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Abstract: Let G be a (p, ¢) graph. Let f: V(G) — {1,2,--- ,k} be a map where k € N and
k > 1. For each edge uv, assign the label ged(f(u), f(v)). f is called k-total prime cordial
labeling of G if [t;(i) —tf(§)| <1, 4,5 € {1,2,--- , k} where tf(x) denotes the total number
of vertices and the edges labeled with x. A graph with a k-total prime cordial labeling is
called k-total prime cordial graph. In this paper we investigate the 4-total prime cordial

labeling of certain graphs like shadow graph, P2, T, ® K> and subdivision of T,, ® K.
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81. Introduction

Graphs considered here are finite, simple and undirected. Ponraj et al. [4], have been introduced
the concept of k-total prime cordial labeling and investigate the k-total prime cordial labeling
of certain graphs. Also in [4, 5, 6, 7, 8, 9, 10, 12], the 4-total prime cordial labeling behavior of
path, cycle, star, bistar, some complete graphs, comb, double comb, triangular snake, double
triangular snake, ladder, friendship graph, flower graph, gear graph, Jelly fish, book, irregular
triangular snake, prism, helm, dumbbell graph, sunflower graph, corona of irregular triangular
snake, dragon, Mobius ladder, corona of some graphs and subdivision of some graphs. 3-total
prime cordial labeling behavior of some graphs have been investigated [11]. In this paper we
investigate the 4-total prime cordial labeling of certain graphs like shadow graph, P2, T,, ® Ko
and subdivision of T;, ® Kj.

§2. Preliminary Results

Definition 2.1 Let Gy, Go respectively be (p1,q1), (p2,q2) graphs. A corona of G1 with G
is the graph G1 ® Go obtained by taking one copy of G1 , p1 copies of Go and joining the it"
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vertex of G1 by an edge to every vertex in the ith copy of Go where 1 < i < py.

Definition 2.2 A shadow graph Dy (G) of a connected graph G is constructed by taking two
copies of G, G’ and G" and joining each vertex u' in G' to the neighbors of the corresponding

vertex u” in G".

Definition 2.3 Ife = uv is an edge of G then e is said to be subdivided when it is replaced by
the edges uw and wv. The graph obtained by subdividing each edge of a graph G is called the
subdivision graph of G and is denoted by S(G).

Definition 2.4 For a simple connected graph G the square of graph G is denoted by G* and
defined as the graph with the same vertex set as of G and two vertices are adjacent in G? if

they are at a distance 1 or 2 apart in G.
Theorem 2.5([4]) A cycle C,, is 4-total prime cordial iff n ¢ {4,6,8}.

Remark 2.6 A 2-total prime cordial graph is 2-total product cordial graph.

83. k-Total Prime Cordial Labeling

Definition 3.1 Let G be a (p,q) graph. Let f : V(G) — {1,2,--- ,k} be a function where k € N
and k > 1. For each edge uv, assign the label ged(f(u), f(v)). f is called k-total prime cordial
labeling of G if |[ty(i) —tf(§)| <1, 4,5 € {1,2,--- ,k} where ty(z) denotes the total number of
vertices and the edges labeled with x. Conversely, a non-k-total prime cordial labeling of G is
called a Smarandachely k-total prime cordial labeling f, i.e., |t (i) —t7(j)| > 2 for an integer
pair {i,j}, where i,j € {1,2,--- ,k}.

A graph with a k-total prime cordial labeling is called k-total prime cordial graph.

Theorem 3.2 Ifn =1 (mod 4), then P2 is 4-total prime cordial.

Proof Let ujug---u, be the path. Let u; is adjacent to w;y2, (1 < i < n —2). Clearly
\V(P2)| + |E(P?)| =3n - 3.

Let n = 4r + 1, r € N. Assign the label 4 to the vertices ui,usg, -+ ,u,41 and assign
the label 2 to the vertices w,42,Ur43, - ,u2-+1. Next we assign the label 3 to the vertices
Ugpr+2, U2r+3, "+, Usrt2. Finally we assign the label 1 to the vertices us,t3, Uspta, -« ,uUgp. It
is easy to verify that ¢ (1) = ¢,(2) = t,(3) = t;(4) = 3r. O

Theorem 3.3 The shadow graph of P, D2(P,,) is 4-total prime cordial iff n ¢ {2,4}.

Proof Let ujus - - - uy and vive - - - v, be the two copies of the path P,. Let u; is adjacent to
vi+1 and v; is adjacent to w41, (1 <i <n—1). Clearly |V(D2(P,))| + |E(D2(P,))| = 6n — 4.

Case 1. n=0 (mod 4).

Let n = 4r, r > 1 and r € N. Assign the label 4 to the vertices uq,us, - ,u, and

assign the label 2 to the vertices w, 41, ur42, - ,u2,.. Next we assign the label 3 to the vertices
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Uopr+1, U2r+2, " -+ , U3, then we assign the label 1 to the vertices usy41,usry2, -, Usr—2. Finally
we assign the labels 4, 2 to the vertices u4,—1 and uy, respectively. Now we move to the vertices
v; (1 <14 < mn). Assign the label 4 to the vertices vy, va,- -+ ,v, and assign the label 2 to the
vertices Up41,Vr42, - ,V2,—1. Next we assign the label 3 to the vertices ve,, vory1,- - , V3.
Next we assign the label 1 to the vertices vy 41, V3p42, -+ ,V4r—1. Finally we assign the label 4
to the vertex vg,. Here t;(1) =t;(2) = ¢,(3) = t;(4) = 6r — 1.

Case 2. n=1 (mod 4).

Let n =4r+1,r > 1 and r € N. As in Case 1, assign the label to the vertices u;, v;
(1 <4 < 4r—1). Finally we assign the labels 4, 3 respectively to the vertices u4, and vy,
Clearly t7(1) =t;(4) = 6r + 1 and t7(2) = t;(3) = 6r.

Case 3. n =2 (mod 4).

Let n =4r+2,r > 1 and r € N. Assign the label to the vertices u; (1 < i < 4r —3), v;
(1 <i<4r—4) by in Case 1. Finally we assign the labels 4, 3, 2, 4, 3, 2, 4 respectively to the
vertices war—2, Utr—1, Udr, Var—3, Var—2, Var—1 and va,. It is easy to verify that t;(1) = t;(2) =
tf(?)) = tf(4) = 6r + 2.
Case 4. n =3 (mod 4).

Let n =4r 4+ 3, » > 1 and r € N. In this case, assign the label to the vertices wu;, v;

(1 <i<4r—1) by in Case 3. Finally we assign the labels 3, 4 to the vertices u4, and vy,
respectively. Here t;(1) =t;(4) = 6r +4 and t7(2) = t;(3) = 6r + 3.

Case 5. n=2.
Theorem 2.5 gives n = 2 is not a 4-total prime cordial.
Case 6. n=4.

Suppose f is a 4-total prime cordial labeling of Da(Py). Then t;(1) = t4(2) = t4(3) =
t;(4) = 5. Under the labeling f, we have ¢;(4) = 5. For this, it is easy to verify that 4 must be
labeled to 3 consecutive vertices of Do(Py). That is, 4 must be labeled to all the three vertices
of an induced subpath Ps of Do(Py). Similarly for ¢;(3) = 5, 3 must be labeled to all the three
vertices of another induced subpath P} of Dy(Py) which is disjoint from Ps;. Now, we have only
two vertices are remaining in Do(Py). If the two vertices are labeled by 2, then ¢(2) > 5 or
tr(2) < 5, according as 2 is labels of adjacent vertices (or) 2 is labels of non-adjacent vertices,

a contradiction.
Case 7. n=4,5,6,7.

A 4-total prime cordial labeling follows from Table 1.

up |42 4]4
uy | 214144
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This completes the proof. O

Theorem 3.4 The corona of T,, with Ko, T,, ® Ks is 4-total prime cordial for all n > 2.

Proof Let ujus ---u, be the path and v; is adjacent to u;, u;4+1. Let z;, y; be the vertices
adjacent to v; and x;, y; be adjacent. Let z;, w; be the vertices adjacent to u; and z;, w; be
adjacent. Clearly |V(T,, ® K2)|+ |E(T, ® K2)| = 15n — 9.

Case 1. n=0 (mod 4).

Let n =4r, r > 1 and » € N. Assign the label 4 to the vertices ui,us, - ,u, and assign
the label 2 to the vertices w, 41, Ur42,- - ,u2.. Next we assign the label 3 to the vertices ua, 1,
Ugrt+2, -+, Uz, then we assign the label 1 to the vertices ug,4+1,usr+2,- -, usr—1. Finally, we
assign the label 2 to the vertices ug4,.. Next we consider the vertices v; (1 <¢ < n—1). Assign the
label 4 to the vertices v, vs, - , v, and assign the label 2 to the vertices vyy1,vVpy2, -, Vop_1.
Next we assign the label 3 to the vertices vo,,vor41,- -+ ,v3,—1. Then we assign the label
1 to the vertices vs,,v3p41, -+ ,v4r—2. Finally, we assign the label 2 to the vertices vg,_;.
Now we move to the vertices z;, y; (1 < ¢ < m —1). Assign the label 4 to the vertices
T1,%2, - , &, and y1,y2, -+ ,y, and assign the label 2 to the vertices x,i1,Zry2, -, Tor—1
and Yr41,Yr42, - ,Y2r—1. Next we assign the label 3 to the vertices x2,, Tor4+1, -+, T3r—1 and
Yor, Y2r+1, - - ,Ysr—1. Finally we assign the label 1 to the vertices zs,, 3,41, - ,%4r—1 and
Ysrs Ysr41s - Yar—1. Next we consider the vertices z;, w; (1 <4 < n). Assign the label 4 to the
vertices 21, 22, - - , zr and wy, wa, - - - , w, and assign the label 2 to the vertices z,41, zy42, - , 22,
and wy41, Wrto,- -+ ,wo.. Next we assign the label 3 to the vertices zo,41, z2r42, - , 23, and
Wopy1, Wory2, - ,Ws, then we assign the label 1 to the vertices 23,41, 237492, -, 240—1 and

W3p41, Wart2, -, Wsr—1. Finally we assign the labels 1, 2 respectively to the vertices z4, and
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wyy. Clearly t;(1) = 15r — 3 and t,(2) = t7(3) = t;(4) = 15r — 2.
Case 2. n=1 (mod 4).

Let n = 4r+1,r > 1 and r € N. As in Case 1, assign the label to the vertices u;
1<i<n—-1)v(1<i<n-=-2),z; (1<i<n—-2),y, (1<i<n-—-2),z (1<i<n-—2)
and w; (1 < i < n—1). Finally we assign the labels 4, 4, 2, 1, 2, 3, 3 respectively to
the vertices war, Var—1, Tar—1, Yar—1, Z4r—1, 24r and wa,. Here ty(1) = t4(2) = 15r + 2 and
tf(?)) = tf(4) = 15r+ 1.

Case 3. n =2 (mod 4).

Let n = 4r+2, r > 1 and r € N. As in Case 2, assign the label to the vertices u;
1<i<n—-1)v(1<i<n-=-2),z; (1<i<n—-2),y, 1<i<n-2),z 1<i<n-1)
and w; (1 < i < n—1). Finally we assign the labels 2, 4, 4, 3, 3, 3 to the vertices ug,
Var—1, Tar—1, Yar—1, 24 and wy, respectively. It is easy to verify that t#(1) = 157 4+ 6 and
tf(2) = tf(?)) = tf(4) =157+ 5.

Case 4. n =3 (mod 4).

Let n = 4r+3,r > 1 and r € N. As in Case 3, assign the label to the vertices u;
1<i<n—4),v(1<i<n—-4),z;, (1<i<n—-4),y, (1<i<n-—4), 7z (1<i<n-—4)
and w; (1 <i<mn—4). Now we assign the labels 2, 4, 3, 3, 2, 4, 3 respectively to the vertices
Udr—3, Udr—2, Udr—1, Udr, Vir—3, Vir—2, Var—1. INext we assign the labels 2, 4, 1, 4, 4, 3 to the
vertices X4y_3, Tar—2, Tar—1, Yar—3, Yar—o and y4,—1 respectively. Finally we assign the labels
2,3, 1,4, 2, 3,4, 1 respectively to the vertices z4r—3, z4r—2, 24r—1, Z4r, War—3, War—2, War—1
and wy,. Here tf(l) = tf(2) = tf(3) = tf(4) =15r+9.

Case 5. n=2,3,4,5,6,7.

A 4-total prime cordial labeling follows from Table 2.
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This completes the proof. O

Theorem 3.5 The subdivision of T, ® K1, S(T,, ® K1) is 4-total prime cordial for all n > 2.

Proof Let P, be the path ujus---u,. Let vi,vs, - ,v, be the vertices such that v; is
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adjacent to both u; and w;41 (1 < ¢ < mn—1). Let w; be the pendent vertices adjacent to v;
(1 <i<n—1). Let p; be the pendent vertices adjacent to u; (1 <i <n). Let s;, 4, ¥, 2i, ¢
be the vertices which subdivide the edge w;u;41, w;v;, viui+1, viw;, u;p; respectively. It is easy
to show that |V (S(T), @ K1))| + |E(S(T, © K1))| = 19n — 14.

Case 1. n=0 (mod 4).

Let n = 4r, r > 1 and » € N. Assign the label 4 to the vertices w1, us, -+ ,u, and
assign the label 2 to the vertices w,41, Ur42, -+ ,u2,.. Next we assign the label 3 to the vertices
Uopr+1, U2r42, - -, U3y then we assign the label 1 to the vertices us,q 41, usr+2, -, Usr—1. Finally,
we assign the label 4 to the vertices ug,. Next we consider the vertices v; (1 < i < n —
1). Assign the label 4 to the vertices vi,ve, - ,v, and assign the label 2 to the vertices
Up41,Upg2, - ,U2r—1. Next we assign the label 3 to the vertices va,, vor41, -+ ,v3,—1. Then
we assign the label 1 to the vertices vs,,v3,11,--- ,v4r—2. Finally we assign the label 3 to

the vertices vgr—1. Now we move to the vertices s; (1 < i < n —1). Assign the label 4

to the vertices si,89, -+ ,s, and assign the label 2 to the vertices s,41,Sy42, - ,S2,. Next
we assign the label 3 to the vertices sop41, Sor42,..., s3 then we assign the label 1 to the
vertices Ssr4+1, S3r+2, ", Sar—1. Next we consider the vertices x;, y; (1 <i <n —1). Assign

the label 4 to the vertices x1,x2,...,2, and y1,¥y2, - - ,yr—1 and assign the label 2 to the
vertices T,4+1,Tr42, - ,Tor and Yp, Ypr+1,- - ,Y2r—1. Next we assign the label 3 to the vertices
Tor41, Tort2, ** , T3r—1 and Yor, Yory1, -+ ,Ysr—1. Finally we assign the label 1 to the vertices
XT3y T3pt1y -y Tar—1 ANA Y3, Y3r41, - - -, Yar—1. NOW we move to the vertices z;, w; (1 < ¢ <
n —1). Assign the label 4 to the vertices z1, 22, , 2, and wy,wa, - -, w, and assign the label
2 to the vertices z,41, 2r42, -, 22p—1 and Wy41, Wy, - ,w2r—1. Next we assign the label 3
to the vertices zop, 29p41,"* , 23,—1 and wap, Wor41, -+ ,Wwsr—1 then we assign the label 1 to
the vertices 23y, 2341, -+, 24r—1 and ws,, W3py1,. .., War—1. Next we consider the vertices p;,
gi (1 < i < mn). Assign the label 4 to the vertices p1,pa,...,pr and q1,¢2, - , ¢, and assign
the label 2 to the vertices py4+1,pr+2, -+ ,p2r and @r41,Gry2,- -, g2,-. Next we assign the label
3 to the vertices pay41,P2r+2, -+ ,P3r and Qor41,G2r42, - ,q3- then we assign the label 1 to
the vertices p3y+1 ,P3r+2, - - ,P4r a0d §3p41, G3r+2, - ,q4r—1. Finally we assign the label 2 to the
vertex qar. Clearly t¢(1) =t4(2) = 19r — 4 and ¢;(3) = t5(4) = 19r — 3.

Case 2. n=1 (mod 4).

Let n = 4r+1,r > 1 and r € N. As in Case 1, assign the label to the vertices u;
1<i<n—-1),v(1<i<n—-2),s5 (1<i<n—-2),z;(1<i<n-2),y (1<i<n-2),
zz(1<i<n—-2),w; (1<i<n-2),p (1<i<n-1),and ¢; (1 <i<n-—1). Finally
we assign the labels 1, 3, 4, 4, 1, 3, 3, 2, 2 respectively to the vertices w4y, V4r—1, Sar—1, Tar—1,
Yar—1, Zar—1, War—1, Par and qar. Here t5(1) =15(2) =t5(4) = 19r + 1 and ¢;(3) = 197 + 2.
Case 3. n=2 (mod 4).

Let n =4r+2,r > 1 and r € N. Assign the label to the vertices u; (1 <i <n—1), v;
1<i<n-2),8(1<i<n-=-2),2;,(1<i<n—-2),y, 1<i<n—-2),2 (1<i<n-—2),
w; (1<i<n—2),p;(1<i<n-—1),and ¢; (1 <i<n-—1) by in Case 2. Finally we assign
the labels 1, 4, 3, 4, 4, 2, 2, 3, 2 to the vertices uqr, Var—1, Sar—1, Tdr—1, Ydr—1, Zdr—1, War—1,
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par and qq, respectively. It is easy to verify that t7(1) =t7(2) =¢;(3) = t;(4) = 19r + 6.
Case 4. n =3 (mod 4).

Let n = 4r+ 3, r > 1 and r € N. As in Case 3, assign the label to the vertices u;
1<i<n—-1),v(1<i<n—-2),s5 (1<i<n-2),z;(1<i<n-2),y (1<i<n-2),
zi (1<i<n—-2),w; (1<i<n-—-2),p (1<i<n-1),and ¢; (1 <i<n—1). Finally
we assign the labels 2, 4, 3, 3, 2, 4, 4, 2, 1 respectively to the vertices w4y, V4r—1, Sar—1, Tar—1,
Yar—1, Zar—1, War—1, Par and qar. Here t5(1) =t5(2) = t§(4) = 19r + 11 and ¢4(3) = 197 + 10.
Case 5. n=2,3,4,5,6,7.

A 4-total prime cordial labeling follows from Table 3.
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This completes the proof. O
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