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Abstract: Representing a subset of vertices in a graph by means of a matrix was introduced
by E. Sampath Kumar. Let G(V, E) be a graph and S C V be a set of vertices. We can
represent the set S by means of a matrix as follows, in the adjacency matrix A(G) of G
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81. Introduction

A set D C V of G is said to be a Smarandachely k-dominating set if each vertex of G is
dominated by at least k vertices of S and the Smarandachely k-domination number v (G) of G
is the minimum cardinality of a Smarandachely k-dominating set of GG. Particularly, if k£ = 1,
such a set is called a dominating set of G and the Smarandachely 1-domination number of G is
called the domination number of G and denoted by v(G) in general.

The concept of graph energy arose in theoretical chemistry where certain numerical quan-
tities like the heat of formation of a hydrocarbon are related to total 7 electron energy that
can be calculated as the energy of corresponding molecular graph. The molecular graph is a
representation of the molecular structure of a hydrocarbon whose vertices are the position of
carbon atoms and two vertices are adjacent if there is a bond connecting them.

Eigen values and eigenvectors provide insight into the geometry of the associated linear
transformation. The energy of a graph is the sum of the absolute values of the Eigen values of
its adjacency matrix. From the pioneering work of Coulson []1 there exists a continuous interest
towards the general mathematical properties of the total 7 electron energy ¢ as calculated within
the framework of the Huckel Molecular Orbital (HMO) model. These efforts enabled one to
get an insight into the dependence of ¢ on molecular structure. The properties of (G) are
discussed in detail in [2, 3, 4].

The importance of Eigen values is not only used in theoretical chemistry but also in ana-

lyzing structures. Car designers analyze Eigen values in order to damp out the noise to reduce
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the vibration of the car due to music. Eigen values can be used to test for cracks or deformities
in a solid. Oil companies frequently use Eigen value analysis to explore land for oil. Eigen
values are also used to discover new and better designs for the future.

82. Definitions and Notations

Representation of a subset of vertices of a graph by means of a matrix was first introduced
by E.Sampath Kumar [5]. Let G(V, E) be a graph and S C V be a set of vertices. We can
represent the set S by means of a matrix as follows:

In the adjacency matrix A(G) of G replace the a;; element by 1 if and only if v; € S.
The matrix thus obtained from the adjacency matrix can be taken as the matrix of the set S
denoted by Ag(G). The energy E(G) obtained from the matrix Ag(G) is called the set energy
denoted by Es(G). In this paper we consider the set S as dominating set and the corresponding
matrix as domination matrix denoted by A,(G) of G. Thus the energy E(G) obtained from
the domination matrix A, (G) is defined as domination energy denoted by E,(G).

Let the vertices of G be labeled as vy,vs,v3, -+ ,v,. The domination matrix of G is
defined to be the square matrix A,(G) corresponding to the dominating set of G. The Eigen
values of the domination matrix denoted by k1,k2,K3, -+, K, are said to be the A, Eigen
values of G. Since the A, matrix is symmetric, its Eigen values are real and can be ordered

K1 = Ko 2 Kg = -+ = Kp. Therefore, the domination energy

n

By =E,(G) =) |nil. (1)

=1

This equation has been chosen so as to be fully analogous to the definition of graph energy

(i2). )
E=E(G) =\l )
i=1

where Ay > Ay = A3 = --- = )\, are the Eigen values of the adjacency matrix A(G). Recall
that in the last few years, the graph energy FE(G) and domination energy [9,10] or covering
energy ([6]) has been extensively studied in the mathematics ([6,7]) and mathematic-chemical
literature ([8,12]).

Definition 2.1(Minimal domination energy) A dominating set D in G is a minimal dominating
set if no proper subset of D is a dominating set. The domination energy E,(G) obtained for a

minimal dominating set is called the minimal domination energy denoted by E-_min(G).

Definition 2.2(Maximal domination energy) A dominating set D in G is a mazimal dominating
set if D contains all the vertices of G. The domination energy E.(G) obtained for a mazimal

dominating set is called the mazimal domination energy denoted by Ey_max(G).

Similarly to domination energy of graph G, distance domination energy, Laplacian domi-
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nation energy and Laplacian distance domination energy can also be defined as follows.

Let the vertices of G be labeled as v1, v, v3, -+ ,v,. The distance matriz of G, denoted by
D(G) is defined to be the square matrix D(G) = [d;;], where d;; is the shortest distance between
the vertex v; and v; in G. The Eigen values of the distance matrix denoted by p1, pa, i3, -+, tin

are said to be the D Eigen values of G. Since the D(G) matrix is symmetric, its Eigen values

are real and can be ordered p1 > ug > pus3 = - -+ > up. Therefore, the distance energy
n
Ep =Ep(G) =) |ul. (3)
i=1

In the distance matrix D(G) of G replace the a;; element by 1 if and only if v; € S. The
matrix thus obtained from the distance matrix can be considered as the distance matriz of the
set S denoted by Dg(G). The energy E(G) obtained from the matrix Dg(G) is called the
distance set energy denoted by Dg(G). In this paper we consider the set S as dominating set
and the corresponding matrix is distance domination matriz denoted by D,(G) of G. Thus
the energy E(G) obtained from the distance domination matrix D, (G) is defined as distance

domination energy denoted by Ep.(G).

The distance domination matrix of G is defined to be the square matrix D.,(G) correspond-
ing to the dominating set of G. The Eigen values of the distance domination matrix denoted
by o1,09,03,--- ,0, are said to be the D, Eigen values of G. Since the D, (G) matrix is sym-
metric, its D-Eigen values are real and can be ordered as 01 > 09 > 03 > -+ > 0,. Therefore,

the distance domination energy

Epy = Epy(G) =) |ail. (4)
1=1

Definition 2.3(Minimal distance domination energy) A dominating set D in G is a minimal
dominating set if no proper subset of D is a dominating set. The distance domination energy
Ep~(G) obtained for a minimal dominating set is called the minimal domination energy denoted
by Epy—min(G).

Definition 2.4(Maximal distance domination energy) A dominating set D in G is a mazimal
dominating set if D contains all the vertices of G. The distance domination energy Ep.(G)
obtained for a maximal dominating set is called the maximal domination energy denoted by
Epy—max(G).

Let the vertices of G be labeled as v1, v, vs, -+ ,v,. The Laplacian matriz of G is denoted
by L(G) is defined to be the square matrix L(G) = d(G) — A(G), where A(G) and d(G) are
the adjacency matrix and diagonal matrix with vertex degree of G on the principal diagonal
element respectively. The Eigen values of the Laplacian matrix denoted by 1,19, 13, ¥y,

are said to be the L Eigen values of G. Since the L(G) matrix is symmetric, its Eigen values
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are real and can be ordered ¥ = 19 > 13 > - - > 1,. Therefore, the Laplacian energy

n

By = EL(G) = |wil. (5)
i=1

The energy Er-(G) obtained from the matrix Ls(G) = d(G)—As(G) is called the Laplacian
set energy denoted by Lg(G). In this paper we consider the set S as dominating set and the
corresponding matrix is Laplacian domination matriz denoted by L~(G) of G. Thus the energy
E(G) obtained from the Laplacian domination matrix L~ (G) is defined as Laplacian domination
energy denoted by Er,(G).

The Laplacian domination matrix of G is defined to be the square matrix L,(G) corre-
sponding to the dominating set of G. The Eigen values of the Laplacian domination matrix
denoted by a1, g, a3, -+, are said to be the L, Eigen values of G. Since the L. (G) matrix
is symmetric, its L-Eigen values are real and can be ordered as a; > as > a3 = -+ = q.

Therefore, the Laplacian domination energy
Fiy = B1,(G) = 3 lail. (6)
i=1

Definition 2.5(Minimal lapalcian domination energy) A dominating set D in G is a minimal
dominating set if no proper subset of D is a dominating set. The Laplacian domination energy
E1,(G) obtained for a minimal dominating set is called the minimal domination energy denoted

by EL'yfmin(G)-

Definition 2.6(Maximal lapalcian domination energy) A dominating set D in G is a mazimal
dominating set if D contains all the vertices of G. The Laplacian domination energy Er~(G)

obtained for a maximal dominating set is called the maximal domination energy denoted by
ELv—max(G)~

The energy Erp,(G) obtained from the matrix LDg(G) = d(G) — Ds(G) is called the
Laplacian distance set energy denoted by LDg(G). In this paper we consider the set S as
dominating set and the corresponding matrix is Laplacian distance domination matriz denoted
by LD,(G) of G. Thus the energy E(G) obtained from the Laplacian distance domination
matrix LD, (G) is defined as Laplacian distance domination energy denoted by Erp(G).

The Laplacian distance domination matrix of G is defined to be the square matrix LD (G)
corresponding to the dominating set of G. The Eigen values of the Laplacian distance domi-
nation matrix denoted by 81, (2,33, -+ , B, are said to be the LD, Eigen values of G. Since
the LD, (G) matrix is symmetric, its L-Eigen values are real and can be ordered as §1 > (2 >

B3 = -+ = B,. Therefore, the Laplacian distance domination energy
ELpy = Epp,y(G) =Y |Bil. (7)
i=1

Definition 2.7(Minimal Lapalcian distance domination energy) A dominating set D in G is

a minimal dominating set if no proper subset of D is a dominating set. The Laplacian dis-
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tance domination energy Erp~(G) obtained for a minimal dominating set is called the minimal

domination energy denoted by ELp—min(G).

Definition 2.8(Maximal Lapalcian distance domination energy) A dominating set D in G is a
mazimal dominating set if D contains all the vertices of G. The Laplacian distance domination
energy Er,py(G) obtained for a mazimal dominating set is called the mazimal domination energy

denoted by Er,py—max (G).

83. Various Domination Energies

Definition 3.1 A book graph (B.,,) consists of m quadrilaterals sharing a common edge. That
is, it is a Cartesian product S,,+1 and Py, where Sy, is a star graph and Py is the path graph

on two nodes. Some book graphs are shown in Figure 1.

B3 By Bs Bg

Figure 1 Book graph B,,, 3<m <6

Theorem 3.1 For m > 3, the minimum dominating energy of a book graph (By,) is

2(VAm+1+m—1).

Proof Calculation enables one to find the characteristic polynomial of B,, for m > 3

directly.
For m = 3, Bs is a book graph with 8 vertices. The minimum dominating set is S =
{vlvv2}' U3 V4
U1 V2
’U; U;‘ U7 (%]

Figure 2 Book graph Bj

Calculation shows that the domination matrix and the characteristic polynomial of Bs are
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respectively given by

O = O = O =

O = O R O =
O o o ©o ~ ©o O ~
SO O O O O = = O
o O = O O O O =
o O O = O O = O
= O O O O o O =
o = O O O O = O

and k8 —2k7— 9K+ 1265+ 18k —18k3—13K2+8k+3 = (k — 1) (k + 1)? (k2 =3k —1)(K2+K—3).

And calculation shows that the domination matrix and the characteristic polynomial of By
are respectively given by

111 01 01 0 1 0
1101 0 1 0 1 0 1
10 01 00 0 0 0 O
0110 0 0 O0O0OTO0OTO
10 0 0 0 1 0 0 0 O
A4(G) =
0100 1 0 O0O0OO0OTO
10 0000 0 1 00O
010 0 0 O 1 O0O0TO0
10 0 0 0 0 0 O O0 1
0100 0 0 0 0 1 0

and £10—2k9 — 12k8+16k7438k6 — 3655 — 5244 +32k3+33k2— 10k —8 = (k — 1)® (k + 1)® (k2 —
3k —2)(K2 + K —4).

Similarly, the domination matrix and the characteristic polynomial of By are respectively
given by

S R O = O R O B O = = =
= O = O = O = O = O = =
O O O O O O o o = o o =
O O O O O O O O O = = o
o O O O O O B O O o o =
o O O O O o O = O o = ©o
o O O O = O O O o o o =
o O O O O B O O o o = o
S O = O O O O O o o o =
o O O =B O O O O o o = o
= O O O O O O O o o o =
S B O O O O O O o o = o
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and (k — 1)* (5 + 1)* (52 — 3k — 3)(k% + & — b), respectively.
And the characteristic polynomial of Bg is given by

(k—1)° (6 +1)° (k% = 3k — 4) (k% + Kk — 6)
Generally, the characteristic polynomial of B, using domination adjacency matrix is
(k=1D)"""(k4+ 1) (K2 =36 — (m—2))(k2+ K —m).

Solving the equation we get

(k=1)"""=0,0r (k+1)"""=0,0r (k2 —3k—(m—2)) =0or (k2 +x—m)=0. So
k=1,1,1,---,1 ((m — 1)times), or k = —1,—1,—1,--- , —1((m — 1)times).
By (k% — 3k — (m — 2)) = 0, we get

K1 = % (3— \/4m+1) and
/@2:%(3+\/4m+1) here m > 3.

By (k% + K —m) = 0 we know that

1
K3 = 3 (—1— 4m—|—1) and
1
Kqg = 3 (—1 + v4m + 1)
Hence,
Ermin = By in(G) = 3 |5
i=1
1
= (m—1)+(m—1)+’5(3— 4m+1)‘
1 1
- ’5 (3+\/M)} + ’5 (-1- 4m+1)}
1
+ ‘5 (-1+ \/m)‘ :
Therefore,
E’yfmin: ~y—min (Bm>:2(\/4m+1+m—1)
This completes the proof. O

Theorem 3.2 For m > 3, the minimum distance domination energy of a book graph (B,,) is

4(m — 1) + V/25m?2 — 24m + 36 + /myv/m + 4.

Proof Calculation enables one to find the characteristic polynomial of B,, for m > 3
directly.
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For m = 3, B3 is a book graph with 8 vertices. The minimum dominating set is S =
{v1,v2}. Calculation shows that the distance domination matrix and the characteristic poly-

nomial of Bs are respectively given by

11121 2 1 2
11212121
12012323
2 110323 2
D’Y(G):
12230123
2 13210 3 2
12232301
2 13232 1 0

and 08 —207—1116%—5120°—54504+50403+24002 = 02 (0 + 4)° (02 =130 —5) (62 + 30 — 3)..
Similarly, calculation shows that the distance domination matrix and the characteristic

polynomial of By are respectively given by

111212 1 2 1 2
1121 2 1 2 1 21
12012 3 2 3 2 3
21103 2 3 2 3 2
122 3 012 3 2 3
D'Y(G) =
213 2103 2 3 2
12 2 3 2 3 01 2 3
213 2 3 210 3 2
122 3 2 3 2 3 01
2 1 3 2 3 2 3 2 1 0f

and 10 — 209 — 2000°% — 151207 — 404805 — 22400° + 43520* + 102403 = o° (0 + 4)° Ca
—180 —4) (02 + 40 — 4).

And the characteristic polynomial of Bs and Bg are respectively given by

ot (o +4)" (62 =230 — 3) (6> + 50 — 5),
0'5(O'—|—4)5(0'2—280'—2) (0% +60—6).

Generally, the characteristic polynomial of B, using the distance domination matrix is
o™ o4+ 4)" ! [0* — (5m —2)o + (m — 8)] (0% + mo —m) = 0.

Solving the equation we get
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o™ 1 =0,0r (64+4)™ " =0,0r (62— (5m—2)o+(m—8)) =0, or (62 +mo—m) = 0. So
o=0,0,0,- (( — 1)times), or ¢ = —4,—4,—4,--- ,—4 ((m — 1)times), and (62 — (5m —

1
o =3 (5m— 92— \/25m2 — 24m+36) and
1
0225(5m—2+\/25m2—24m+36) here m > 3,
(02 +mo —m) =0,
1
0325(— —vmym +4) and
1
0425(—m+\/ﬁx/m+4)

EDv—min = EDy—min(G)

n
=D _loil

(2\/25m2 —2d4m + 36)' n '% (2vmvm +4)] .

Therefore,

ED'y—min = ED'y—min(G) = 4 - 1 + \/25m2 —24m + 36 + \/_V

This completes the proof. O

Theorem 3.3 For m > 3, the minimum Laplacian domination energy of a book graph (By,) is

5m 4+ vm?2 + 4.

Proof Calculation enables one to find the characteristic polynomial of B,, for m > 3
directly.

For m = 3, Bs is a book graph with 8 vertices. The minimum dominating set is S =
{v1,v2}. The Laplacian domination matrix and the characteristic polynomial of Bj are respec-
tively calculated by

(3 -1 -1 0 -1 0 -1 0]
1 3 0 -1 0 -1 0 -1
1 0 2 -1 0 0 0 0
0 -1 -1 2 0 0 0 0
L’Y(G) =

1 0 0 0 2 -1 0 0
0 -1 0 0 -1 2 0 0
1 0 0 0 0 0 2 -1

(0 -1 0 0 0 0 -1 2]
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and o® — 1807 +131a° — 4960° 4+ 1038a* — 115403 4+ 54302 + 360 — 81 = (a — 1)* (a — 3)* (a2 —
Ta+9)(a? —3a—1).

Similarly, the Laplacian domination matrix and the characteristic polynomial of By are
respectively given by

4 -1 -1 0 -1 0 -1 0O -1 0
-1 4 o -1 0o -1 0 -1 0 -1
-1 0 2 -1 0 0 0 0 0 0

0o -1 -1 2 0 0 0 0 0 0
-1 0 0 0 2 -1 0 0 0 0

L’Y(G) =

0 -1 0 0o -1 2 0 0 0 0
-1 0 0 0 0 0 2 -1 0 0
0 -1 0 0 0 0o -1 2 0 0
-1 0 0 0 0 0 0 0 2 -1
10 -1 0 0 0 0 0 0 -1 2|

and a0 —240° 424308 — 1360a” +4618a° —9792a° +12774a* — 952003 4+ 314102+ 216 — 297 =
(a—1)* (a—3)° (02 —8a +11)(a? — 4o — 1)

And the characteristic polynomial of Bs and Bg is given by (a —1)* (a — 3)* (o — 9a +
13)(a® — 5 — 1), (e — 1)® (a — 3)° (a2 — 10a + 15)(a? — 6 — 1), respectively.

Generally, the characteristic polynomial of By, using the Laplacian domination matrix is
(a—1)"""(a=3)""(a® = (m+4)a+ 2m+3))(a?® —ma—1) =0.

solving the equation we get

(a—1)"""=0,0r (a—3)""" =0, 0r (a®—(m+2)a+(2m+3)) = 0, or (a2 —ma—1) = 0.

Soa=1,1,1,---,1 ((m — 1)times), or a = 3,3,3,--- ,3 ((m — 1)times), and (a? — (m + 2)a +
(2m+3)) =0,

alzé(m—l-él—\/in—i-%) and

042:%(771+4+\/M) here m > 3,
(@® —ma —1) =0,

043:%(777,— m2—|—4) and

a4:%(m+M),
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ELv—min = ELv—min(G) = Z |ai|
i=1
1 1
=(m—1)+3(m—1)+ b (2\/m2 +4)‘ + ’5 (2(m+4))’
Therefore, Ery—min = Ery—min(G) = bm + vm? 4+ 4. This completes the proof. O

Theorem 3.4 For m > 3, the minimum Laplacian distance domination energy of a Book
Graph (By,) is 10m — 5+ v/36m?2 — 48m + 49.

Proof The characteristic polynomial of B,, for m > 3 can be found directly.

For m = 3, B3 is a book graph with 8 vertices. The minimum dominating set is S =
{v1,v2}. The Laplacian distance domination matrix and the characteristic polynomial of Bs

are respectively calculated by

and (% — 1847 + 2935 4 16123° — 166293* + 755363% — 18103232 + 2223363 — 110160 =
(B-2)%(8—6)" (82— 98+ 17)(5> + 78 — 45).
Similarly, calculation shows that the Laplacian distance domination matrix and the char-

acteristic polynomial of B, are respectively given by

4 -1 -1 -2 -1 -2 -1 -2 -1 =2
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B0 — 2439 + 5538 4 4208837 — 661923°% + 4942723° — 21786565* 4+ 593433653 — 980121632 +
89856003 — 3504384 = (3 — 2)* (8 — 6)° (82 — 118 + 26)(62 + 113 — 78).

The characteristic polynomial of Bj is given by (8 — 2)* (3 — 6)* (32—133+37)(32+158—
121), and the characteristic polynomial of Bg is given by (3 — 2)° (3 — 6)° (32 — 153+ 50)(3% +
198 — 174).

Generally, the characteristic polynomial of B,, using the Laplacian distance domination

matrix is
B-2)"""(B-6)""" (82— (2m+3)8+ (m+1)2+1)(6% + (4m — 5)3 — (5m? — 2m + 6)).

Solving the equation we get (8 —2)""" =0, 0r (8—6)""" =0, or 82— (2m+3)B+ (m+
1)2+1=0,0r 82+ (4m—5)8—(5m? —2m +6) =0. So 8 =2,2,2,---,2 ((m — 1)times), or
B=6,6,6,---,6 ((m— 1)times), and 8% — (2m +3)3 + (m+1)>+1 =0,

01 =%(2m+3—\/4m+1) and

1
By = 5(2m+3+\/4m+1) here m > 3,

3+ (4m —5)3 — (5m* —2m +6) =0,

B3 = % (—\/36m2 — 48m + 49 — 4m + 5) and

1
Ba=3 (\/36m2—48m+49—4m+5),

ELDv—min - ELDv—min(G)

:Z|ﬁi| =8(m—1)+ ‘%(4m+6)’ + ‘% (2\/36m2 —48m+49)‘.
=1

Whence, ELpy—min = ELDy—min(G) = 10m — 5 + v/36m? — 48m + 49. This completes the
proof. |

1
o d

Figure 3 Wheel graph W, 4 <n < 11

Wy Ws

We

Definition 3.2 A wheel graph W, of order n, sometimes simply called an n-wheel, is a graph
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that contains a cycle of order n — 1, and for which every graph vertex in the cycle is connected
to one other graph vertex (which is known as the hub). The edges of a wheel which include the
hub are called spokes. The wheel W,, can be defined as the graph Ky + C,—1, where K; is the
singleton graph and Cy, is the cycle graph. Some wheel graphs are shown in Figure 3.

Theorem 3.5 Forn > 4, the minimum dominating energy of a wheel graph (W,,) is > v/4n — 3.

Proof We can find the characteristic polynomial of W,, for n > 4 by calculation directly.

V2
U1
'Ug » ’1}4
Figure 4 W,

For n = 4, Wy is a wheel graph with 4 vertices. The minimum dominating sets are S = {v;}
or S ={uvy} or S ={vs}.

For S = {v;} the domination matrix and the characteristic polynomial of Wy are respec-
tively calculated by

A’v (G) =

_ Rk = =
= = O =

= e
S = =

and k* — k3 — 6k? — 5k — 1 = (k? — 3k — 1)(k? + 2k + 1). The characteristic polynomial is found
to be same when S = {v2} or S = {v3}.

For n = 5, W; is a wheel graph with 5 vertices. The minimum dominating sets is S = {v; }.
Calculation shows that the domination matrix and the characteristic polynomial of Wy are

respectively given by

b
3
—~
Q
N~—
I
[ = T =Sy =

S = = O

1
1
0
0
1

_ o O = =
S = = O

and k° — k* — 8k3 — 4k? = (k2 — 3k — 2)(K> + 2K2).
Similarly the characteristic polynomial of Ws, Wy and Wy are given by (k? — 3k — 3)(k? +
k—1)2 (k2 =3k —4)(k — 1)?(k + 1)?(k + 2) and (k? — 3k — 5) (k> + k2 — 2k — k)2, respectively.

Generally, the characteristic polynomial of W,, for n > 4 using domination matrix is

[k% = 3k — (n — 3)] P(k).
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Solving the equation (k* — 3k — (n —3) = 0 we get k1 = £ (3—V4n—3) and Ky =

2

% (3 + v4n — 3). Eymin = Ey_min(G) > Y |Kil, Ey—min(G) > V4n — 3. This completes the
i=1

proof. O

Theorem 3.6 For n > 4, the minimum distance dominating energy of a wheel graph (W) is

> V4n? — 24n + 45.

Proof The characteristic polynomial of W, for n > 4 can be obtained by calculation
directly.

For n = 4, Wy is a wheel graph with 4 vertices. The minimum dominating sets are S = {v;}
or S ={vg} or S = {uvz}. For S = {v;}, Calculation shows that the distance domination matrix

and the characteristic polynomial of Wy are respectively given by

DV(G) =

— = =
= = O =

_ O = =
(e R T T

and 0 — 03 — 602 —50 — 1 = (02 — 30 — 1)(0? + 20 + 1).
The characteristic polynomial is found to be same when S = {v2} or S = {vs}.
For n = 5, W; is a wheel graph with 5 vertices. The minimum dominating sets is S = {vy }.

Calculation shows that the distance domination matrix and the characteristic polynomial of Wj

are respectively given by

2
—~
Q
S~—
I
[ = T =Sy =
[ T O e e R

1
1
0
2
1

O N = =
[ R S S T

and 0® — ot — 1603 — 2002 = o(0? — 50 + 0)(0 + 2)%.
Similarly, the characteristic polynomial of Wg, W7 and Wy are given by (62 — 7o+ 1) (0% +
30 +1)%,0(0% =90 +2)(0 +1)%(c + 3)? and (02 — 110 + 3)(0® + 502 + 60 + 1)2, respectively.
Generally, the characteristic polynomial of W,, for n > 4 using distance domination matrix
is

[0* = (2n = 5)0 + (n— 5)] P(0).

Solving the equation (62 — (2n — 5)o + (n — 5)) = 0 we get

1

o1 = 5(271—5—\/4712—2471—}-45),
1

oy = 5(271—5—}-\/4712—2471—}-45)
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2

and Epy—min = Epy—min(G) > Y |0il, Epy—min(G) > v4n? — 24n + 45. Hence, we complete
i=1

the proof. O

Theorem 3.7 For n > 4, the minimum Laplacian domination energy of a wheel graph (W)

s > vVn2 —2n + 5.

Proof Calculation enables one to find the characteristic polynomial of W, for n > 4
directly.

For n = 4, Wy is a wheel graph with 4 vertices. The minimum dominating sets are S = {v;}
or S = {vg} or S = {ws3}. For S = {v1}, Calculation shows that the Laplacian domination

matrix and the characteristic polynomial of Wy are respectively given by

2 -1 -1 -1

-1 3 -1 -1
L’Y(G) =

-1 -1 3 -1

-1 -1 -1 3

and o — 110® + 3902 — 400 — 16 = (a2 — 3a — 1) (a — 4)°.

The characteristic polynomial is found to be same when S = {v2} or S = {vs}.

For n = 5, W5 is a wheel graph with 5 vertices. The minimum dominating sets is S = {v; }.
The Laplacian domination matrix and the characteristic polynomial of W5 are respectively
calculated by
(3 -1 -1 -1 1]

-1 3 -1 -1 0
L@ =|-1 -1 3 0 -1
-1 -1 0 3 -1
-1 0 -1 -1 3

and o — 150 + 82a® — 19002 + 141la + 45 = (a® — 4o — 1) (o — 3)* (a — 5).

Similarly, the characteristic polynomial of Wgs, W; and Wy are given by (a? — 5a —
1) (a2 = Ta +11)%, (a2=6a—1) (a — 2)* (o — 4)* (a—5) and (a2 ~Ta—1) (a® — 102 + 31a — 29)°,
respectively.

Generally, the characteristic polynomial of W,, for n > 4 using Laplacian domination

matrix is

[@® = (n— 1o — 1] P(a).

Solving the equation (a? — (n — 1)a — 1) = 0 we get

1
alz—(n—l—\/n2—2n+5)

2

and

g =

(n-14 vV —20+5),

DN =
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2
EL'yfmin = EL'yfmin(G) > Z |az| =V n? —2n +5.
i=1
Hence the proof is completed. O

Theorem 3.8 Forn > 4, the minimum Laplacian distance dominating energy of a wheel graph
(Wy) is > V9n? — 62n + 117.

Proof The characteristic polynomial of W, for n > 4 can be obtained by calculation

directly.

For n = 4, W, is a wheel graph with 4 vertices. The minimum dominating sets are
S ={vn}or S = {v}or S ={vs}. For S = {v;}, Calculation shows that the Laplacian

distance domination matrix and the characteristic polynomial of W, are respectively given by

2 -1 -1 -1

-1 -1 3 -1
-1 -1 -1 3

and % — 1133 43962 — 406 —16 = (62 =38 —1) (3 —4)*.

The characteristic polynomial is found to be same when S = {v2} or S = {vs}.

For n = 5, W5 is a wheel graph with 5 vertices. The minimum dominating sets is S =
{v1}. The Laplacian distance domination matrix and the characteristic polynomial of W5 are
respectively given by
3 -1 -1 -1 -1
-1 3 -1 -1 -2
LD,(G)=|-1 -1 3 -2 -1
-1 -1 -2 3 -1
-1 -2 -1 -1 3

and
B° —156% +743% — 9482 — 2356+ 525 = (B2 — 26 —T7) (3 —5)* (3 — 3).

Similarly, the characteristic polynomial of Wgs, W7 and Wg are given respectively by

(82— B —17) (B2 — 98+ 19)°,
(8% +08—31) (8- 6)°(8—4)" (8- 3)

and
(B> + 8 —49) (B° — 148° + 638 — 91)° .

Generally, the characteristic polynomial of W,, for n > 4 using Laplacian distance domi-
nation matrix is
(82 + (n—7)B — (20 — 12n + 17)] p(3).
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Solving the equation 3% + (n — 7)3 — (2n? — 12n + 17) = 0 we get

1
B = 3 (—\/9712 “62n+ 117 —n+ 7) :
1
b = 3 (Vonz =620+ 117~ n +7)
and
2
ELD'y—min = ELDw—min(G) > Z |ﬁz| =/9n? — 62n + 117.
i=1
Hence the proof is completed. O
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