed as follows[
∂2

∂z2
− 4c1z

2 − c2z + E + 4εa− 2ε (2n± γ3 ± γ4 + 1)

]
F (z) = 0, (7.18)

which is one linear differential equation. Such linear differential equation

f
′′

(z) +
(
−q2z2 − 2qsz + t

)
f (z) = 0, (7.19)

solved in [42] with the condition q−1
(
s2 + t

)
is an odd integer. Let us consider

q−1
(
s2 + t

)
= 2τ + 1, τ is an integer. (7.20)

The elementary solution of (7.19) is given [42] as

F1 (z) = h (z) .e
− q2

((
z+( sq )

2
))
, (7.21)

F2 (z) = F1 (z) .

∫
h (ξ)

−2
eq(ξ+

s
q )

2

dξ, (7.22)

where

h (z) =

(
z +

s

q

)j
+
∑

16l6 j
2

j!

l! (j − 2l)!z2l (−q)l

(
z +

s

q

)j−2l

, j = 0, 1, 2, · · · . (7.23)

Hence we obtain the solution of (7.18) as follows

F1 (z) = h (z) . e
−√c1

((
z+

c2
4c1

)2
)
, (7.24)

F2 (z) = F1 (z) .

∫
h (ξ)

−2
e

2
√
c1

(
ξ+

c2
4c1

)2

dξ, (7.25)

h (z) =

(
z +

c2
4c1

)j
+
∑

16i6 j
2

j!

i! (j − 2i)!z2i
(
−2
√
c1
)i (z +

c2
4c1

)j−2i

. (7.26)

Comparing (7.18) with (7.19), (7.20) and substituting c1 = γ2
1 , c2 = γ2, we can obtain the

eigenvalues of the nondegenerate system (2.3) in terms of quantum numbers involving the four
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parameters as follows,

E = 2(2τ + 1)γ1 + 2(2n− 2a± γ3 ± γ4 + 1)γ1 −
γ2

2

16γ2
1

. (7.27)

Making identification 2τ = p1 + p2 + 1, 2(n− a) = n1 + n1, 2γ3 = m3 and 2γ4 = m4, the

energy spectrum (7.27) becomes (6.21).

7.2 Paraboloidal Coordinates

The paraboloidal coordinates are considered by

x1 =
1

2
(u2 − v2), x2 = uv sinφ, x3 = uv cosφ, (7.28)

where 0 6 φ < 2π, u > 0 and v > 0. Now the Schrödinger eigenvalue equation Hψ = Eψ of

the system (??) in these coordinates leads to the following structure,[
−
[
∂2

∂φ2
+

u2v2

u2 + v2

(
∂2

∂u2
+

∂2

∂v2

)
+

u2v2

u2 + v2

(
1

u

∂

∂u
+

1

v

∂

∂v

)]
+
c2
2
u2v2

(
u2 − v2

)
+c1u

2v2
(
u4 + v4 − u2v2

)
+

c3

sin2 φ
+

c4
cos2 φ

]
ψ(u, v, φ) = 0. (7.29)

To separate the Schrödinger equation (7.29), the ansatz

ψ(u, v, φ) = R(u, v)Y (φ) (7.30)

gives rise to the following differential equations,[
− ∂2

∂φ2
+

c3

sin2 φ
+

c4
cos2 φ

−A
]
Y (φ) = 0, (7.31)[

− u2v2

u2 + v2

(
∂2

∂u2
+

∂2

∂v2

)
− u2v2

u2 + v2

(
1

u

∂

∂u
+

1

v

∂

∂v

)
+c1u

2v2
(
u4 + v4 − u2v2

)
+
c2
2
u2v2

(
u2 − v2

)
− Eu2v2 +A

]
R(u, v) = 0, (7.32)

where A is a separation constant. Again taking the ansatz

R(u, v) = R1(u)R2(v) (7.33)

for the separation of (7.32), it leads to[
− ∂2

∂u2
− 1

u

∂

∂u
+ c1u

6 +
c2
2
u4 − Eu2 +

A

u2
−A1

]
R1(u) = 0, (7.34)[

− ∂2

∂v2
− 1

v

∂

∂v
+ c1v

6 +
c2
2
v4 − Ev2 +

A

v2
+A1

]
R2(v) = 0. (7.35)

We now first change to (7.31) by setting w = sin2 φ and g(w) = wα1(1−w)α2g1(w), which can
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be reduced to the following form

w(1− w)g1
′′

+

[
(1± γ3)− (2± γ3 ± γ4)w

]
g1

′
−
[(

1

2
± γ3

2
± γ4

2

)2

− A

4

]
g1(w) = 0, (7.36)

where γ3 = ± 1
2

√
1 + 4c3 and γ4 = ± 1

2

√
1 + 4c4 , α1 = 1

4 ±
γ3
2 and α2 = 1

4 ±
γ4
2 . Comparing

(7.36) in terms of the Jacobi differential equation [41],

X (1−X )Y
′′

+ [γ − (α+ 1)X ]Y
′
+ η (α+ η)Y = 0 (7.37)

and its solution,

y = C12F1 (−η, η + α, γ,X )

− (−1)X 1−γC22F1 (1− η − γ, 1 + η + α− γ, 2− γ,X ) , (7.38)

we obtain the separation constant

A = (2η ± γ3 ± γ4 + 1)
2
, (7.39)

and the solution of (7.31),

Y (φ) = (sin2 φ)
1
4±

γ3
2 (1− sin2 φ)

1
4±

γ4
2

[
C1 2F1

(
−η, η + 1± γ3 ± γ4, 1± γ3, sin

2 φ
)

− (−1)
−(1±γ3) (

sin2 φ
)±γ3

C2 2F1

[
(±γ3 − η), 1 + η ± 2γ3 ± γ4, (1± γ3), sin2 φ

]]
. (7.40)

To solve the differential equations (7.34) and (7.35), let us set z1 = u2 in (7.34) and z2 = v2

in (7.35), the the couple equations become[
z2
i

∂2

∂z2
i

+ zi
∂

∂zi
+

(
−c1

4
z4
i −

c2
8
z3
i +

E

4
z2
i −

A

4
+
Ai
4
zi

)]
Ri (zi) = 0, (7.41)

where A1 = −A2 and i = 1, 2. The equation (7.41) can be transformed into a Bi-Confluent

Heun differential equation [43,44] of type

X F
′′

+
(
1 + p− qX − 2X 2

)
F

′
+

[
(r − p− 2)X − 1

2
(s+ q (1 + p))

]
F (X ) = 0, (7.42)

which has a solution in terms of Hermite functions,

F =

∞∑
n=0

cnHn+1+p+ 1
2 (r−p−2)

(
X +

q

2

)
, (7.43)

where cn satisfies the three terms recurrence formulas,

cnLn + cn−1Qn−1 + cn−2Pn−2 = 0 (7.44)
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with the relations

Ln = 2n

(
p+ n+

(r − p− 2)

2
+ 1

)
, Pn = p+ n+ 1,

Qn = −1

2
(s+ q (p+ 1)) + q (p+ n+ 1) . (7.45)

By setting Ri (zi) = zρi e
azi+

b
2 z

2
i fi (y) and zi = kyi into (7.41), it leads to

y2
i fi

′′
(yi) + yi

(
1 + 2ρ+ 2akyi + 2bk2y2

i

)
fi

′
(yi) +

[(
ρ2 − A

4

)
+

(
2aρ+ a+

A1

4

)
kyi

+

(
2bρ+ 2b+ a2 +

E

4

)
k2y2

i +
(

2ab− c2
8

)
k3y3

i +
(
b2 − c1

4

)
k4y4

i

]
fi (yi) = 0. (7.46)

To compare (7.46) and (7.42) with the suitable choice of signs, we have the following

conditions,

ρ =

√
A

4
, b = −

√
c1
2
, a = − c2

8
√
c1
, k2 =

2
√
c1
, (7.47)

Using the above conditions, we can rewrite (7.46) as follows

yifi
′′
(yi) +

(
1 + 2

√
A

4
− c2

2c1
yi − 2y2

i

)
fi

′
(yi) +

[(
− c2A

16
√
c1
− c2

8
√
c1

+
A1

4

)(√
2
√
c1

)

+

(
−
√
c1A

4
−
√
c1 +

c22
64c1

+
E

4

)(
2
√
c1

)
yi

]
fi (yi) = 0. (7.48)

Again by comparing (7.48) and (7.42), we obtain

r − p− 2 =

(
−
√
c1A

4
−
√
c1 +

c22
64c1

+
E

4

)(
2
√
c1

)
. (7.49)

One can shown that the solution of a Bi-Confluent Heun equation [43,44] is the n degree

polynomial, then it allows the condition r − p− 2 = 2µ, µ is an integer. Using this condition,

the solution of (7.34) is given as

fi (yi) = y
√
A

i e

(
c2

8
√
c1
y2i+

√
c1
4 y4i

) ∞∑
n=0

cnHn+1+p+ 1
2 (r−p−2)

(
y2
i +

q

2

)
, (7.50)

where

p =
√
A, r =

c22

32c
3
2
1

+
E

2
√
c1
, q =

c2
2c1

, A = (2η ± γ3 ± γ4 + 1)
2
. (7.51)

Then we can present the spectrum explicit relation,

E =
√
c1 (4 + 4µ) + 2

√
c1A−

c22
16c1

. (7.52)

Substituting c1 = γ2
1 , c2 = γ2 and A = (2η ± γ3 ± γ4 + 1)

2
into (7.52), we have the required
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eigenvalue of the system (2.3),

E = 4(µ+ 1)γ1 + 2(2η ± γ3 ± γ4 + 1)γ1 −
γ2

2

16γ2
1

. (7.53)

Making identification 2µ = p1 + p2 + 1, and 2η = n1 + n1, the energy spectrum (7.53) becomes

(6.21).

§8. Conclusions

We constructed the quadratic full symmetry algebra for the 3D nondegenerate quantum superin-

tegrable system generated by six linearly independent integrals of motion including the Hamil-

tonian. The symmetry algebra contains quadratic subalgebra structures generated by three

generators with structure constants connected to the quadratic algebra of the two-dimensional

quantum superintegrable system [39]. The algebraic calculations of the symmetry algebra to the

quantum superintegrable system enable us to obtain the energy spectrum. We have presented

corresponding Casimir invariants and derived the structure functions of the quadratic subalge-

bras of the symmetry algebra in the realizations of deformed oscillators. The finite-dimensional

unirreps of these structure functions yield the energy spectrum of the model algebraically. We

also showed that the system is multiseparable in cylindrical polar and paraboloidal coordinates.

We solved the Schrödinger equation of the system and expressed the wave functions in terms

of special functions, and obtained the physical spectrum. The results are compared with those

spectrum obtained from the algebraic computation.
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