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§1. Introduction

The concept of non-holonomic space which is more general than a Riemannian space and

generalized the parallelism of Levi-Civita and geodesic curves in that space is introduced by G.

Vranceanu [22]. A non-holonomic region as a space with a non-holonomic dynamical system

was considered by Z. Horak [13] with another aspect. The non-holonomic space in a space of

line elements with an affine connection was first conferred by T. Hosokawa [9]. The theory of

non-holonomic system in Finsler space was introduced by Y. Kastsurada [15].

The concept of non-holonomic frame is a deformation arising from the consideration of a

charged particle moving in external electromagnetic field in the studied of a unified formalism

that uses a non-holonomic frame on space-time [11, 12]. Further, the gauge transformation is

studied as a non-holonomic frame on the tangent bundle of a four-dimensional base manifold

[3, 4]. The geometry which arises from these consideration gives a more unified approach to

gravitation and gauge symmetries. In these papers, the common Finsler idea used by the

physicist is the existence of non-holonomic frame on the vertical subbundle of a base manifold

M . In [1, 2], P. L. Antonelli and I. Bucataru, determined such a non-holonomic frame for

the two important classes of Finsler spaces that are dual in the sense of Randers and Kropina

spaces. Since Randers and Kropina spaces are the Finsler space with (α, β)-metric, is a member

of the bigger class of Finsler space. It appears a natural question that how many Finsler spaces

with (α, β) metrics have such a non-holonomic frame [7]? Yes, there is a number of Finsler

space with (α, β) metrics. Some auther’s which discusses the non-holonomic frame for (α, β)
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metrics are [8, 20, 21]. In the present work, we determine the non-holonomic Finsler frame for

the exponential (α, β) metric and Randers change of Matsumoto metric.

§2. Preliminaries

The physicists R. G. Beil in [3, 4] and R. R. Holland in [11, 12] are using non-holonomic Finsler

frames to develop unified field theories. For a Finsler space with (α, β)-metric a non-holonomic

frame is a product of two non-holonomic frames, each of these being determined by Finsler

deformation.

Let U be an open set of TM and

Vi : u ∈ U 7→ Vi(u) ∈ VuTM, i ∈ {1, 2, · · · , n}

be a vertical frame over U . If Vi(u) = V
j
i (u) ∂

∂yj |u are the entries of a invertible matrix for all

u ∈ U . Denote by Ṽ
j
i (u) the inverse of this matrix. this means that:

V i
j Ṽ

j
k = δi

k, Ṽ i
j V

j
k = δi

k.

We call V i
j a non-holonomic Finsler frame.

An important class of Finsler space with (α, β)-metrics are given in [18]. The first Finsler

space with (α, β)-metric was introduced in the forties by G. Randers and known as Randers

space [19].

Definition 2.1 A Finsler space Fn = (M, F (x, y)) is called with (α, β)-metric if there exists a

two homogenius function L of two variables such that the Finsler metric F : TM → ℜ is given

by

F 2(x, y) = L(α(x, y), β(x, y))

where α(x, y) =
√

aijyiyj, where aij is a Riemmannian metric on M and β(x, y) = bi(x)yi, is

a 1-form on M .

Example 2.2 If L(α, β) = (α + β)2, then the Finsler space with metric

F (x, y) =
√

aijyiyj + bi(x)yi

is called a Randers space.

Example 2.3 If L(α, β) = α4

β2 , then the Finsler space with metric

F (x, y) =
aijy

iyj

|bi(x)yi|

is called a Kropina space.

The Randers space and Kropina space play an important role in Finsler geometry and are

dual in sense of [10]. For a Finsler space with (α, β)-metric F 2(x, y) = L(α(x, y), β(x, y)), the
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Finsler invariants are [17]







ρ = 1
2α

∂L
∂α

, ρ0 = 1
2

∂2L
∂β2 , ρ−1 = 1

2α
∂2L

∂α∂β
,

ρ−2 = 1
2α2

(

∂2L
∂α2 − 1

α
∂L
∂α

)

,
(1)

For a Finsler space with (α, β)-metric, we have

ρ−1β + ρ−2α
2 = 0. (2)

With respect to above notation (i.e. Finsler invariants), the metric tensor gij of a Finsler space

with (α, β)-metric is given by [18]

gij = ρaij(x) + ρ0bi(x)bj(x) + ρ−1(bi(x)yj + bj(x)yi) + ρ−2yiyj. (3)

We can be arranged the metric tensor gij of Finsler space into the form

gij = ρaij(x) + 1
ρ
−2

(ρ−1bi + ρ−2yi)(ρ−1bj + ρ−2yj)

+ 1
ρ
−2

(ρ0ρ−2 − ρ2
−1)bibj.

(4)

From the equation (4), we can see that the metric tensor gij is the result of the two

deformations







aij 7→ hij = ρaij(x) + 1
ρ
−2

(ρ−1bi + ρ−2yi)(ρ−1bj + ρ−2yj),

hij 7→ gij = hij + 1
ρ
−2

(ρ0ρ−2 − ρ2
−1)bibj.

(5)

The non-holonomic Finsler frame corresponding to the first deformation of equation (5) is

according to Theorem 7.9.1 in reference [7], is given by

X i
j =

√
ρ δi

j −
1

A2

(

√
ρ ±

√

ρ +
A2

ρ−2

)

(ρ−1b
i + ρ−2y

i)(ρ−1bj + ρ−2yj), (6)

where A2 = aij(ρ−1b
i + ρ−2y

i)(ρ−1bj + ρ−2yj) = ρ2
−1b

2 + βρ−1ρ−2. The metric temsor aij and

hij are related by:

hij = Xk
i X l

jakl. (7)

Similarly, a non-holonomic frame Finsler frame corresponding to the second deformation

of equation (5) is according to Theorem 7.9.1 in reference [7] given by

Y i
j = δi

j −
1

B2

(

1 ±
√

1 +
ρ−2B2

ρ0ρ−2 − ρ2
−1

)

bibj, (8)

where B2 = hijb
ibj = ρb2 + 1

ρ
−2

(ρ−1b
2 + ρ−2β

2. The metric temsor hij and gij are related by

gmn = Y i
mY j

n hij . (9)
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From (7) and (9), we have V k
m = Xk

i Y i
m, with Xk

i and Y i
m are given by (6) and (8), are the

non-holonomic Finsler frame of the Finsler space with (α, β) metric.

§3. Non-Holonomic Frame for Finsler Space with F = αe
β
α - Metric

We consider a (α, β)- metric given as

F = αe
β
α , (10)

in a Finsler space. For the fundamental function L = α2e
2β
α , the Finsler invariants (1) are given

by:






ρ = (α−β)
α

e
2β
α , ρ0 = 2e

2β
α , ρ−1 = (α−2β)

α2 e
2β
α ,

ρ−2 = β(2β−α)
α4 e

2β
α ,

(11)

and










A2 = (α−2β)(α3b2−2α2βb2+2β3−α2β2)
α6 e

4β
α ,

B2 = e
2β
α

[

b2(α−β)
α

− (α−2β)
β

(

b2 − β
α2

)2
]

.
(12)

The Finsler invariants satisfies the relation ρ−1β + ρ−2α
2 = 0. Then by using equation (6)

with respect to first deformation of (5), we get

X i
j =

√

(α − β)e
2β
α

α
δi
j −

α2

(α3b2 − 2α2βb2 + 2β3 − α2β2)

×





√

(α − β)e
2β
α

α
±

√

e
2β
α (α2β−αβ2−α3b2 + 2α2βb2− 2β3 + α2β2)

α2β





×
(

bi − β

α2
yi

)(

bj −
β

α2
yj

)

, (13)

and also using equation (6) with respect to second deformation of (5), we get

Y i
j = δi

j − α4β

e
2β
α {(α4β−α3β2)b2−(α−2β)(α2b2−β)2}

×
[

1 ±
√

1 + α4β−α3β2−(α−2β)(α2b2−β)2

α4

]

bibj .
(14)

By using X i
k and Y k

j , we obtain the non-holonomic Finsler frame as follows,

V i
j = X i

kY k
j =

√

(α − β)e
2β
α

α
δi
j − [1 ± D]Ebibjδ

i
k

√

(α − β)e
2β
α

α

− α2C[1 − E(1 ± D)bibj ]

(α3b2 − 2α2βb2 + 2β3 − α2β2)

(

bi− β

α2
yi

)(

bj−
β

α2
yj

)

, (15)

where

C =

√

(α − β)e
2β
α

α
±

√

e
2β
α (α2β − αβ2 − α3b2 + 2α2βb2 − 2β3 + α2β2)

α2β
,
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D = 1 ±
√

1 +
α4β − α3β2 − (α − 2β)(α2b2 − β)2

α4
,

E =
α4β

e
2β
α {(α4β − α3β2)b2 − (α − 2β)(α2b2 − β)2}

.

Theorem 3.1 Consider a Finsler space Fn = (M, F ) with L = (αe
α
β )2, for which the condition

(2) is true. Then V i
j = X i

kY k
j is a non-holonomic Finsler frame given in equation (15), where

X i
k and Y k

j are given by (13) and (14) respectively.

§4. Non-Holonomic Frame for Finsler Space with Randers Change of

Matsumoto Metric

We consider a Randers change of Matsumoto metric as given by

F =
α2

α + β
+ β, (16)

in a Finsler space. For the fundamental function L =
(

α2

α+β
+ β

)2

, the Finsler invariants (1)

are given by










































ρ = (α3−α2β−3αβ2+2β3)
(α−β)3 ,

ρ0 = 6α4+β4−6α3β+6α2β2−4αβ3

(α−β)4 ,

ρ−1 = (2α3−8α2β+3αβ2)
(α−β)4 ,

ρ−2 = 8α2β2−2α3β−3αβ3)
α2(α−β)4 ,

(17)

and














A2 = b2S(α,β)−T (α,β)
(α−β)8 ,

B2 = {b2(2α4−8α3β+3α2β2)+(8αβ3−2α2β2−3β4)}2

α2(α−β)8

+ b2U(α,β)
(α−β)3 ,

(18)

where

S(α, β) = 4α6 − 32α5β + 76α4β2 − 48α3β3 + 9α2β4,

T (α, β) = 4α4β2 −−32α3β3 + 76α2β4 − 48αβ5 + 9β6,

U(α, β) = (α3 − 2α2β − αβ2 + 2αβ − 4β2 − 2β3).

The Finsler invariants satisfies the relation ρ−1β + ρ−2α
2 = 0. Then by using equation (6)

with respect to first deformation of (5), we get

X i
j =

√

(α3−α2β−3αβ2+2β3)
(α−β)3 δi

j − (2α8−8α5β+3α4β)2

b2S(α,β)−T (α,β)

×
[√

(α3−α2β−3αβ2+2β3)
(α−β)3 ±

√

(α3−α2β−3αβ2+2β3)
(α−β)3 + α(b2S(α,β)−T (α,β))

β(α−β)4(8αβ−2α2−3β2)

]

×
(

bi − β
α2 yi

)(

bj − β
α2 yj

)

,

(19)
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and also using equation (6) with respect to second deformation of (5), we get

Y i
j = δi

j − α2(α−β)8

V
×
[

1 ±
√

1 + V β
α2W

]

bibj . (20)

Where

V = α2(α − β)5b2U(α, β) + {b2(2α4 − 8α3β + 3α2β2)

+ (8αβ3 − 2α2β2 − 3β4)}2,

W = (2α6 − 8α5β + 6α4β + 3α4β2 − 6α3β2 + 6α2β4 − 4αβ5 + β5).

By using X i
k and Y k

j , we obtain the non-holonomic Finsler frame as follows.

Theorem 4.1 Consider a Finsler space Fn = (M, F ) with L = ( α2

α+β
+ β)2 for which the

condition (2) is true. Then V i
j = X i

kY k
j is a non-holonomic Finsler frame, where X i

k and Y k
j

are given by (19) and (20) respectively.
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