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81. Introduction

The concept of non-holonomic space which is more general than a Riemannian space and
generalized the parallelism of Levi-Civita and geodesic curves in that space is introduced by G.
Vranceanu [22]. A non-holonomic region as a space with a non-holonomic dynamical system
was considered by Z. Horak [13] with another aspect. The non-holonomic space in a space of
line elements with an affine connection was first conferred by T. Hosokawa [9]. The theory of
non-holonomic system in Finsler space was introduced by Y. Kastsurada [15].

The concept of non-holonomic frame is a deformation arising from the consideration of a
charged particle moving in external electromagnetic field in the studied of a unified formalism
that uses a non-holonomic frame on space-time [11, 12]. Further, the gauge transformation is
studied as a non-holonomic frame on the tangent bundle of a four-dimensional base manifold
[3, 4]. The geometry which arises from these consideration gives a more unified approach to
gravitation and gauge symmetries. In these papers, the common Finsler idea used by the
physicist is the existence of non-holonomic frame on the vertical subbundle of a base manifold
M. In [1, 2], P. L. Antonelli and I. Bucataru, determined such a non-holonomic frame for
the two important classes of Finsler spaces that are dual in the sense of Randers and Kropina
spaces. Since Randers and Kropina spaces are the Finsler space with («, 3)-metric, is a member
of the bigger class of Finsler space. It appears a natural question that how many Finsler spaces
with (a, #) metrics have such a non-holonomic frame [7]? Yes, there is a number of Finsler

space with («, 8) metrics. Some auther’s which discusses the non-holonomic frame for (o, ()
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metrics are [8, 20, 21]. In the present work, we determine the non-holonomic Finsler frame for

the exponential («, 3) metric and Randers change of Matsumoto metric.

§2. Preliminaries

The physicists R. G. Beil in [3, 4] and R. R. Holland in [11, 12] are using non-holonomic Finsler
frames to develop unified field theories. For a Finsler space with («, 5)-metric a non-holonomic
frame is a product of two non-holonomic frames, each of these being determined by Finsler
deformation.

Let U be an open set of TM and

ViiueUwr Vi(u) e V,TM, i€{1,2,--- ,n}

be a vertical frame over U. If Vi(u) = V/ (u)a%ﬁu are the entries of a invertible matrix for all

u € U. Denote by V/ (u) the inverse of this matrix. this means that:
ViV =4, ViV =i

We call V; a non-holonomic Finsler frame.
An important class of Finsler space with («, 3)-metrics are given in [18]. The first Finsler
space with («, 3)-metric was introduced in the forties by G. Randers and known as Randers

space [19].

Definition 2.1 A Finsler space F™ = (M, F(x,y)) is called with (o, 8)-metric if there exists a

two homogenius function L of two variables such that the Finsler metric F : TM — R is given
by
F?(x,y) = L(o(@,y), B(z,y))

where a(z,y) = \/aijy'y?, where a;; is a Riemmannian metric on M and B(z,y) = b;(z)y*, is
a 1-form on M.

Example 2.2 If L(«a, 3) = (o + 3)?%, then the Finsler space with metric

F(z,y) = \/agy'y’ + bi(z)y’

is called a Randers space.

Example 2.3 If L(«,3) = O‘—;l, then the Finsler space with metric

@

ai;y'y’
F =4I 7
®9) = @]

is called a Kropina space.

The Randers space and Kropina space play an important role in Finsler geometry and are
dual in sense of [10]. For a Finsler space with (a, 8)-metric F?(x,y) = L(a(x,y), 3(z,y)), the
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Finsler invariants are [17]

_ 190L _ 18%L _ 1 8%L

T 2a da? p0_28[52’ p_1_2a8a6ﬁ’ (1)
— 1 (2°L _19L

P—2 2a2 \ da? ada )

For a Finsler space with («, 3)-metric, we have
p_1B+ p_2a® = 0. (2)

With respect to above notation (i.e. Finsler invariants), the metric tensor g;; of a Finsler space

with («, 8)-metric is given by [18]

gij = paij(x) + pobi(x)bj(w) + p—1(bi(x)y; + bj(x)yi) + p—2yiy;- (3)

We can be arranged the metric tensor g;; of Finsler space into the form

gij = paij(x) + p—;(p—lbi + p—2yi)(p-1b; + p—2y;)
+5(pop—2 — p21)bib;.

(4)

From the equation (4), we can see that the metric tensor g;; is the result of the two

deformations

aij = hij = pai(x) + 555 (p-1bi + p—2yi) (p-1b; + p—2y;), 5)

hij = gij = hij + 55 (pop—2 — p21)bib;.

The non-holonomic Finsler frame corresponding to the first deformation of equation (5) is

according to Theorem 7.9.1 in reference [7], is given by

. . 1 A2 ) .
le‘ =Vp 5;‘ A2 (\/ﬁi \/P‘f' E) (p—1b" + p—2y*)(p—1b; + P—zyj)a (6)

where A% = a;;(p—1b" + p_2y*)(p—1bj + p—2y;) = p>1b*> + Bp_1p—2. The metric temsor a;; and
h;; are related by:
hij = XZ-kXJl»CLkl. (7)

Similarly, a non-holonomic frame Finsler frame corresponding to the second deformation

of equation (5) is according to Theorem 7.9.1 in reference [7] given by

. . 1 p_2B2 .
Yi=60—-—=|[1+/1+ ———— | b'D; 8
B ( \/ Tt ) &)

where B? = h;;b'b; = pb® + p—;(p_1b2 + p—2/3?. The metric temsor h;; and g;; are related by

Gmn = Y Y, hij. 9)
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From (7) and (9), we have V¥ = X!V with XF and Y}, are given by (6) and (8), are the

non-holonomic Finsler frame of the Finsler space with (a, 3) metric.

83. Non-Holonomic Frame for Finsler Space with F = aes - Metric

We consider a (o, 3)- metric given as

DIII\

F=ae (10)

in a Finsler space. For the fundamental function L = aze%, the Finsler invariants (1) are given
by:

28 28 — 28
p= (04 ﬁ) €, pozzeav pP-1 = (aagﬁ)eaa (11)
28
pg = 75(254 O‘)e?,

and
A2 — (a—28)(a®b? —2a2Bb%4+23% —a?p2) 48
= 0(6 e

B2 — 2 [b2(0;_5) B (a—ﬁ2ﬁ) (b2 B %)2} ' (12)

The Finsler invariants satisfies the relation p_1 3+ p_2a? = 0. Then by using equation (6)
with respect to first deformation of (5), we get

e 7‘3 a?
(a3b2 — 2020302 + 23 — a2[3?)
/a— gﬁi 2 (a2B—af?—adb? + 202062 — 233 + a22)
a?p
X (bi - %y ) ( ny) : (13)

and also using equation (6) with respect to second deformation of (5), we get

i si oa*p
Yi=9 - e {(adB—a?B2)b2— (a—28) (262 — )2}
(14)

X |:1 + \/1 + a45—a352_(aa_42ﬁ)(a2b2_6)2:| bibj'

By using X! and ij, we obtain the non-holonomic Finsler frame as follows,

_5 _5
o o

Vi o= XiyF= — [1 + D]Eb'b;6;,

J

a@?C[1 — E(1 £ D)b'b; . B b (15)
T — 204261724—253 a252) a2y j 2% ’

[ (o — ﬁ)e% n e%(oﬂﬁ —aff?2 — adb? +2a26b% — 233 + a232)
1o a?f3 ’

where
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D = li\/1+0‘45—0‘352—(044—26)(0421;2_5)27
(0%

oz4ﬁ
ew {(adf — a3 — (a — 26)(a2b? — B)2}

Theorem 3.1 Consider a Finsler space F™ = (M, F) with L = (ae?)2, for which the condition
(2) is true. Then V} = X,ink is a non-holonomic Finsler frame given in equation (15), where
X}, and Y} are given by (13) and (14) respectively.

84. Non-Holonomic Frame for Finsler Space with Randers Change of

Matsumoto Metric

We consider a Randers change of Matsumoto metric as given by

F:a——l-ﬁ, (16)

2
in a Finsler space. For the fundamental function L = (aa—;j + 6) , the Finsler invariants (1)

are given b
© Y _ (&®—a?B-3ap3%428°%)
p= (a—p)3 ’

_ 6a*+8t—602B+60282—108°
po = (a—pB)= )

_ (2a®—8a?%343a8?)
1= et

_ 8a2B%2—2a2B-3a8%)
p—2 = a?(a—pB)% )

and
A2 = w
2 4 3 2 3 202 4
B2 — {¥*(2a"8a’B13a pz H—(;)asﬁ —2026%36")}? (18)

b2U (o, )
T

where
S(a, B) = 4a® — 32a°B + T6a* 3% — 4803 3% + 9a2 34,

T(a, B) = 4a*3? — —32a33% + 76028 — 48a3° + 939,
U, B) = (& = 20”6 — aff® +2a — 43% — 2(°).

The Finsler invariants satisfies the relation p_13+ p_2a? = 0. Then by using equation (6)

with respect to first deformation of (5), we get

Xi— \/ (0?—a23-3032+23%) oi _ (20° —8a"ﬁ+3a46)2
J

@ 5 i ~ 5@ T(eh)
(@®—a?/ BaiP 125°) asﬂzmsaﬁuzm (525 (@B) T (a,B))
% {\/ Rk + \/ amr T B(a—6)4(8a6—2a2—362)J (19)

X (bi - %yl) (bj - %ya) )
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and also using equation (6) with respect to second deformation of (5), we get

i si _ o2(a—p)8
Y! = 5j - —5 X

v
J L1+ ow

bid,. (20)

Where
V =a?(a — B)°v?U(a, B) + {b*(2a* — 8a>[ + 3a??)
4 (80" — 2025 — 360)2,
W = (2a5 — 8a°3 + 6a* B + 304 3% — 6032 + 6023+ — 4ap® + 3°).

By using X and ij, we obtain the non-holonomic Finsler frame as follows.

Theorem 4.1 Consider a Finsler space F™ = (M, F) with L = (aa—fﬁ + 8)? for which the
condition (2) is true. Then Vf = X,ink is a non-holonomic Finsler frame, where X} and ij
are given by (19) and (20) respectively.
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