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Abstract: A Roman dominating function on a graph G = (V, E) is a function f : V(G) —
{0, 1,2} satisfying the condition that every vertex u for which f(u) = 0 is adjacent to at
least one vertex v for which f(v) = 2. The weight of a Roman dominating function is the

value

W)= > flw.

u€V(G)
The minimum weight of a Roman dominating function on a graph G is called the Roman
domination number of G and is denoted by yr(G). In [9], we have introduced and established
the study of the Roman domination polynomial of graphs and obtained some important
properties about the polynomial and we have computed the polynomial for some specific
graphs and graph operations. In this paper, we study the Roman domination polynomial
of a cycle C), on n vertices. Exact formula for the polynomial, important properties of its

coefficients and interesting results have obtained.
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81. Introduction

Let G = (V,E) be a simple graph, where V and E are the set of vertices and edges of G,
respectively. The open neighborhood and the closed neighborhood of a vertex v € V(G) are
defined by N(v) = {u € V(G) : uwv € E} and N[v] = N(v) U {v}, respectively. The cardinality
of N(v) is called the degree of the vertex v and denoted by deg(v) in G. For more terminology
and notations about graph, the reader is referred to [6,10].

A subset D of V(G) is a dominating set of G, if for every vertex v € V — D, there exists
a vertex u € D such that v is adjacent to w and a subset D is Smarandachely dominating set
of G on a complete subgraph K, < G, s > 0 if for every vertex v € V — V(H) — D there exists
a vertex u € D such that v is adjacent to u but for vertices w € V(Kj) there are at least 2
vertices uy, us € D such that wuy, wus € E(G). Clearly, if s = 0, a Smarandachely dominating
set of G is nothing else but the usual dominating set. A dominating set of G of cardinality
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~v(G) is called the domination number of G. For more details about domination of graphs, we
refer to [11].
The domination polynomial D(G,z) of a graph G is defined by

D(G,z)= Y d(G, i),
)

i=v(G

where d(G,1) is the number of all the dominating sets of G of size i [5]. The dominating sets
and the domination polynomial of graphs have been studied extensively in [5, 3, 4, 2]. Recently,
the injective domination polynomial of graphs has been studied in [1].

A Roman dominating function of a graph G = (V, E) (or in brief RDF of G ) is a function
f:V(G) = {0,1,2} satisfying the condition that every vertex u for which f(u) = 0 is adjacent
to at least one vertex v for which f(v) = 2. The weight of a Roman dominating function is

WEV)= > fl).

ueV(G)

A Roman dominating function of a graph G with weight vz(G) is called the Roman dom-
ination number of G. For more details about Roman domination and its properties, the reader

is referred to [7]. The next proposition showed that the exact value of vg of a path P, and a

2
cycle C,, on n vertices is [; .
Proposition 1.1([7]) For the classes of paths P, and cycles Cy,

Yr(Pn) = Vr(Cn) = F;-‘

In [8], we have introduced the Roman domination polynomial of graph as

R(G,z)= Y r(Gjal,

J=7r(G)

where 7(G, j) is the number of Roman dominating functions of G of weight j. We have estab-
lished this study by obtaining some important properties of the polynomial and its coefficients,
and determining the exact formula of the polynomial for some families of graphs and graph
operations.

In the next proposition, we obtain some important properties of R(G,z) of a graph G

which we need to use in this paper.

Proposition 1.2([9]) Let G be a non trivial graph on n vertices. Then,

(1) R(G,x) has no constant term;
(i1) R(G,z) has no term of degree one;
(#i1) Zero is a root of R(G,x), with multiplicity vr(G);
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(iv) R(G,x) never equal xP for any 2 < p < 2n;
(v) For any graph G, r(G,2n) =1 and r(G,2n — 1) = n;
(vi) 7(G,7) =0 if and only if j < vr(G) or j > 2n;
(vii) R(G,z) is a strictly increasing function in [0, 00);
(viii) The only polynomial of degree two can R(G,x) be equal is 2% + x if and only if
G~ K,;
(ix) Let H be any induced subgraph of G. Then

deg(R(G,z)) > deg(R(H, z)).

In this paper, we study the Roman domination polynomial of a cycle C}, on n vertices. Ex-
act formula for R(C,,, x), important properties and relations between the coefficient of R(C,,, z)

are obtained.

§2. Roman Domination Polynomial of a Cycle

n [3], Alikhani and Peng have showed that the number of all dominating sets with cardinality
1 of a cycle C,, equal to the sum of the number of all dominating sets of the cycle C,,_1 with
cardinality i — 1, the cycle C,,_o with cardinality ¢ — 1 and the cycle C,,_3 with cardinality i —1,
and then they have found the exact formula of the domination polynomial of cycles, as follows:

Theorem 2.1([3]) (i) If Ci is the family of all dominating sets with cardinality i of a cycle
C,, then
Chl = |G+ |G| + 16

(ii) For every n >4,
D(Cp,x) = a:[D(Cn,l,sc) + D(Cp_o,2) + D(C’n,?,,ac)]7

with initial values D(Cy,z) = x, D(Cy,z) = 2 + 2z and D(C3,z) = 23 + 322 + 3z.

In this section, we find the Roman domination polynomial of a cycle C,, on n vertices, and
then we study some of its properties, and finally, we illustrate in a table the coefficients of all
Roman domination polynomials of cycles C,, with n < 10.

Let CJ, be the set of all RDFs of C,, with weight j. Actually, to find a RDF of C,,, we do
not need to consider RDFs of C,,_4 with weight j — 2 (weight j — 1 is not possible here), we
will show this in the next lemma. Note that, when we talk about a RDF f with weight j — 1
or j —2in C,,_,, where r = 1,2,3 such that f € CJ,, we mean a RDF f of C,, minus only one
vertex v € Oy, \ C,—, taking a value f(v) =1 or f(v) = 2, respectively.

Lemma 2.2 Let f € CJ,. Then, if f € C? 72, this implies that f € Cfl__%.

n47

Proof Consider V(Cy,) = {v1,va,...,v,}. Suppose f € (Cn 7. Then we have two cases
following.
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Case 1. If f(v1) = 0 or 1, then the vertex v,_4 must take the value 2 under the function f
(shortly f(vn_4) = 2) because otherwise f ¢ CJ, a contradiction. Therefore, f € C7 3.

Case 2. If f(vy) = 2, then whatever the vertex v,,_4 taking under the function f (f(v,—4) =0
orlor2) = feC/ 3 O

In the following theorem, according to Theorem 2.1 part (i) (since every RDF of a graph
G it just a labeling on some dominating set of the graph G itself) and Lemma 2.2, we state the
Roman domination polynomial of C,, in terms of the Roman domination polynomial of C),_1,
Cph_o and Cp_3.

Theorem 2.3 Let C),, be a cycle on n > 4 vertices. Then
R(Cp,x) = (2* + 2)R(Cp_1,7) + 2°R(Cp_2, ) + (2 + 2*)R(C,,_3, ),

with initial values R(C3,x) = x5 + 325 + 62* + 723 + 322, R(Co,z) = 2* + 223 + 322 and
R(Cy,z) = 2% + 2.

Proof Consider V(C,,) = {v1,va,...,v,}. Let f € CJ. Then we have the following cases.

Case 1. Suppose that f € (CfL__l1 or f € (CZ;% (this means that, for the last vertex v,, either
f(vn) =1or f(v,) =2, respectively). Then we get the term (22 + z)R(Cp,—1, x).

Case 2. Suppose that f € C/ "% or f € C2~%. Thus, we have the following subcases.

n—

Subcase 2.1 Suppose f(v,—1) = 1 and f(v,) = 0. Then the vertex v; should take the

value 2. Hence, we get the term 23 R(C,,_3, ).
Subcase 2.2 Suppose f(v,—1) =0 and f(v,) = 1. This case included in Case 1.
Subcase 2.3 Suppose f(v,_1) =2 and f(v,) = 0. Then we get the term x?R(C,,_2, ).

Subcase 2.4 Suppose f(v,—1) = 0 and f(v,) = 2. This situation has some connection
with Case 1, so to avoid the repetition, we will take only the situations when Cil__gl = ¢. There-
fore, we will choose f(v,—2) = 0. Then the vertex v,,_3 should take the value 2 ( f(v,—3) = 2),
but if the vertex v; take the value 2 also, we get a repetition with Case 1. Hence, we get the
term 24 R(Cy,_4,2) — 2°R(C\_5, 7).

Case 3. Suppose now f € (Cf;%, where f(vn,—2) =2, f(vn—1) =0 and f(v,) = 0. Then we
obtain the term z*R(C),_4, ).

Case 4. In this case, we have remaining the situation when f(v,—2) =0, f(vp—1) = 2 and
f(vy) = 0 such that C/~% = ¢. Therefore, we have the term z2R(C,,_3,z) but there are two
possibilities of repetition, when f(v,—3) = 2 or f(v,) = 2. Thus, we have remove the term
22*R(Cy,—4, ). But while we remove the term 224 R(C,,_4, ) we will miss the situation when
f(vn—3) =2 and f(v,) = 2 which give us the term z5R(C,,_5, ). Hence in the end of this case

we obtain the term

2?R(Cy_3,x) — 22 R(Cp_4, z) + 2°R(Cp_5, ).
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The proof is completed. O

Using Theorem 2.3, we obtain 7(C,,, j) for 1 < n < 10 as shown in Table 1.

il o1 2 3 4 5 6 | 7| 8 ] 9| 10
n

1| 1 1

21 0 3 2 1

30 0 3 7 6 3 1

41 0 0 4 15 | 16 | 10| 4 | 1

51 0 0 0 10 | 31 |40 | 30 | 15 | 5 1

6| 0 0 0 3 24 | 69 | 96 | 84 | 50 | 21
71 0 0 0 0 7 | 56 | 155 | 231 | 224 | 154
8| 0 0 0 0 0 | 20 | 128 | 351 | 552 | 584
91 0 0 0 0 0 3 | 54 | 297 | 799 | 1314
0] 0 0 0 0 0 0 | 10 | 140 | 690 | 1833
jol 11 | 12| 13| 14 | 15 | 16 | 17 | 18 | 19 | 20
n

6| 6 1

7| 77 | 28 7 1

8 | 448 | 258 | 112 | 36 8 1

9 | 1494 | 1257 | 810 | 405 | 156 | 45 | 9 | 1

10 | 3120 | 3770 | 3430 | 2430 | 1362 | 605 | 210 | 55 | 10 | 1

Table 1 r(C,,j), the number of Roman dominating functions of C,, with cardinality j.

In the following theorem, we obtain some important properties about the coefficients of

the Roman domination polynomial of a cycle C,,.

Theorem 2.4 The following properties are satisfied for the Roman domination polynomial
R(Cy,x) of a cycle Cy,:

(i) 7(Cn,j) =7(Cpn-1,j = 1) +7(Crne1,5 = 2) + 1(Cp2,j — 2) + 7(Cn—s,j — 2)
+7(Cp-3,J — 3);

(i) 7(Csk,2k) = 3, where n = 3k for some k € N;

(#i1) If n =3k + 1 for some k € N, then r(Csgy1,2k +1) =3k +1;

1 = + 2 fi + 2 +

(z'v) 'fn =3k +2 for some k € N, then ’I"(Cgk 2,2k +2) = w;
If n= k(k+1)(k+

(U) n = 3k for some k € N, then T(C%’Qk + 1) — #;

(3k +1)(k+4)(k* + 11k +6)
24 ’

(vi) Ifn=3k+1 for some k € N, then r(Csi41,2k+2) =
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(vit) If n = 3k + 2 for some k € N, then

(3k 4 2)(k + 3) (k™ + 23k? + 122k + 40)
120 ’

r(Csgt2,2k +3) =
(viii) If n = 3k for some k € N, then

5 4 3 11 2 234k —
H(Cop 2k + 2) — KO+ 35K 4 365Kk° + 1165k + 234k — 360)

240 )
(Z.’E) T(Cn,Qn) = ].,'
() r(Cp,2n — 1) =n;
(zi) r(Cp,2n —2) = w;
(wii) r(Cp,2n — 3) = n<n+><n+4>
nin n2 n —

(ziii) 7(Cp,2n — 4) = (n+1)( 24+ on—18).

- ~n(n—1)(n® + 110 — 14n — 144)
(ziv) 7(Cp,2n —5) = o 7

(xv) For every k € N,

= 1r(Ck, 2k) < 7(Cr41,2k) < r(Cly2,2k) < -+ <r(Co,2k) > -+ > r(Cs-1, 2k)
> T(03k7 2](5) = 3;

(xvi) For every k € N,

k+1= T(Ck+1,2k‘+ 1) < T(Ck+2,2k‘—|— 1) < T(Ck+3,2]€ + 1) <K T(Cgk+1,2k‘—|— 1)
> > T(03k72k+ 1) > T(Cgk+1,2k+ 1) =3k+1;

2n
(zvit) If ap = Z r(Cp,j), then for every n > 4, ay, = 20—1 + Qo + 2a,—3, with
=13
initial values aqp = 2, ag = 6 and az = 20.
(zviii) For j > 2,

35 3j—2 3j—3 3j-5
2 r(C2) =3 r(Ci2j=1)+3 D r(Ci2j =2+ D r(Ci2j = 3);
i=j 1=j 1=j—1 i=j—1

(xiz) For j > 3,

37—2 37—3 3j—5 37—6
Sor(Ci2i—1)= > r(Ci2j-2)+3 Y r(Ci,2j —3)+ Y 7(Ci,2j —4).
i=j i=j—1 i=j—1 i=j—2

Proof Let C, be a path on n vertices with V(C},) = {v1,va, -+ ,vn}.

(i) The proof of this result is straightforward from Theorem 2.3.

(ii) Let n = 3k for some k € N. Since C%, = {{Ul,’U4, e U3K—5,U3k—2 ), {U2, U5, t , Usk—4,
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V3k—1}, {v3, Vg, * - ,’ng_3,’ng}}, then we have only three RDF of C,,, in this case, such that
each vertex taking the value 2. Hence, r(Psy, 2k) = 3.

(#41) Proof by induction on k. If k = 1, then r(Cy,3) = 4 (see Table 1). Therefore, the
result is true for £ = 1. Now, suppose the result is true for all natural numbers less than or
equal k — 1. We will prove that the result still true for k. By parts (i) and (i7), the induction
hypothesis and Proposition 1.2 part (vi), we get.

r(Csgt1,2k + 1) = r(Csk, 2k) + r(Csi, 2k — 1) + 7(Csp—1, 2k — 1)
+7(Cs—2,2k — 1) + 7(Csp—2,2k — 2)
=34+04+0+7(Cap-1)4+1,2(k —1)+1) +0
=3k+ 1.

(iv) By induction on k. If k = 1, then 7(Cs,4) = 10 = %Q(HS) (see Table 1). Suppose
now the result is true for all natural numbers less than or equal k — 1. Then by parts (), (i)

and (i4¢) and Proposition 1.2 part (vi), we have.

7(Cary2,2k + 2) = r(Cspq1, 2k + 1) + 7(Capy1, 2k) + 7(Csy, 2k)
+7(Cap—1,2k) + r(Csp—1,2k — 1)
=3k+14+04+3+7(Cap-1)42,2(k—1)+2) +0

:3k+4+(3k—1;(k+2) _ (3k+2;(k+3).

(v) Proof by induction on k. If &k = 1, then r(C3,3) = 7 = w (see Table 1).
Suppose the result is true for all natural numbers less than k. Then by using parts (z), (i),

(7i7) and (iv) and Proposition 1.2 part (vi), we obtain.

T(Cgk, Qk —+ 1) = T(Cg(k_1)+2, 2(/€ — 1) —+ 2) + T(C3(k_1)+2, 2(]{} — ].) —+ 1)
+7(Cy(k—1)+1,2(k = 1) + 1) + 7(Cs4—1), 2(k — 1) + 1) +7(C3(,—1), 2(k — 1))
3k — 1)(k +2) (k — 1)(k)(k + 5) k(k + 1)(k + 6)

S i i k—2 T AT
5 +0+3k—2+ 5 +3 :

(vi) By induction on k. When k = 1, r(Cy,4) = 15 = (3+1)(1+31(1+11+6) (see Table 1).

Suppose the result is true for all natural numbers less than k. Then by using parts (i), (i),

(1), (iv) and (v), we get.

r(Cskt1,2k +2) = r(Csi, 2k + 1) + r(Cag, 2k) + T(Cg(k,l)JrQ, 2(k-1)+2)
+7(C3e-1)+1,2(k = 1) +2) + r(Cs(h—1)41,2(k — 1) + 1)
k(k+1)(k+6 3k —1)(k+2
_ KD 6) | (36100 +2)
(3k —2)(k+3)((k—1)>+11(k — 1) + 6)
+
24
(3k + 1)(k + 4)(k? + 11k + 6)
24 '

+3k—-2
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v12) By induction on k. =1, then r(C5,5) = = see Table
/i) By inducti k. If k = 1, then 7(Cs, 5) = 31 = G213 123+122440) Tabl

1). Now, suppose the result is true for all natural numbers less than k. Then by using parts
(1), (iii), (iv), (v) and (vi), we get.

T(C3k+2, 2k + 3) = T(C3k+1, 2k + 2) + T(C3k+1, 2k + ].) + T(Cg}“ 2k + 1)
+7(Csk—1)+2,2(k — 1) +3) + r(C3r—1)42,2(k — 1) +2)
(3k + 1)(k +4)(k? + 11k + 6) k(k+1)(k +6)

= 51 +3k+1+ 5
(Bk—1)(k+2)((k—1)3+23(k — 1) + 122(k — 1) +40)  (3k — 1)(k + 2)
+ +
120 2
(3K 4 2)(k + 3)(k + 23k? + 122k + 40)
- 120 '

(viii) By induction on k. If k =1, then r(C3,4) =6 = 1(1+35+365+21$65+2347360) (see Table
1). Now, suppose the result is true for all natural numbers less than k. Then by using parts

(1), (#v), (v), (vi) and (vii), we get.

T’(Cgk, 2k + 2) = T’(C3(k_1)+2, 2(l€ - 1) + 3) + T(C3(k_1)+2, 2(]{5 - 1) + 2)
+7r(Cah—1)+1,2(k = 1) + 2) + r(Ca-1),2(k — 1) +2)
+7(Cyk—1),2(k — 1) + 1)
Bk —1)(k+2)((k—1)3+23(k — 1) + 122(k — 1) +40)  (3k — 1)(k + 2)
120 + 2
(Bk—2)(k+3)((k—1)?+11(k—1)+6) (k—1)(k)(k+5)
+ 24 + 2

(k—1)|(k—1)° +35(k — 1)* + 365(k — 1) + 1165(k — 1)? + 234(k — 1) — 360

+ 240

k(k5 + 35k* 4 365k3 + 1165k + 234k — 360)
240 '

(iz) The proof is clear.
(x) Clearly, for every vertex v € V(C,, the function f : V(C,) — {0,1,2} with f(v) =1
and weight W(f(V)) = 2n — 1 is a Roman dominating function of G. Hence, r(Cp,2n — 1) =

n
=n.

1
(i) By induction on n. The result is true for n = 2, since r(C2,2) = 3 (see Table 1).

Suppose the result is true for every natural number less than n. Then by parts (i), (iz) and

(z) and Proposition 1.2 part (vi), we have.

r(Cn,2n—2) =1r(Cro1,2(n —1) = 1) +7(Cp-1,2(n — 1) = 2) + 7(Cy—2,2(n — 2))
+1r(Cn-3,2(n —3) +2) +7(Cp_3,2(n — 3) + 1)

-1 1
:n—1+%+1+0+0=%.

(zii) By induction on n. The result is true for n = 3, since r(C3,3) = 7 (see Table 1).
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Suppose the result is true for every natural number less than n. Then by parts (i), (iz), (z)
and (zi) and Proposition 1.2 part (vi), we have.

7(Cn,2n—3) =7(Cro1,2(n —1) = 2) +7(Cp—1,2(n — 1) = 3) + 7(Cr—2,2(n — 2) — 1)
+7(Cn—s,2(n—3) + 1) + 7 (Cp—3,2(n — 3))
_n(n-1) N (n—1)(n—2)(n+3) 24041
2 6
n(n—1)(n+4)
6

(zi#i) By induction on n. If n = 5, then r(C5,6) = 40. Therefore, the result is true for
n = 4(see Table 1). Suppose now the result is true for every natural number less than n. Then
by parts (i), (iz), (z), (zi) and (zii), we have.

7(Cn,2n—4) = 1r(Cro1,2(n —1) = 3) +7(Cp—1,2(n — 1) = 4) + 7(Cr—2,2(n — 2) — 2)
+7(Cn-3,2(n—3)) +r(Cp-3,2(n — 3) — 1)

_(n—=1)(n—2)(n+3) n (n—1)(n) [(n —1)24+5(n—1) - 18}
B 6 24
(n—1)(n—2)

+ +1+4+n-3

~ n(n+1)(n® +5n —18)
24

(ziv) By induction on n. The result is true for n = 5, since 7(C5,5) = 31 (see Table 1).
Suppose now the result is true for every natural number less than n. Then by parts (i), (z),
(z1), (xit) and (wxiii), we have.

7(Cn,2n—=5) =1r(Cro1,2(n —1) —=4) +7(Cp—1,2(n — 1) = 5) + 7(Cr—2,2(n — 2) — 3)
+7(Cng,2(n—3) = 1) +r(Cp_3,2(n — 3) — 2)
(n—1)(n)[(n —1)*+5(n — 1) — 18]

24
(n=1)(n—2)[(n—1)>+11(n — 1)? — 14(n — 1) — 144]
* 120
N (n—Q)(ng?u)(n—&-Q) tn—34 (n—3)(n—2)
n(n —1)(n3 + 11n% — 14n — 144)

120

(xv) We need to prove that for every k € N, r(C;,2k) < r(Cy,2k) for k < i < 2k —1 and
r(Cy, 2k) > r(Cy,2k) for 2k < i < 3k. By induction on k, the result is true for £ = 1. Now,
suppose that the result is true for every i less than or equal k. We will prove it for i = k + 1
which means r(C;, 2k+2) < r(Cit1,2k+2) for k+1 < i < 2k+1. By part (i) and the induction
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hypothesis, we have

r(Ci, 2k +2) = r(Ci—1,2k + 1) + r(C;_1, 2k) + r(C;_2, 2k)
+7(Ci—s3,2k) +r(Ci—3,2k — 1)
<r(Cy, 2k + 1) + r(Cy, 2k) + r(C;—1, 2k)
+7(Ci—2,2k) + r(Ci—2,2k — 1)
=r(Cit1,2k +2).

Similarly, we prove for the other inequality.

(zvi) Similar to the prove of part (zv), we will prove that for every k € N, r(C;, 2k + 1) <
r(C;,2k+1) for k+1<i <2k and r(C;,2k+1) > r(C;,2k+ 1) for 2k +1 <i <3k +1. By
induction on k, the result is true for kK = 1. Now, suppose that the result is true for every 7 less
than or equal k + 1. We will prove it for ¢ = k + 2 which means r(C;, 2k + 3) < r(Ci11,2k + 3)
for k+2 <i <2k+2. By part (i) and the induction hypothesis, we have

r(Ci, 2k +3) = r(Ci—1,2k + 2) + r(Ci—1,2k + 1) + 7(Ci—2,2k + 1)
+r(Ci—s3,2k + 1) +r(C;_3,2k)
< 7(Ci, 2k +2) +7(Ci, 2k + 1) +7(Ci_y, 2k + 1)
+7(Ci—a,2k + 1) + r(Ci—2,2k) = r(Ciy1, 2k + 3).

Similarly, we prove for the other inequality.

(zvii) By Theorem 2.3, we have

2n
R(Cp,x) = Z r(Cp,j)2? = (2® + 2)R(C_1,2) + 2*R(Cyy_2, 2)
J=vr(Cr)
+ (2 + 2 R(Cp_3, 1)
2n—2 2n—4
= > rCon D[P+ Y r(Cuma, )2t
J=122] J=122
2n—6
+ Z r(Cp—s, j)[a71? + 2772].
J=122-5]
2n
Now, if a,, = Z r(Cp,j), we can see that all the coefficients of R(C,_1,z) and
3=

R(C)—3,2) counted twice and all the coefficients of R(C,—_2,x) counted once in «,. Hence,
Qp = 2an—1 +op—2 + 2an—3~
(zviid) If j = 2, then



96

Deepak G., Anwar Alwardi and Indiramma M. H.

By part (i), we have

37

3J

> r(Ci2i) = > (G

i=j

=7

3; 3;
52— 1)+ r(Cin1, 2§ —2) + ) r(Cinz,2j - 2)
— —

37 3j
+> r(Cis,2i—2)+ > 1(Cis,2j —3).
i=j i=j

Now, by Proposition 1.2 part (vi), we have

and

33
> r(Ci1,2j - 1)
i=j
3j
> r(Cio1,2j - 2)
i=j
37
ZT(CZ‘_Q, 2] - 2)
i=j
3j
> r(Cizs,2j - 2)

i=j

3j

i=j—1 i=j

3j 3j—3

> or(Cih2i—2)= ) r(Ci,2j - 2),
i=j—1 i=j—1

35 35—3

> r(Ci2i—2)= Y r(Ci,25 - 2),
i=j—2 i=j—1

3j 3j—3

> or(Ci2j—2)= Y r(Ci,2j —2)
i=j—3 i=j—1

35 3j—5

> r(Ciss2j—3)= > r(Ci2j-3)= > r(C;,2j —3).

i=j

i=j—3 i=j—1

(ziz) The proof is similar to the proof of part (zviii).
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