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§1. Introduction

The concept of Ri-property in classical topology first defined by Yang [23]. In fuzzy topology,
the concept of fuzzy R; spaces was first introduced by Hutton and Relly [12] in 1980. Since then
much attention has been paid to define such notion by many fuzzy topologist e.g., by Ali [4],
Hossain and Ali [11], Caldas [9], Roy and Mukherjee [21], Keskin and Nori [16], Srivastava and
Ali [3] and Petricevic [20]. In 2012, Ali And Azom [3] introduced some other definitions of fuzzy
Rj-axioms in fuzzy topological spaces. In 1990, Kandil [13] introduced the concept of fuzzy
bitopological spaces and in 1991, Kandil [13] first defined R;-property in fuzzy bitopological
spaces. After then Abu Safiya [1, 2], Kandil [14] and Nouh [19] defined several type of R;-
properties.

In this paper, we introduce four notions of R;—property in fuzzy bitopological spaces by
using quasi-coincident sense. We show that all these notions satisfy good extension property.
Also hereditary is satisfied by these concepts. We have observed that all these concepts are
preserved under one-one, onto and continuous mappings. Finally, we have showed that initial

and final fuzzy bitopological spaces satisfy Ri-property.
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82. Preliminaries

In this section, we recall some known definitions and results useful in the sequel. For details,
we refer to [1]-[10].

We give some elementary concepts and results which will be used in the sequel. Throughout
this paper, X will be a nonempty set, I = [0,1], In = (0,1], I; = [0,1) and F'P(resp P) stands
for fuzzy pairwise (resp pairwise). The class of all fuzzy sets on a universe X will be denoted
by IX and fuzzy sets on X will be denoted by u, v, w, etc. Crisp subset of X will be denoted by
capital letters U, V, W etc. In this paper (X,t) and (X, s,t) will be denoted fuzzy topological
space and fuzzy bitopological space respectively. z,.qu denotes x, is quasi-coincident with u
and x,.qu denotes that x, is not quasi-coincident with u throughout this paper.

We shall follow [5] for the definitions of fuzzy singleton, quasi-coincident, fuzzy topology,
image of fuzzy set, the inverse images of a fuzzy set, fuzzy continuous mapping good extension
property.

Definition 2.1([13]) A fuzzy singleton x, is said to be quasi-coincident with a fuzzy set pu,
denoted by x.qu iff r + p(x) > 1. If 2, is not quasi-coincident with u, we write x,qu.

Definition 2.2([22]) Let f be a real valued function on a topological space. If {x : f(z) > a}

is open for every real o € I, then f is called lower semi continuous function.

C. L.Chang [10] have defined fuzzy topology and fuzzy continuous mapping.

Definition 2.3([10]) A function f from a fuzzy topological space (X,t) into a fuzzy topological
space (Y, s) is called fuzzy continuous if and only if for every u € s, f~(u) € t.

Definition 2.4([11]) A fuzzy topological space (X,t) is called

(a) FR1(2) iff for each pair of fuzzy singletons x,, ys in X with x # y, whenever there
exists a fuzzy set v € t with y(x) # v(y), then I, X € t such that T qu, ysq\ and pugh;

(b) FRy(i%) iff for each pair of fuzzy singletons x., ys in X with x # y, whenever there
exists a fuzzy set vy € t with y(x) # v(y), then I, X\ € t such that x, € pu, ys € X and uNA =0;

(¢) FRy(iii) iff for each pair of fuzzy singletons x,, ys in X with x # y, whenever there
exists a fuzzy set v € t with y(x) # v(y), then I, A € t such that x, € u, ys € X and p C \°;

(d) FRy(iv) iff for each pair of fuzzy singletons x,, ys in X with x # y, whenever there
exists a fuzzy set v € t with y(x) # y(y), then I, X € t such that T qu, ysq\ and pN X =0.

Definition 2.5([15]) Let X be any non empty set and S and T be any two general topologies
on X then the triple (X, S,T) is called a bitopological space.

Definition 2.6([13]) A fuzzy bitopological space (fbts, in short) is a triple (X, s,t) where s and

t are arbitrary fuzzy topologies on X.

In previous works we have introduced the following definitions and discussed many related

concepts among them.
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Definition 2.7([13]) A fuzzy bitopological space (X,t1,t2) is called FPRy if and only if
x1qti.cl(yr) tmplies ysqtj.cl(z) (4,7 € {1,2}, 1 # j).

Definition 2.8([2]) A fbts (X,t1,t2) is said to be PF Ry if and only if for any distinct fuzzy
points p and q in X, whenever there exists p € t; such that p € p and g N\ = 0, then there
exists v € t; such that pNy =0 and ¢ € v (i, j =1,2,1 # j).

Kelly defines bitopological space in his classical paper [15] as a bitopological space (X, S, T')
is called pairwise-Ry (PRy, in short) if for all z,y € X, x # y, whenever U € S with z €
U,y ¢ U, then 3V € T such that y e V, x ¢ V.

In previous works [6], [7], we introduced the following definitions and discussed many

related concepts among them.

Definition 2.9([6]) A fbts (X, s,t) is called FPTy-space iff for every pair of fuzzy singletons
Tp, Yr 0 X with x # vy, there exist fuzzy set p € s Ut such that (zpqu, yr N p = 0) or

(yrqp, xp N = 0).

Definition 2.10([7]) A fbts (X, s, t) is called FPTs iff for every pair of fuzzy singletons x,, ys
in X with x # y, there exist fuzzy sets p € s, A € t such that x,.qu, ysqg\ and pN A = 0.

83. Main Results with Proofs

Definition 3.1 A fvts (X, s, t) is called

(a) FPRy(3) iff for each pair of fuzzy singletons x,, ys in X with x # y, whenever there
exists a fuzzy set v € sUt with y(x) # v(y), then Iu € s, A € t such that x.qu, ysgh and pg;

(b) FPRy(ii) iff for each pair of fuzzy singletons x,, ys in X with x # y, whenever there
exists a fuzzy set v € s Ut with v(x) # v(y), then Iu € s, X\ € t such that x, € u, ys € X and
wNA=0;

(¢) FPRy(ti1) iff for each pair of fuzzy singletons x,, ys in X with x # y, whenever there
exists a fuzzy set v € s Ut with v(x) # v(y), then Iu € s, X\ € t such that x, € u, ys € X and
1L C A

(d) FPRy(iv) iff for each pair of fuzzy singletons x,, ys in X with x # y, whenever there
exists a fuzzy set v € s Ut with v(x) # v(y), then Ipu € s, X € t such that x,.qu, ysqgh and
uwNA=0.

In general it is true that union of fuzzy topologies is not a topology. But if union of two

fuzzy topologies is again a topology then we have the following theorem.

Theorem 3.1 Let (X, s, t) be a fuzzy bitopological space and (X, sUt) be a fuzzy topological

space, then
(X,s,t) is FPR1(j) = (X, sUt) is FR1(j),

where j = 1,11, 111, 1v.
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Proof First suppose that (X, s, t) is FPR;(i). We have to prove that (X, sUt) is F Ry (%).
Let x,, ys be two distinct fuzzy singletons in X and v € sUt with y(x) # v(y). Since (X, s, t)
is FPR; (i), then there exist u € s, A € t such that

Trqp, ysqA and - pgA.

But it follows that A € s Ut with y(x) # v(y) and p € sUt, A € sU¢ such that

Trqp, ysqA and - pgA.

Hence the topological space (X, sUt) is FRy(4). O

For non-implications, we have the the following counter example that will serve the purpose.

Example 3.1 Let X = {z, y} and s be the discrete fuzzy topology on X. Again ¢ be the
indiscrete fuzzy topology on X. Then (X, sUt) is FR1(i), FRy(ii), FRy(i%i) and F Ry (iv). On
the other hand, (X, s, t) is none of the FPRy (i), FPRy(ii), FPR;(i7i) and FPR;(iv).

Remark 3.1 Let (X, s) and (X, t) be two fuzzy topological space and (X, s, t) be its corre-
sponding bitopological space. Then “(X, s, t) is FPR1(j)” does not imply (X, s) and (X, t) are

FRy(j) in general, where j =1, i1, 4ii, iv.

Example 3.2 Let X = {z, y} and s be the fuzzy topology on X generated by {x1, 96} U
{constants}. Again ¢t be the fuzzy topology on X generated by {y;} U {constants}. Then
(X, s, t) is FPRy(i), FPRy(it), FPRy(iii), and FPR;(iv). On the other hand, (X, s) and
(X, t) are none of the FRy (i), FRy(ii), FRy(i%i) and FRy(iv).

Remark 3.2 Let (X, s) and (X, t) be two fuzzy topological space and (X, s, t) be its corre-
sponding bitopological space. Then “(X, s) and (X, t) are both FR1(j)” does not imply (X, s, t)

is FPR1(j) in general, where j = 4, i1, iii, iv.

Example 3.3 Let X = {xz, y} and s be the fuzzy topology on X generated by {x1, y1} U
{constants}. Again ¢ be the fuzzy topology on X generated by {constants}. Then it is clear
that (X, s) and (X, t) are both FRy(¢), F'Ry(ii), FRy(ii1) and FRy(iv). But on the other
hand, the fuzzy bitopological space (X, s, t) is none of FPRy(i), FPRy(ii), FPRy(iii), and
FPR (iv).

Theorem 3.2 Let (X, s, t) be an fbts. Then the following are equivalent:

(1) (X, s,t) is FPTy;
(i1) (X, s, t) is FPTy and FPR;.

Proof (i) = (i) : Let z,, ys be two fuzzy singletons in X with x # y. Since (X, s, t) is
F PTy, there exists a fuzzy set p € s Ut such that

zrq and pNys =0.

This implies that p(z) # p(y). Again since p(z) # u(y) and (X, s, t) is FPRy, there exist
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v € s, w € t such that

Trqu, ysqw and vNw =0.

Hence (X, s, t) is FPT5.

(1) = (i1) : FPTy = FPR; is obvious. We have to show that FPT, = FPT,. Let
Zr, Ys € S(X) with & # y. Since (X, s, t) is FPTs, there exist a fuzzy sets u € s, v € t such
that

Trqu, ysqu and wNov =0.

To show that (X, s, t) is F'/PTyp, it is enough to show that x,. N v = 0. Suppose that
T, Nv #0.
This implies that v(z) > 0. Since u N v = 0, we have
u(x) =0, that is, z,.qu
which is a contradiction. Hence z,. Nv = 0. O

In the following theorem now we discuss about the good extension property of FPR;
concepts given earlier. All the properties FPRy(i), FPRy(ii), FPR1(iii) and FPRy(v) are
good extension of PR;.

Theorem 3.3 Let (X, S, T') be a bitopological space. Then (X, S, T) is PRy < (X, w(S), w(T))
is FPR1(j), for j =1, i, iii, iv.

Proof Let (X, S, T) be PRy space. Suppose &, ys € S(X), with x # y and v € w(S)Uw(T)
with v(x) # ~v(y). Then we have

V(@) <y(y) or ~(z) >(y)
Suppose y(z) < y(y). Then vy(z) < r < v(y) for some r € Iy. So, it is clear that
rgyYr1],yeyt(r,1] and ~Y(r,1] € SUT.
Since (X, S, T) is PRy space, then there exist U € S, V € T such that
zelU yeV and UNV =4¢.

So, by definition of lower semi-continuous, we get 1y € w(S) and 1y € w(S). Now, we
have
1U($) = 1, 1v(y) =1 and 1UOV =0.

We know that 1yny = 0 implies 1y N1y = 0. Therefore z,qly, ysqly and 1y N1y = 0. Hence
(X, w(S), w(T)) is FPRy(iv).
Conversely, suppose that (X, w(S), w(T)) is FPRy. Let z, y€e X,z #yand M € SUT
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with
zeM,ygM or &M, ye M.

Suppose © € M, y & M. But from definition of lower semi-continuous function, we have
Iy Ew(S)Uw(T) and 1y(x)=1,1m(y) =0.

So, 1y (x) # 1pm(y). Since (X, w(S), w(T)) is FPR;(iv), then there exist p € w(S),\ €
w(T) such that
T, y1gA and pNA=0.

Now z1qu, y1gX implies that
(@) > 0,A(y) > 0.

So, x € p71(0,1], y € A71(0,1].
To show that ©=1(0,1]NA71(0,1] = ¢, suppose that x~1(0,1] N A~1(0,1] # ¢. Then there
exits z € p=1(0,1] N A71(0, 1] such that

w(z) >0, A\(z) > 0.
Consequently (1N A)(z) # 0 which contradicts the fact that uN A = 0. Hence (X, S, T) is
PR;. Other proofs are similar. O
We discuss the hereditary and productive properties of FPR;y(5), for j = 4, i, iii, iv, v in
the following two theorems respectively.
Theorem 3.4 Let (X, s, t) be a fuzzy bitopological space, A C X and Sa = {u/A : u €
shyta={v/A :vet}. Then,

(a) (X, s,t) is FPRy(i) = (A, sa, ta) is FPRy(i);
(b) (X, s, t) is FPR1(i1) = (A, sa, ta) is FPRy(ii);
(c) (X, s, t) is FPRy(iii) = (A, sa, ta) is FPRy(iii);
(d) (X, s,t) is FPRy(iv) = (A, sa, ta) is FPR;(iv).

Proof (a) First suppose that (X, s, t) is FPR1(i). We have to prove that (A, sa, ta) is
FPR;(i). Let x,, ys be two distinct fuzzy singletons in A and v € sy Ut with y(z) # v(y).
Then v can be written as v = o/A, where 0 € s Ut with o(x) # o(y). Since (X, s, t) is
FPR;(i), then there exist fuzzy sets u € s, A € t such that

Trqp, ysgA  and - pgA.

Now p/A € ta, A\JA € t4 for every u € s, A € t respectively. So

2rq(p/A), ysaA/A) and - (u/A)g(A/A).

Hence the fuzzy subspace bitopological space (A, sa, ta) is FPRy(). Proofs of others are
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similar. O

In the following two theorems, we observe the preservations of FPRy(j), j = 4, i1, iii, iv

properties under continuous, one-one and open mappings.

Definition 3.2([18]) A function f from a fuzzy bitopological space (X, s,t) into a fuzzy bitopo-
logical space (Y,s1,t1) is called FP-continuous if and only if f : (X,s) — (Y,s1) and f :
(X,t) — (Y, t1) are both fuzzy continuous.

Theorem 3.5 Let (X, s, t) and (Y, s1, t1) be two fuzzy bitopological spaces and f : X — Y be
bijective, F P-continuous and F P-open map, then

(X, S, t) 8 FPRl(]) — (K S1, tl) 8 FPRl(j),
where j =1, i1, 111, 1v.

Proof Suppose (X, s, t) is FPR;(iv). We shall prove that (Y, s1, t1) is FPR;(iv). Let
ar, by € S(Y) with a # b and v € s; Uty with y(z) # v(y). Since f is bijective, then there exist
¢r, dp € S(X) such that

fle)=a, f(d)=b and c#d.

Again f~1(y) € sUt as f is FP-continuous. We have

So f7H()(e) # fH(V)(d) as y(x) # ¥(y).
Since (X, s, t) is FPR1(iv), then there exist u € s, A € ¢ such that

crqu, dpgh and pNA=0.
Then c,qu, dpygX implies that
ple)+r>1 and Ad)+p>1.

Now we have

and

because f is bijective. So we have

fw(a)+r=plc)+r>1 and f(N)(b)+p>1.

Therefore
arqf(p) and bygf(A).
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Again we have

X (y) = {sup(pnA)(@) : f(z) =y} = (nNA)(x) =0
as pNA=0. Also f(uNA) =0 = f(pr)Nf(A) = 0. Since f is F P-open, then f(u) € s1, f(A) €

t1. Therefore, there exist f(u) € s1, f(A) € t1 such that

arqf (1), bpaf(A) and f(p) N f(A) = 0.
Hence (Y, s1, t1) is FPR;(iv). |

Theorem 3.6 Let (X, s, t) and (Y, s1, t1) be two fuzzy bitopological spaces and f : X — Y be

F P-continuous, F P-open and injective map, then

(Y, s1, t1) is FPR1(j) = (X, s, t) is FPR1(j)

where j =1, i1, 111, 1v.

Proof Suppose that (Y, s1, t1) is FPR1(iv). Let z,, yp, € S(X), x # y and v € sUt with
~v(z) # v(y). Since f is injective, then f(z) # f(y). Also f(y) € s1 Uty as f is F P-open.
We know that

f(f(z)) = supy(z) = y(z)
and

FN(f(y) =supy(y) = 7(y).

Then we have

FN(f (@) # F(V(f (W)
Since (Y, s1,t1) is FPRy(iv), then 3u € s1, A € t1 such that

w(fx)+r>1 Mf(y)+p>1 and ANu=0,

which implies that
FH @) +r > 1, f7 N (y) +p > 1

and f~'(u N A) = 0 implies that
Frnft oy =o.

Since f is FP-continuous, then f~'(u) € s, f~1(\) € t. So, there exist f~1(u) €
s, f~Y(\) € t such that

wraf T (1), ypafTHN) and fTH(p) N fTHA) =0.

Therefore (X, s, t) is F PRy (iv). Other proofs are similar. O

In previous a work [5], we have introduced the following definitions and discussed many

related concepts among them.
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Definition 3.3([5]) The initial fuzzy bitopology on a set X for the family of fots {(X;, $i, ti) }ics
and the family of functions {f; : X — (X, s;t;) bics is smallest fuzzy topology on X making

each f; fuzzy continuous.

Definition 3.4([5]) The final fuzzy topology on a set X for the family of fts {(Xi, Si, ti) }ies
and the family of functions {f; : (X, si, t;) — X }ics is finest fuzzy topology on X making

each f; fuzzy continuous.

Theorem 3.7 If {(X;, si, t;) }ics is family of FPRy(iv) fbts and {f; : X — (X4, 8:,t:) }ies, a
family of functions, then the initial fuzzy bitopology on X for the family {f;}ics is FPRy(iv).

Proof Let s and t be the initial fuzzy topologies on X. Let z, y € X with z # y and let a
fuzzy set w € s Ut with w(x) # w(y). So, there exists r € (0, 1) such that

w(x) <r < w(y).

Let z, and y, be two fuzzy points of X. For any « € (0,7), consider the fuzzy point y.
Then y, € w and so it is possible to find a basic fuzzy s-open set, say

P ) 0 ) 0 N () ul (1< k<)

i 12 7 in

being s;,—open fuzzy set such that

Yo € inf fizl(uo‘

ik

) Cw (1)

So for all a € (0,7),
a <inf £ (uf} ) (y) < w(y)

. o < inful (fi(y)) (for all a € (0, ).
Thus,
r = supinfug, (fi, (y))-
Now as Va € (0,r),
ug, (fir () < supus, (fir (v)),
we have
inf ug, (fi, (y)) < infsup uf, (fi, ()

Hence

r = supinf uf (fi, (y)) < infsupuf (fi,(y)).

This implies that
sup ug, (fi, (y)) > 7
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for all k, 1 < k < n. In particular,

sup s, (fin (4)) > 7.

Now let uy = sup ug . Then uy € s;, Uty and uyi(fi, (y)) > r. Also as w(z) <, from (1),
we have

ug (fi, (x)) < rVa € (0,r).

Thus ui(fi, (z)) = r. Hence ui(fi, (x)) # ui(fi, (v))-

Since (X;,, 84y, ti, ) is F PRy (iv), then for every two distinct fuzzy points (f;, (2))r, (fi, (¥))r
of X;,, there exist fuzzy sets v € s;,, u1 € t;; such that

(fil (x))rqvlv (fil (y))Tqul and wu; Nwvp =0.

Let v, = fijl(m) and u, = fijl(ul). We have to show that x,qv,.. For this, since
(fir (®))rqu1 we have

vi(fi, () +r > 1, thatis fi '(v1)(z) +7 > 1,

ie., v.(x) +r > 1. Hence, it is true for x,.quv,. Similarly, it is also true for y,qu,..

Now, we have to show that u, Nv, = 0. Suppose u, N v, # 0, then there exists z € X
with u,(fi, (2)) > 0 and v.(f;,(2)) > 0. Notice that v,(z) = fizl(vl)(z) = v1(fi,(2)) > 0 and
similarly, uy (fi, (z)) > 0 contradict that u; Nvy = 0. Hence (X, s,t) is must F'PR;. O

Theorem 3.8 If {(X;, si, ti) }icy is family of FPRy(iv) fbts and {fi : (Xi, si, ti) — X biey,
a family of F P-open and bijective functions, then the final fuzzy bitopology on X for the family
{fi}ics is FPR,(iv).

Proof Let s and t be the final fuzzy topologies on X. Let z, y € X with  # y and let a
fuzzy set w € s Ut with w(z) # w(y). So, there exists r € (0,1) such that

w(x) <r < w(y).

Let z, and y, be two distinct fuzzy points of X. For any a € (0,7), consider the fuzzy

point y,. Then gy, € w and so it is possible to find a basic fuzzy s—open set, say
P i) (Vfaa ) (V- (N Fin () ugy, (1 <k <m)
being s;,—open fuzzy set such that
Yo € inf fi, (uf) C u.

But Va € (0,7),
a <inf fi, (uf )(y) < u(y)
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or

r = supinf f;, (ug )(y).

But as Va € (0,7),
i (i) (y) < sup fi, (u) )(y)-

We have Vo € (0,7),
inf f, (ug, )(y) < infsup f, (u,)(y)-
Hence
r =supinf f;, (ug )(y) < infsup fi, (ug) )(y)-

This implies that
sup fi, (ug, )(y) > 7, k(1 <k<n)

or
sup(ug, ) (yi,) > 7,

where f;, (yi,) = v, since f;, is bijective. In particular

sup(ug ) (Y, ) > 7.

Now let u; = supug:. Then uy € s;, Ut;, and ui(y;, ) > r. Also as w(x) < r, from (1), we

get
fin(ui)(x) <7 Va e (0,r).
Thus
sup fi, (uf))(z) =, Va € (0,r).
or

sup(u, ) () =

where f;, (x;,) = x, since f;, is bijective. Hence uy(z;,) = . Therefore

u1(ziy) # w1 (Yi, )-

Since (Xj,, Si,, ti,) is FPR1(iv), then for every two distinct fuzzy points (z;, )r, (yi, )r of

X, , there exist fuzzy sets v1 € s;,, u1 € t;; such that
(%3, )rqui, (Yi,)rqui and u; Ny = 0.

Let v, = fi,(v1) and u, = fi; (u1). Now we have to show that (x;, ).qu.. For this, since

(x4, )rqu1 that is, vi(x;, ) +r > 1, we have
vp(@s,) = fiy (1) (23,) = vi(zs,) > 1 -1
So, vy (x4, ) +r > 1. Hence z;, qu,. Similarly, y.qu...

Now, to show that u, Nv, = 0, suppose u, Nv, # 0, then there exists z € X with u,(z) >0
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and v,(z) > 0. Notice that v,(z) = fi,(v1)(2) = v1(z;,) > 0, where fi,(z;,) = 2, as f;, is
bijective. Similarly, we can prove that uq(z;, ) > 0 contradict that us Nv; = 0. Hence (X, s, t)
is must F PRy (iv). |

84. Conclusion

The main result of this paper is introducing some new concepts of fuzzy pairwise R; bitopo-
logical spaces. We discuss some features of these concepts and present their good extension,

hereditary. Initial and final topologies introduced in F'PR; spaces are interesting result.
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