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Abstract: In this paper, we consider the problem of constructing surfaces using special
Smarandache curves in Galilean 3-space. We give the family of surfaces as a linear combi-
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81. Introduction

The classical theory of asymptotic curves is one of the most important and efficient methods that
can be used to characterize surfaces. Asymptotic curves have a big importance in astronomy,
astrophysics and CAD in architecture. A curve on a surface is said to be an asymptotic curve if
the curve on a regular surface is given such that the normal curvature is zero in the asymptotic
direction. This direction can only happen for non-positive (negative or zero) Gaussian curvature
on a surface along the asymptotic curve [5,9]. The notion of the family of surfaces having a
given characteristic curve was first investigated by Wang et al. [14] in Euclidean 3-space. Then
Bayram et al. [3] extended the work of Wang to how to get a surface pencil from a given
spatial asymptotic curve. Moreover, some more studies about the surface family with common
asymptotic curves have been given in [12,13].

The classical curve theory is one of the most important research topics in differential
geometry. There are many different studies on special curves. Smarandache curves are defined
as a regular curve whose position vector is composed of Frenet frame vectors [10]. There has
been a lot of researches about Special Smarandache curves and their characterizations in [1,2].

The starting point of our study is to investigate how to characterize parametric surfaces
via a given curve as a common isoasymptotic and special Smarandache curves in Galilean 3-
space. First, we give the surfaces as a linear combination of the Frenet frame of the given
curve and derive the conditions on marching-scale functions to satisfy both isoasymptotic and

Smarandache requirements. Finally, we illustrate some examples of these surfaces.
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§82. Preliminaries

The Galilean space Gj is a Cayley-Klein space equipped with the metric of signature (0,0, +, +),
given in [6]. The absolute figure of the Galilean space consists of an ordered triple {w, f, I} in
which w is the ideal (absolute) plane, f is the line (absolute line) in w and I is the fixed elliptic
involution of f.

In the Galilean space there are just two types of vectors, non-isotropic x = (x1, z9, z3) (for
which holds z; # 0). Otherwise, it is said to be isotropic.

Definition 2.1([11]) Let z = (z1,22,23) and y = (y1,Y2,y3) be vectors in Galilean space
Gs.The Galilean scalar product of x and y is given by

(1) = T1y1, if vy #0ory #0 _ (1)

Toy2 + x3y3, if x1=0andy, =0

Definition 2.2([8]) Let x = (21,2, 23) and y = (Y1, Y2, y3) be vectors in Galilean space Gs.The

Galilean vector product of x and y is given by

0 €9 €3
TANY=| a1 X9 23 |- (2)
Yr Y2 Y3

Let r be an admissible curve of the class C*°in G3,parameterized by the invariant parameter
u, given by

r(u) = (u, f(u), g(u)).

Then the curvature k(u) and the torsion 7(u) of the curve r(u) can be given by

r(u) =/ f"(u)? + g"(w)?,

and _ det(r (u), 1" (), r"" (u))

K2 (u)

7(u)

and the associated moving trihedron satisfies

T(u) =r'(u) = (1, f'(u), ¢'(w))

N(w) = 225 = L0, " (w), " (w)
B(u) = =45(0, ¢ (u), " (w))

where T, N and B are called the vectors of the tangent, principal normal and binormal of r(u),

respectively.
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Frenet formulas are given by

T = kN
N/ =7B ) (3)
B =—-7N

for more information, we refer to [7].

Definition 2.3([1]) Let r(u) be an admissible curve in Gs and {T, N, B} be its moving Frenet
frame. Smarandache TN, TB and T NB curves are respectively, defined by

T+ N
R
T+ B
e T Bl
T+ N+ B
"TNEB T+ N+ B[’

The equation of a surface in G3 can be given by the parametrization

@ (u,v) = (p1 (u,v), 02 (u,v) , 03 (u,v)),

where 1 (u,v) , @2 (u,v) and @3 (u,v) € C3, in [7].
Let r(u) is an parametric curve on the surface ¢ (u, v), there exists a parameter vy € [T, T3]
such that r(u) = ¢ (u,vg)

x (u,v0) =y (u,v9) = z(u,v9) =0, Ly <u<Loand Th <v < Ts.

Given a curve r(u) on the surface ¢ (u,v) is an asymptotic iff the binormal B (u) of the
curve r(u) and the normal 7 (u,vg) of the surface ¢ (u,v) at any point on the curve r(u) are
parallel to each other [4].

83. Surfaces with Common Smarandache Asymptotic Curves in Galilean Space G35

Let ¢(u,v) be a parametric surface. The surface is defined by a given curve r(u) as follows:
p(u,v) = r(u) + [x(u, 0)T(w) + y(u, 0)N(u) + 2(u, v) B(u)] (4)

Li<u<Ly and T) <v <1y,

where z(u, vy), y(u,vp) and z(u,vo) which are the values of the marching-scale functions indi-
cate, respectively, the extension-like, flexion-like and retortion-like by the point unit through
time v, starting from r(u), {T'(u), N(u), B(u)} is the frame associated with the curve r(u) in
G3, and values of this functions are C' functions. Throughout this paper, we assume that
Kk # 0.

Our main aim is to get the conditions for which the some special Smarandache curves of
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the unit space curve r(u) is a parametric curve and an asymptotic curve on the surface ¢(u,v).

If the curve is both an asymptotic and a parameter curve on ¢, then it is called isoasymp-
totic on a surface .

3.1 Surfaces with a Common Smarandache TN Asymptotic Curve in

Galilean Space G3

Theorem 3.1 Smarandache TN curve of the curve r(u) is an isoasympotic on a surface p(u,v)
if and only if the following relations are satisfied

x (u,v9) =y (u,v9) = z (u,v9) =0, (5)
and
B Ox(u,vo)
=0, TO £0. (6)

Proof Taking account of [4], a parametric surface ¢(u,v) is given by a Smarandache TN

curve of r(u) as follows

T'(u) + N(u)

= T 3 N T )T @)+ 0)N(u) + 2(u, 0) Bw)]. 7)

p(u,v)

Let r(u) be a Smarandache TN curve on surface ¢(u,v). If Smarandache TN curve is a

parametric curve on ¢(u,v), then there exists a parameter v = vy such that

T(u) + N(u)

PO = )+ NGl

that is
z(u,v9) = y(u,vo) = 2(u,v9) = 0.

The normal n(u,v) of the surface is given by
U(va) = Pu X Py (8)
From (7),

Ox(u,v) y(u,v)

o = SET(w)+ (n + o(u, o)+ L z(u,v)r) N(u)

+ <T + y(u, v)7 + azgi, “)> B(u)

and
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Using (8), the normal 7n(u,v) can be written as

n(u,v) = {_mgsmazg:m + <T + y(u, v)T + azg;, ”)> ax(g: ”)] N(u)
+ {8“35,;: v) ayg,; v) _ (n + a(u, v)k + ayg: %) _ ou, U)T) 855;‘;’ ”>] B(u)
and from (5), we have
s = P22 i [ 2rtm] g, 0

which gives that r(u) is an asymptotic curve if and if B(u) || n(u,vo), we obtain

ox(u, v
2rti)
and Hax(u, Vo) 40
v '
Since W # 0, we have
T = 0,
Ox(u, v
)
This completes the proof. O

Corollary 3.2 Smarandache TN curve of the curve r(u) is an isoasympotic if and only if r(u)

is a plane curve.

The set of surfaces given by (7) and satisfying (5) and (6) is called the family of sur-
faces with common Smarandache T'N asymptotic curve in Galilean space Gg. The functions

x(u,v0), y(u,vo) and z(u,vg) can be given in two different forms:

Case 1. If we take

z(u,v) = alu)X(v),
y(u,v) = b(u)Y (v),
2(u,v) = ce(u)Z(v),

then the sufficient condition for which Smarandache TN curve of the curve r(u) is an isoasymp-

totic on p(u,v) can be given by

X(vo) = Y(vo)=Z(vo) =0,

a(u) # 0 and dXT(:O);éO, (10)
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where a(u),b(u),c(u), X (v),Y (v) and Z(v) are C* functions and a(u),b(u) and c(u) are not
identically zero. Also r(u) should be a plane curve.

Case 2. If we take

z(u,v) = fla(u)X(v)),
y(u,v) = gbw)Y(v)),
2(u,v) = hlc(w)Z(v)),

then the sufficient condition for which Smarandache TN curve of the curve r(u) is an isoasymp-

totic and a plane curve on ¢(u,v) can be expressed as

X('U()) = Y(U(]) = Z(’Uo) = 0,
f(0) = 9(0) = n(0) =0,
aw) # 0, d)‘;l(;’@ £0 and f(0) £0, (11)

where a(u),b(u),c(u), X (v),Y (v) and Z(v) are C'functions and a(u),b(u) and c(u) are not
identically zero. Also, r(u) should be a plane curve.

Figure 1 ¢(u,v) surface with curve r(u).

Example 3.3 Let r(u) = (u,u + sinw, sinw) be a curve and if we take 0 < u < 7, It is easy to
show that

T(u) = (1,14 cosu,cosu),
1 1

N(u) = (Ov_ﬁa_ﬁ)a

1 1 )

B(u) = (0, \ﬁ’ *\ﬁ

where 7 = 0 is the torsion and k = v/2sinu and u # %” (k=0,2,---,2n.) is the curvature of
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the curve in G3. We obtain the family of surfaces with this isoasymptotic curve. If we choose
z(u,v) = v, y(u,v) = sin(uv), z(u,v) = u(l — cosv),

and vy = 0 such that equation (10) is satisfied, a member of this family in G35 is presented by
(see Figure 1 for details)

u — sin(uv) — ucos v

— V2 ’
plu,v) = . wcosv — u — sin(uwv) : (12)
sinu + vcosu + /2

U+ v,u+v+sinu+ vcosu +

If we take

x(u,v) = v, ylu,v) =sin(uwv), z(u,v) = u(l — cosv)

and vy = 0, then (5) and (6) are satisfied. Thus, we obtain a member of the surfaces with this

common Smarandache TN isoasymptotic curve as (see Figure 2 for details)

L+ wv,(1+v)(cosu+ 1)+ u—l-sin(uv)—u cosv
@TN(u,U) = ucosv—sin(u’v)—\{?—l (13)
(I1+wv)cosu+ ut

Figure 2 Surfaces ¢rn(u,v) and its Smarandache TN asymptotic curve of r(u).

3.2 Surfaces with a Common Smarandache T'B AsymptoticCurve in

Galilean Space G3

Theorem 3.4 Smarandache T B curve of the curve r(u) is an isoasympotic on a surface (u,v)

if and only if the following relations are satisfied

z(u,v9) = y(u,vo) = z(u,v9) =0, (14)

Ox(u,vg)

k# 71 and 50

£0 (15)
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Proof By using (4), the parametric surface p(u,v) is defined by a given Smarandache T'B

curve of r(u) as follows

T(u) + B(u)

= M + [z(u,v)T(u) + y(u,v)N(u) + z(u,v)B(u)]. (16)

¢(u,v)

Let r(u) be a Smarandache T'B curve on surface ¢(u,v). If Smarandache TB curve is a

parametric curve on this surface, then there exists a parameter v = vy such that

T(u) + B(u)

") = )+ B

that is

z(u,v0) = y(u,vo) = 2(u,v9) = 0.

By using (16),

oy = 836(5;’ %) Py + (n (o) W = o, U)T> N(w)
- <y(u,v)7’ + 62(;12 ”)> B(u)
= D50y D)y D)y
Using (8), the normal 7(u, v) can be expressed as
n(u,v) = {-Wﬁzgj’“ + (y(u,v)T + 33(52 ”)) 3””(87“;’“)} N(u)
+ [89”;:’ o) 81’(5;’ V) _ <H 2w, )k + ayg;’ %) _ ou, U)T> ax(g;, ”)] B(u)

and from (15), we have

i) = (7 =0 270 o), (17)

We know that r(u) is an asymptotic curve if and only if

Ox(u,vg)
—K)———= #£0.
(T—r)—p,— 7
That is P
k# 7 and % # 0. (18)
This completes the proof. O

The set of surfaces given by (16) and satisfying (14) and (15) is called the family of surfaces
with common Smarandache T'B asymptotic curve in Galilean space G3. The marching-scale

functions can be given in two different forms:

Case 1. If we take
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z(u,v) = alu)X(v),
y(u,v) = b)Y (v),
z(u,v) = c(u)Z(v),

then the sufficient condition for which Smarandache T'B curve of the curve r(u) is an isoasymp-

totic on the surface p(u,v) can be expressed as

X(vg) = Y(vg)=Z(vg) =0and k # 7,
a(u) # 0 and d)il(vUO) #0, (19)

where a(u),b(u),c(u), X (v),Y (v) and Z(v) are C'functions and a(u),b(u) and c(u) are not
identically zero.

Case 2. If we take

z(u,v) = fla(u)X(v)),
y(u,v) = g(b(u)Y (v)),
z(u,v) = h(c(w)Z(v)),

then the sufficient condition for which Smarandache T B curve of the curve r(u) is an isoasymp-

totic on the surface ¢(u,v) can be expressed as

X(wo) = Y(vo)=Z(v9)=0 and & #r,
f(0) = 9(0) = nr(0) =0,
aw # 0, B g o) 20, (20)

where a(u),b(u), c(u), X (v),Y (v) and Z(v) are C! functions and a(u),b(u) and c(u) are not
identically zero.

Example 3.5 Let r(u) = (u, 2sinu,2cosu) be a curve. It is easy to show that

T(u) = (1,2cosu,—2sinu),
N(u) = (0,—sinu,—cosu),
B(u) = (0,cosu,—sinu),

where 7 = —1 is the torsion and k = 2 is the curvature of the curve in G3. We will give the

family of surfaces with this isoasymptotic curve. If we choose
x(u,v) = v, ylu,v) =cosv — 1, z(u,v) = sin(uv)

and vg = 0 such that equation (19) is satisfied, a member of this family in G5 is obtained by
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(See Figure 3 for details)

p(u,v) = (u+wv,2vcosu+ sinu(3 — cosv) + cosusin(uv),

cosu(3 — cosv) — 2usinu — sinu sin(uv)). (21)

Figure 3 ¢(u,v) surface and the curve r(u).

If we take

x(u,v) = v, ylu,v) =cosv — 1, z(u,v) = sin(uv)

and vg = 0 then the equality (14) and (15) are satisfied. Thus, we obtain a member of the
surfaces with this common Smarandache T'B isoasymptotic curve as (Figure 4)

erp(u,v) = (v+1,cosu(2v + sin(uv) + 3) + sinu(l — cosv),
cosu(1l — cosv) — sinu(2v + sin(uwv) + 3). (22)

Figure 4 prp(u,v) surface and its Smarandache TB asymptotic curve of r(u).
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3.3 Surfaces with Common Smarandache TN B Asymptotic Curve in

Galilean Space G3

Theorem 3.6 Smarandache TN B curve of the curve r(u) is an isoasympotic on a surface

o(u,v) if and only if the following conditions are satisfied:

x(u,v9) = y(u,v9) = z(u,vo) =0, (23)

Ox(u, vo)

40 (24)

7 =0 and
v

Proof From (4), a parametric surface ¢(u,v) is defined by a given Smarandache TN B

curve of r(u) as follows

T(u) + N(u) + B(u)

= TT(w) + N £ Bl T P00 TW +ylwo)N(w) +2(wv)Bu)]. - (25)

(u,v)
Let 7(u) be a Smarandache TN B curve on surface ¢(u,v). If Smarandache TN B curve is

an parametric curve on this surface, then there exists a parameter v = vy such that

_ T(u) + N(u) + B(u)
1T (u) + N(u) + B(u)]”

r(u)

that is
z(u,v0) = y(u,vo) = 2(u,v9) = 0.
From
Oy = (%U(al;’ U)T(u) + (H — 7+ z(u,v)k + W - z(u,v)7> N(u)
+ (vt + 5 v) )
nd
: 3x(u,v)T W) + 8y(u,v)N 8Z(U7U)B(u).

Yo = ov (u) ov () + ov

Using (8), the normal 7(u,v) can be written as

n(u,v) = {—ax((;;’v)azg;’v) + <y(u,v)7’ + a'zg;’ v) + 7') azg;’v)] N(u)

n [mgz v) 895;:; v) _ (Ii — T+ a(u,v)k + w - z(%@)T) 5 ] B(u)

and from (23), we have

7-} N(u) + [(T — Ii)avil B(u). (26)
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We know that r(u) is an asymptotic curve if and only if

Ox(u, vo)

E® 7=0

and P
(r— H)ix(g;vo) # 0.

Consequently, we have
Ox(u,vg)
v
This completes the proof. O

£0,7=0. (27)

Corollary 3.7 Smarandache TNB curve of the curve r(u) is an isoasympotic if and only if

r(u) is a plane curve.

The set of surfaces given by (25) and satisfying (23) and (24) is called the family of surfaces
with common Smarandache TN B asymptotic curve in Galilean space Ggz. The marching-scale

functions x(u,vg), y(u,vo) and z(u,vg) can be given two different forms:

Case 1. If we take

z(u,v) = a(u)X(v),
y(u,v) = b(u)Y(v),
z(u,v) = c(u)Z(v),

then the sufficient condition for which Smarandache TN B curve of the curve r(u) is isoasymp-
totic on the surface p(u,v) can be expressed as
X(’Uo) = Y(Uo) = Z(Uo) = O,

afu) # 0, dx;l(v”(’) £0, (28)

where a(u),b(u), c(u), X (v),Y (v) and Z(v) are C* functions and a(u),b(u) and c(u) are not

identically zero. Also r(u) should be a plane curve.

Case 2. If we take

z(u,v) = fla(u)X(v)),
y(u,v) = gbw)Y(v)),
2(u,v) = hlc(w)Z(v)),

then the sufficient condition for which Smarandache TN B curve of the curve r(u) is isoasymp-

totic on the surface ¢(u,v) can be expressed as
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X(vo) = Y(vo)=Z(vo) =0,
f0) = g(0) = h(0) =0,
aw) # 0, P 4o p0) 20, (29)

where a(u),b(u), c(u), X (v),Y (v) and Z(v) are C! functions and a(u),b(u) and c(u) are not

identically zero. Also r(u) should be a plane curve.

Example 3.8 Let r(u) = (u, cosu,u+ cosu) be a curve and if we take 0 < u < m, It is easy
to show that

T(u) = (1,—sinu,1—sinu),
Nw) = 0z ——)
) \/57 \/57

0. L 1
W2 V2

where 7 =0, Kk = V2 cosu and u # %“ (k=1,3,---,2n —1.) in G3. We will give the family of
surfaces with this isoasymptotic curve. If we choose

B(u) = ( ),

z(u,v) = v, y(u,v) =sinv, z(u,v) =" — 1.

and vy = 0 such that equation (28) is satisfied, a member of this family in G5 is obtained by
(see Figure 5 for details)
. e" —1—sinv
U+ v,co08U — vSINU+ —2,

p(u,v) = 1—e" —sinv
u+v+cosu—vsinu+ —
V2

Figure 5 ¢(u,v) surface with the curve r(u).
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If we take

z(u,v) = v, y(u,v) =sinv, z(u,v) ="’ —1

and vg = 0 then (23) and (24) are satisfied. Thus, we obtain a member of the surfaces with

this common Smarandache TN B isoasymptotic curve as (see Figure 6 for details)

e’ — 1 —sinv . .
v—i—l,T —vsinu — sinu,
prvp(u,v) = 1—e% —sinwv
vasmu+—+1—\/§—smu

V2

Figure 6 ornp(u,v) surface and its Smarandache TNB asymptotic curve of r(u).
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