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Abstract: Let G be a graph and f: V(G) — {1,2,3,...,p+ ¢} be an injection. For each
uv, the induced edge labeling f* is defined as

2 [f(w)? + f(w)f(v) + f(v)2]J
3 [f(w) + f(v)] ’

Then f is called a super F-centroidal mean labeling if f(V(G)) U {f"(w) : uv € E(G)} =
{1,2,3,...,p+q}. A graph that admits a super F-centroidal mean labeling is called a super

F = |

F-centroidal mean graph. In this paper, the super F-centroidal meanness of some standard

graphs have been studied.
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§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology, we follow [7]. For a
detailed survey on graph labeling, we refer [6].

Path on n vertices is denoted by P,, and a cycle on n vertices is denoted by C,,. A star graph
Sy, is the complete bipartite graph K ,,. The union G1 UG> of any two graphs G and G with
disjoint vertex sets, has vertex set V(G1)UV (G2) and edge set E(G1)UE(G2). The middle graph
M (G) of a graph G is the graph whose vertex set is {v : v € V(G)}U{e : e € E(G)} and the edge
set is {e1ez : e1,e2 € E(G) and e and ey are adjacent edges of G} U {ve : v € V(G), e € E(G)
and e is incident with v}. The graph G o S, is obtained from G by attaching m pendant
vertices to each vertex of G. A Twig TW(P,),n > 3 is a graph obtained from a path by
attaching exactly two pendant vertices to each internal vertices of the path P,. A subdivision
of a graph G, denoted by S(G), is a graph obtained by subdividing edge of G by a vertex. An
arbitrary subdivision of a graph G is a graph obtained from G by a sequence of elementary

subdivisions forming edges into paths through new vertices of degree 2. Square of a graph G,
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denoted by G2, has the vertex set as in G and two vertices are adjacent in G2 if they are at a
distance either 1 or 2 apart in G. The baloon of a graph G, P,,(G) is the graph obtained from
G by identifying an end vertex of P, at a vertex of G. The graph P, (C,,) is called a dragon.

The concept of geometric mean labeling [1] and super geometric mean labeling [2] were
introduced by Durai Baskar et al. and studied for some standard graphs. Arockiaraj et al.
introduced the concept of F-root square labeling [3] and super F-root square labeling [4]. The
concept of F-centroidal mean labeling [5] was introduced and developed its meanness for some
standard graphs.

Arockiaraj et al. [5], defined the F-centroidal mean labeling as follows:

A function f is called an F-centroidal mean labeling of a graph G(V, E) with p vertices
and q edges if f: V(G) — {1,2,3,---,¢+ 1} is injective and the induced function f* : E(G) —
{1,2,3,---,q} defined as

2U@V+ﬂwﬂw+f@WJ
3 [f(w) + f(v)]

is bijective for all uwv € E(G). A graph that admits an F-centroidal mean labeling is called

Frtn = |

an F-centroidal mean graph. Motivated by the works of so many authors in the area of graph
labeling, we introduced a new type of labeling called a super F-centroidal mean labeling.

Let G be a graph and f : V(G) — {1,2,3,--- ,p+ ¢} be an injection. For each wwv, the
induced edge labeling f* is defined as

2UWV+ﬂWﬂW+f@WJ
3 [f(u) + f(v)] '

Then f is called a super F-centroidal mean labeling if f(V(G)) U {f*(w) : wv € E(G)} =
{1,2,3,--- ,p+ q}. A graph that admits a super F-centroidal mean labeling is called a super
F-centroidal mean graph. Generally, let C' C {1,2,3,--- ,p+q}. If f(V(G))U{f*(wv) : uv €
E(G)} ={1,2,3,--- ,p+ ¢} \ C, such a f is called a Smarandachely super F-centroidal mean
labeling on C. Clearly, if C = ), a Smarandachely super F-centroidal mean labeling on C' is

o) = |

nothing else but the super F-centroidal mean labeling on G.

A super F-centroidal mean labeling of the graph Cj is shown in Figure 1.

1 8

Figure 1 A super F-centroidal mean labeling of Cy

In this paper, we have studied the super F-centroidal meanness of some standard graphs.
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82. Main Results

Theorem 2.1 A union of any number of paths is a super F-centroidal mean graph.

Proof Let the graph G be the union of k paths. Let {’Uj(-i) : 1 < j < p;} be the vertices
k

of the i*" path P,, with p; > 2 and 1 <i < k. Define f : V(G) — {1,2,3,--- , > 2p; — k} as
i=1

follows:

f(vj(-l))) =2j—1, for1 <j <p; and

f (vj()) — F@STD) 425 —1, for2<i < kand 1< j<p,.

Then the induced edge labeling f* is obtained as follows:

f*(vjl)v(l)

j+1):2j7 for1<j<p;—1and

(
f* (vj(-i)vj(-?l) = f(vz(,ijll)) +2j, for2<i<kand1<j<p; —1.

Hence, f is a super F-centroidal mean labeling of G. Thus the graph G is a super F-centroidal

mean graph. |
6 8
° 2 ° 4 ° ® ® M
1 3 5 7 9 11 13 15 17 19 21
[ @ L @
10 12 14 16

Figure 2 A super F-centroidal mean labeling of union of Ps, Py and Ps

Corollary 2.2 FEvery path P, is a super F-centroidal mean graph, for n > 1.

Theorem 2.3 The middle graph M(P,) of a path P, is a super F-centroidal mean graph, for
n > 4.

Proof Let V(P,) = {v1,v2,v3, -+ ,v,} and E(P,) = {e; = v;v;41 : 1 <i < n — 1} be the
vertex set and edge set of the path P,. Then,

V(M(P,)) = {v1,v2,v3,...,Un,€1,€2,€3,...,6n_1} and

E(M(P,)) = {vies,eivip1 : 1 <i<n—1}U{ejeir1: 1 <i<n-—2}.
Define f: V(M (P,)) — {1,2,3,---,5n — 5} as follows:

flo)=5bi—4, for 1 <i<n-—1,
f(vn) =5n—5 and
fle;))=5i—2, for1 <i<n-—1.
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Then, the induced edge labeling f* is obtained as follows:

ff(ve;)=5i—3, for1<i<n-—1
ffleivig1) =5bi—1, for1 <i<n-1

f*(eieir1) = bi, for 1 <i<n-—2.

Hence f is a super F-centroidal mean labeling of M (P,). Thus the middle graph M (P,) of a

path P, is a super F-centroidal mean graph, for n > 4. O
28
29
27
30
Figure 3 A super F-centroidal mean labeling of M (P7)
5
3 4 N 11 49 13 16 19
2 6 10 14 18
1 7 9 15 17
AVATATATA
1 5 7 11 13 17 19 23 25 29

29
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m 10/,4 W 1y |2 26/, | 30
1o, 7T 8 1113 T

8
23 24 27 31

Figure 4. A super F-centroidal mean labeling of P50 S1, Ps o Ss and Py o S3

Theorem 2.4 The graph P, o Sy, is a super F-centroidal mean graph, forn > 1 and m < 3.

v,(f;) be the pendant

geeey

Proof Let uy,us, - ,u, be the vertices of the path P, and v%i), véi)

vertices attached at each vertex u; of the path P,, for 1 <i <mn.

Casel. m=1.
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Define f : V(P,051) — {1,2,3,--- ,4n — 1} as follows:

4i —1, 1 <i<nandiisodd
flui) =9 . -
47 — 3, 2 <i<n andiis even and
(i) 47 — 3, 1 <i<nandiisodd
floy?) =

4i — 1, 2 <i<mn and i is even.
Then, the induced edge labeling f* is obtained as follows:

fr(wiuigr) = 4i, for 1 <i<n-—1and

f*(vgi)ui) =4i—2, for1 <i<n.

Case 2. m=2.

Define f : V(P, 0 S2) — {1,2,3,--- ,6n — 1} as follows:

fu;) =6i—3, for 1 <i<n,
f(vy)) =6i—5, for1 <i<nand

f(véi))=6z'—1, for 1 <i<n.
Then, the induced edge labeling f* is obtained as follows:

fr(uiuipr) =64, for 1 <i<n-—1,

f*(vii)ui) =6i—4, for1 <i<n and

f*(véi)ui) =61 —2, for1 <¢<n.

Case 3. m = 3.

Define f : V(P, 0 S3) — {1,2,3,---,8n — 1} as follows:

81— 5, 2 <i<nand

f(”:g,i))ZSi—l, for 1 <i<n.
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Then, the induced edge labeling f* is obtained as follows:

fruuipr) =8i+1, for 1 <i<n-—1,
f*(vgi)ui) =8i—6, for 1 <i<n,
f*(véi)ul-) =8i—4, for1 <i<n and
5, i=1

Fefuy =45 7 .
8t — 2, 2<i<n.

In each case, f is a super F-centroidal mean labeling of P, o .S,,. Thus the graph P, o .S,

is a super F-centroidal mean graph, for n > 1 and m < 3. O

Theorem 2.5 The twig graph TW(P,) of the path P, is a super F-centroidal mean graph,
only when n > 4.

Proof Let vy,vo,v3, -+ ,v, be the vertices of the path P, and ugi),ug) be the pendant
vertices at each vertex v;, for 2 <i<n — 1.

Assume that n > 4.
Define f : V(TW(P,)) — {1,2,3,---,6n — 9} as follows:

2 — 1, 1<i<?
flvi) =4 6i—71, 3<i<n-—1

6i—9, i=n,

f ) | ,
6t — 9, 3<i<n-—1 and
8, i =2

Fdy=1{ 6i—5 3<i<n-2

61 — 4, i=n-—1.
Then, the induced edge labeling f* is obtained as follows:

5i—3, 1<i<?2
6i—4, 3<i<n-—2

fr(vivig1) =
I (Wp—1vy) = 6n — 11,
f*(viugi)) =6i—8, for2<i<n-1 and
(i) 5, 1=2

[r(vuy’) = ) )
6t — 6, 3<i<n-1.

Hence f is a super F-centroidal mean labeling of TW (P,). Thus the twig graph TW (P,)

is a super F-centroidal mean graph, for n > 4. O
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AN

13 15 19 21 o5 27

Figure 5. A super F-centroidal mean labeling of TW (Pr)

Theorem 2.6 The graph [Py; S1] is a super F-centroidal mean graph, for n > 1.

Proof Let uy,us,us, -+ ,u, be the vertices of the path P, and vy ,vg ,véz s 7(7?“

be the vertices of the star graph S, such that UY) is the central vertex of the star graph

S, 1 <i<n.
Assume that m = 1. Define f : V([Py;51]) — {1,2,3,---,6n — 1} as follows:
flu))=6i—1, for 1 <i<mn,
f(vgi)) =6i—3, for1 <i<nand
1, i=1
6i—6, 2<i<n.

Then, the induced edge labeling f* is obtained as follows:

f(uiuipr) =6i+2, for 1 <i<n-—1,
f*(uivy)) =6i—2, for 1 <i<n and
2, i=1

6i—5 2<i<n.

P =

Hence f is a super F-centroidal mean labeling of [P,; S1]. Thus the graph [P,;S1] is a

super F-centroidal mean graph, for n > 1. O
5 11 17 23 29
8 14 20 26
3 e 9 e 15 21 @ ® 27
7
9 13 19 25
° [] L [ ] °
1 6 12 18 24

Figure 6 A super F-centroidal mean labeling of [Ps; S1]

Theorem 2.7 Arbitrary subdivision of K1 3 is a super F-centroidal mean graph.
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Proof Let G be the graph of arbitrary subdivision of K; 3. Let vp,v1,v2 and v3 be the
vertices of K7 3 in which vy is the central vertex and v, vy and vz are the pendent vertices of
K 3. Let the edges vov1, vov2 and vgvs of S3 be subdivided by pi,p2 and ps number of vertices
respectively.

Let vg v§1) vél), (),..., 1(71)-%1_1)1”00 vg) (2), (2)7..., 1(72)+1_ vo and vo,v§3) v§3), (),
(3)

*, Up, 11 (= v3) be the vertices of G and vg = v ) for 1 <i<3.

Let e§i) = v§i_)10§i) for 1 < j <p;+1and 1 <1 < 3 be the edges with G and it has
p1 + p2 + ps + 4 vertices and p; + p2 + ps + 3 edges with p; < p2 < ps.

Case 1. p; =p2, p1 > 1and p3 > 3.

Define f: V(G) — {1,2,3,--- ,2(p1 + p2 + p3) + 7} as follows:

f(vo) = 2(p1 + p2) + 5,

1) 2(p1 + p2), j=1
2(p1 +p2) +5 — 44, 2<57<p1+1,

(2) 2(p1 +p2) + 7 — 4y, 1<53<2
2(p1 + p2) + 6 — 47, 3<j<p2+1and

(v8Y) = 2(p1 +p2) +5+2j for 1 < j < p3 + 1.

Then, the induced edge labeling f* is obtained as follows:

=2(p1 +p2) +2i, for 1 <i <3,

2(p1 +p2) — 2, j=1
2(p1 + p2) + 3 — 4y, 2<j<p1,
{ p1+p2) +1, j=1

2(p1 +p2) +4 — 4, 2<j<py and

1)01)
f* J J+1
f* J J+1
fr(w J J+1 =2(p1 +p2) + 6+ 25, for 1 <j <ps.

Case 2. p; < ps.

Define f : V(G) — {1,2,3,---,2(p1 + p2 + p3) + 7} as follows:

J(vo) = 2(p1 + p2) + 5,
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() 2(p1 + p2) + 3, J=1

" 2p1+p2) +8—4j, 2<j<pi+l,

(v®) 2(p1+p2)+3-4j, 1<j<p

K 2p2 +3 — 27, p1+1<7<py+1and
[ =2(p1+p2) +5+2jfor 1 <j<p3s+1

Then, the induced edge labeling f* is obtained as follows:

Frwov’?) = 2(py + pa) + 26, for 1 <i <3,

2(p1 +p2) +5 —4j, j=1

FrPui)) =
R 2p1 +p2) +6—4j,  2<j<p,

F @) 2(p1 +p2) + 1 — 47, I<j<p—-1
1) ,
R 2p2 +2 -2, pr<j<py and

i j g+1 =2(p1 +p2) +6+ 274, for 1 < j < ps.

121

In both cases, f is a super F-centroidal mean labeling of the arbitrary subdivision of S3.

Figure 7. A super F-centroidal mean labeling of G with
pr=p2=95p3=Tandp1 =4,pp=6,p3 =7

The graphs does not fall on the Case 1 are found to be a super F-centroidal mean graphs

whose super F-centroidal mean labeling is shown in Figure 8.

O
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13
9
10 14
9 6 g \L0 12
5 - 11 7 *» 11 15
6 10
8 5 9 6
2 5 12
7 11 3 » 8 » 17
3 | 13 3
1 4 2 18
2 5 12 14
° 1 4 .
1 o4 13 15 19
Figure 8 A super F-centroidal mean labeling of G with
pr=p2=p3=1 pr=pe2=1,p3=2and p1 =p2=p3 =2

Theorem 2.8 FEvery cycle Cy, is a super F-centroidal mean graph, for n > 4.

Proof Let uy,us,---

A vertex labeling f : V(C,) — {1,2,3,---

L,
i — 4,
45 —

flu;) = dn — 41 + 5,
4i — 5,
i — 4,
An — 4i + 6,

, U, be the vertices of the cycle C),. Assume that n > 5.

,2n} is defined as

=1
2<i<|2|+1andnisodd
i=|%]+2andnis odd
|%] +3 <i<mnandnisodd
2<i<|2] and nis even
i=|%]+1andnis even
L%J +2 <¢<nandnis even.

Then, the induced edge labeling f* is obtained as follows:

2,

4i—

4i—

An — 4i + 3,
30— 1,
4i—

4i—

An — 4i + 4,

[r(uuigr) =

i =1 and n is odd

2§i§{%J and n is odd
i:L%J—l—landnisodd
E;

1 <i<2andniseven

+2<i<n-—1andnis odd

[E—

3<1<

E;

+2<i<n-—1andniseven and

—

%J and n is even

[I—

+ 1 and n is even

I

03
[
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f*(unul) =

3, n is odd

4, n is even.

Hence f is a super F-centroidal mean labeling of C,,, for n > 5.

Thus the graph C), is a super F-centroidal mean graph, for n > 5.

Figure 9 A super F-centroidal mean labeling of Cy and Cig

123

For n = 4, a super F-centroidal mean labeling of Cy4, is shown in Figure 1. But, the graph

Cj5 is not a super F-centroidal mean graph.

Theorem 2.9 P, UC,, is a super F-centroidal mean graph, for n > 1 and m > 3.

Proof Let ui,ug,---

P, respectively.

Case 1. m > 4.

y Um and V1,V2,"

Define f : V(P, UCyp,) — {1,2,3,

flui) =

4i — 4,
2m — 3,
2m,
2m,

2m — 3,
dm + 5 — 41,

-,2m + 2n — 1} as follows:

1=1

2<i< 2]
1= + 1 and m is odd
+ 1 and m is even

%]
%]

1= L%J + 2 and m is odd
%]

fwi)=2m+2i—1, for 1 <i<n.

O

, U, be the vertices of the cycle C), and the path
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Then, the induced edge labeling f* is obtained as follows:

4i — 2, 1<i< %]
2m — 1, i=|2]+1

[ (uivipr) = ¢ 2m —2, i=]%]|+2and mis odd
2m — 5, 1= L%J + 2 and m is even
dm+3—4i, |Z]+3<i<m -1,

f*(urum) = 3 and
ffwivigr) =2m+2i, for 1 <i<n-—1.

Case 2. m = 3.

Define f: V(P, UC3) — {1,2,3,---,2n + 5} as follows:

flo)=2i—1, for1<i<n
f(ul) =2n,

f(uz2) =2n+ 3 and

f(U3) =2n+5

Then, the induced edge labeling f* is obtained as follows:

fr(vivig1) = 2i, for 1 <i<n-—1,
fH(uruz) = 2n
f*(ugus) = 2n 4+ 4 and
f(ugus) = 2n + 2.

Hence f is a super F-centroidal mean labeling of P, U Cy,. Thus the graph P, U C,, is a

super F'-centroidal mean graph forn > 1 and m > 3. O

2 4

1 3 5

Figure 10 A super F-centroidal mean labeling of Ps U Cs and Py U Cs



Super F-Centroidal Mean Graphs 125

Theorem 2.10 P2 is a super F-centroidal mean graph, for n > 3.

Proof Let vy,ve,---,v, be the vertices of the path P,. Assume that n # 5. Define f :
V(P?) —{1,2,3,--+,3n — 3} as follows:

31— 2, 1<i<n-—2andiisodd
fvi) = , , N
31— 3, 1<i<n-—2and:iis even,
fup—1) =3n —5 and

f(vp) =3n—3.
Then, the induced edge labeling f* is obtained as follows:

ffovig1)=3i—1, for 1 <i<n-—1,

£ ) 3+ 1, 1<i<n-—4andiisodd
ViViy2) =
3, 2<i<n—4and1is even,

. 3n—9, n is odd
f (Un—BUn—l) =
3n—8, n is even and

f*(vn—2vy) = 3n — 6.

Figure 11 A super F-centroidal mean labeling of P?

For n =5, a super F-centroidal mean labeling of P2 is shown the Figure 12.

2 4 8 11

6

Figure 12 A super F-centroidal mean labeling of P2
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Hence f is a super F-centroidal mean labeling of P2. Thus the graph P2 is a super F-
centroidal mean graph, for n > 3. O

Theorem 2.11 If the graph G is a super F-centroidal mean graph, then P,(G) is also a super

F-centroidal mean graph.

Proof Let f be a super F-centroidal mean graph of G. Let vi,v2,v3, -+, v, be the vertices
and e, eg,e3, -+, e, be the edges of G so that the vertex having maximum vertex label is
taken as v,. Let uy,ug,us, -+ ,u, and Fy, By, B3, -+, E,_1 be the vertices and edges of P,
respectively and v, is identified with u; in P,(G).

Define g : V(P,(G)) — {1,2,3,--- ,p+ ¢+ 2j — 2} as follows:

g(vi) = f(v;), for 1 <i <p and
g(uj) =p+q+2j—2, for 1 <j<n.

Then, the induced edge labeling g* is obtained as follows:

g*(e:) = f(e:), for 1 <i <pand
G (E)=p+q+2j—1,for1<j<n-—1.

Hence P, (G) is a super F-centroidal mean graph. Thus the graph G is a super F-centroidal
mean graph then P,(G) is also a super F-centroidal mean graph. |

Corollary 2.12 A dragon P,(Cy,) is a super F-centroidal mean graph, for m >4 and n > 2.

§3. Conclusion

In this paper, the super F-centroidal meanness of some standard graphs have been studied. It

is possible to investigate the super F-centroidal meanness for other graphs.
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