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Abstract: A tree T contained in graph G is a Steiner tree with respect to W ⊆ V (G) if

T is a tree of minimum order with W ⊆ V (T ). The set S(W ) consists of all the vertices

of G which lie on some Steiner tree with respect to W . The set W is a Steiner set for G if

S(W ) = V (G). The minimum cardinality among the Steiner sets of G is the Steiner number

of G, denoted as s(G). The set W is called Steiner dominating set if W is both a Steiner set

and a dominating set. The minimum cardinality among such sets is a Steiner domination

number, denoted as γs(G). We investigate Steiner domination number of some splitting and

degree splitting graphs.
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§1. Introduction

We consider simple, finite, connected and undirected graph G with vertex set V and edge set

E. For the standard graph theoretic terminology and notation we follow Chatrand and Lesniak

[2] while the terms related to the theory of domination are used in the sense of Haynes et al.

[6].

Definition 1.1 The distance d(u, v) between two vertices u and v in a connected graph G is

the length of the shortest u− v path in G.

Definition 1.2 The Steiner distance sd(W ) of a subset W of vertices of a connected graph

G is the minimum number of edges in a connected subgraph of G that contains W . If H is a

subgraph of minimum size that contains a set W , then H is necessarily a tree, called a Steiner

tree for W or a Steiner W -tree.
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Chartrand et al. have introduced a generalization of distance in [3]. The sharp upper

and lower bounds for the Steiner k-diameter of G and G are given by Mao [9] while the same

author have identified some graph classes attaining these bounds. Let n be an integer such that

2 ≤ n ≤ |V (G)|, then the n diameter of G, diamn(G), is defined to be the maximum Steiner

distance of any n-subset(subset with n elements) of vertices of G. If G be any graph of order p

with minimum degree δ ≥ 2 and 2 ≤ n ≤ p then diamn(G) ≤ p

δ + 1
+ 2n− 5, is proved by Ali

et al. [1].

Definition 1.3 The set of all vertices of G that lie on some Steiner W -tree is denoted by S(W ).

If S(W ) = V (G), then W is called a Steiner set for G. A Steiner set of minimum cardinality

is a minimum Steiner set and this cardinality is the Steiner number s(G).

The concept of Steiner number was introduced by Chartrand and Zhang [4]. In the same

paper authors have proved many results on this newly defined concept. This concept was further

studied by Santhakumaran and John [8]. For the graph G of Figure 1, there are three Steiner

trees related to W = {w1, w2} which are shown in the same figure. Since S(W ) = V (G), W is

a Steiner set of G.

Figure 1 The graph G and its Steiner trees

Definition 1.4 A set S ⊆ V of vertices in a graph G = (V,E) is called a dominating set if

every vertex v ∈ V is either an element of S or is adjacent to an element of S. A dominating set

S is a minimal dominating set if no proper subset S
′ ⊂ S is a dominating set. The domination

number γ(G) of a graph G is the minimum cardinality of a dominating set in graph G.

Definition 1.5 Let G be a connected graph with vertex set V (G). A set of vertices W in G is

called a Steiner dominating set if W is both a Steiner set and a dominating set. The minimum

cardinality of a Steiner dominating set of G is called its Steiner domination number, denoted

by γs(G).

The concept of Steiner domination number was introduced by John et al. [7]. It is very in-

teresting to investigate Steiner domination number of graph or graph families as it is known only

for handful number of graphs. Vaidya and Mehta [11] have investigated the Steiner domination

number of Wn, Hn and Fln and the same authors [12] have established some characterizations

for Steiner domination in graphs while Steiner domination number for S′(Pn), S′(Cn), M(Pn),
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M(Cn) and Fn are obtained by Vaidya and Karkar [10].

For the graph G of Figure 1, W = {w1, w2} is a Steiner dominating set of minimum

cardinality. Therefore, γs(G) = 2.

Definition 1.6 A vertex v is an extreme vertex of a graph G if the subgraph induced by neighbors

of v is complete.

Definition 1.7([5]) A systematic visit of each vertex of a tree is called a tree traversal.

Definition 1.8 The bistar Bm,n is the graph obtained by joining the center(apex) vertices of

K1,m and K1,n by an edge.

Definition 1.9 Let G be a graph with V (G) = S1 ∪ S2 ∪ S3 ∪ · · ·St ∪ T where each Si is a set

of all vertices of the same degree with at least two elements and T = V (G) \
t⋃

i=1

Si. The degree

splitting of G denoted by DS(G) is obtained from G by adding vertices w1, w2, w3, · · · , wt and

joining wi to each vertex of Si for 1 6 i 6 t. Note that if V (G) =
t∪

i=1
Si then T = ∅.

Definition 1.10 For a graph G the splitting graph S′(G) of a graph G is obtained by adding a

new vertex v′ corresponding to each vertex v of G such that N(v) = N(v′).

Definition 1.11 A friendship graph Fn is a one point union of n copies of cycle C3.

§2. Main Results

Observation 2.1 γ(Bm,n) = m+ n.

Theorem 2.2 γs(S
′(Bm,n)) = m+ n+ 2.

Proof Let u, u1, u2, · · ·um, v, v1, v2, · · · vn bem+n+2 vertices ofBm,n and u′, u′1, u
′
2, · · ·u′m,

v′, v′1, v
′
2, · · · , v′n be the corresponding vertices which are added to obtain S′(Bm,n). Then

V (S′(Bm,n)) = {u, u1, u2, · · · , um, v1, v2, · · · vn, v, u
′, u′1, u

′
2, · · ·u′m, v′, v′1, v′2, · · · v′n}. Now u′1, u

′
2,

· · ·u′m, v′1, v′2, · · · v′n are extreme vertices as the subgraph induced by their neighbors is com-

plete, namely, the complete graph K1. Therefore, they must be in Steiner dominating set

W . If u′1, u
′
2, · · ·u′m, v′1, v′2, · · · v′n ∈ W then u′1, u

′
2, · · ·u′m, v′1, v′2, · · · v′n, u, v ∈ S(W ). Now

there some trees between u′ and v′ which include remaining vertices u1, u2, · · ·um, v1, v2, · · · vn.

So if u′, u′1, u
′
2, · · ·u′m, v′, v′1, v′2, · · · v′n ∈ W then there are four Steiner W -trees which in-

clude all the vertices of the graph. That is, if u′, u′1, u
′
2, · · ·u′m, v′, v′1, v′2, · · · v′n ∈ W then

u1, u2, · · ·um, v1, v2, · · · vn, u
′, u′1, u

′
2, · · ·u′m, v′, v′1, v′2, · · · v′n ∈ S(W ). Therefore,W = {u′, u′1, u′2,

· · ·u′m, v′, v′1, v′2, · · · v′n} becomes a Steiner set of minimum cardinality m+ n+ 2 and it is also

a dominating set. Hence

γs(S
′(Bm,n)) = m+ n+ 2. 2

Theorem 2.3 γs(DS(Bm,n)) = 2.

Proof Let u, u1, u2, · · ·um, v, v1, v2, · · · vn be m+ n+ 2 vertices of Bm,n and x1, x2 be the
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corresponding vertices which are added in order to obtain DS(Bm,n). Then, V (DS(Bm,n)) =

{u, u1, u2, · · ·um, v, v1, v2, · · · vn, x1, x2}. Now if G is a connected graph of order n ≥ 2 then

2 ≤ S(G) ≤ n. Without loss of generality let x1, x2 ∈ W then there are four Steiner W -tree

traversal between x1 and x2 which together include all the vertices of DS(Bm,n). Therefore,

W = {x1, x2} becomes a Steiner set of minimum cardinality and it is also a dominating set.

Therefore, W = {x1, x2} becomes a Steiner dominating set of minimum cardinality. Hence

γs(DS(Bm,n)) = 2. 2
Lemma 2.4 S(DS(Pn)) = n− 5, n ≥ 7.

Proof Consider Pn with V (Pn) = {v1, v2, · · · vn} with partition V1 = {v2, v3, · · · vn−1}
and V2 = {v1, vn}. Now in order to obtain DS(Pn) from Pn we add x1 and x2 correspond-

ing to V1 and V2. Thus, V (DS(Pn)) = {x1, x2, v1, v2, · · · vn}. Let x1, v4 ∈ W then there

are some Steiner W -trees which include the vertices x1, v1, v2, v3, v4, x2. So, if x1, v4 ∈ W then

x1, v1, v2, v3, v4, x2 ∈ S(W ). Let x1, v4, vn−3 ∈ W then x1, v1, v2, v3, v4, x2, vn−3, vn−2, vn−1, vn ∈
S(W ). Then, there does not exist tree traversal containing x1, v4, vn−3 which includes v5, v6, · · · ,
vn−4. The vertices v5, v6, · · · , vn−4 must be included in W to obtain Steiner tree of minimum

size which include v5, v6, · · · , vn−4. Therefore, if x1, v4, v5, · · · vn−4, vn−3 ∈ W . Then there are

following four Steiner W - trees as listed below:

(1) x1v1v2v3 · · · vn−4vn−3,

(2) x1v1v2x2v4v5v6 · · · vn−3,

(3) x1vnvn−1vn−2vn−3 · · · v5v4,
(4) x1vnvn−1x2vn−2vn−3vn−4 · · · v5, v4,

which include all the vertices of the graph. Thus W = {x1, v4, v5, · · · vn−4, vn−3} becomes a

Steiner set of minimum size which include n− 6 vertices of Pn and a vertex x1. Hence

S(DS(Pn)) = n− 5. 2
Theorem 2.5 γs(DS(Pn)) = n− 3, n ≥ 7.

Proof From the Theorem 2.4 W = {x1, v4, v5, · · · vn−4, vn−3} is a Steiner set of mini-

mum cardinality. But it is not a dominating set as v2 and vn−1 are not dominated by any

of the vertices. Therefore, these two vertices must be in Steiner dominating set W . So,

{x1, v2, v4, v5, · · · vn−4, vn−3, vn−1} is a Steiner dominating set of minimum cardinality. Hence

γs(DS(Pn)) = n− 3. 2
Proposition 2.6([7]) γs(Km,n) = min{m,n} if m,n ≥ 2.

Theorem 2.7 γs(S
′(Km,n)) = m+ n.

Proof Let v1, v2, · · · vm, u1, u2, · · · , un be m+n vertices of Km,n. Now v′1, v
′
2, · · · v′m, u′1, u′2,

· · · , u′n be the corresponding vertices which are added in order to obtain S′(Km,n) with parti-



Steiner Domination Number of Splitting and Degree Splitting Graphs 85

tions W = {v′1, v′2, · · · v′m, u′1, u′2, · · ·u′n} and X = {v1, v2, · · · vm, u1, u2, · · ·un}. It is very clear

that W is a Steiner set as there are max{m,n} number of Steiner trees which include all the

vertices of the graph. Here W dominates all the vertices of the graph. Therefore, it is also a

dominating set. Thus, W is a Steiner dominating set. We claim that W is a Steiner dominating

set with minimum cardinality. If possible let U be any Steiner set such that |U | < |W | and

U ⊂ W . Then, there exists a vertex v′i ∈ W such that v′i /∈ U . But as the vertices of W are

mutually non adjacent, the Steiner U -tree containing v′j and v′k (j 6= i, k 6= i, 1 ≤ j, k ≤ n) will

not contain v′i. Therefore, U is not Steiner set. If U ⊂ X then some vertices of W and some

vertices of X which are not included in U are not in any Steiner U - trees. Therefore, U is not

Steiner set. Let U ⊂ W ∪ X such that U contain at least one vertex from each of W and X

then some vertices of W and X do not lie on any Steiner U -tree. Thus, U is not a Steiner set.

So, W is a Steiner dominating set of minimum cardinality m+ n. Hence

γs(S
′(Km,n)) = m+ n. 2

Proposition 2.8([4]) Let G be a connected graph of order p ≥ 2. Then γs(G) = 2 if and only

if there exists a Steiner dominating set S = {u, v} of G such that d(u, v) ≤ 3.

Theorem 2.9 γs(DS(Km,n)) = 2, m 6= n, m,n ≥ 2.

Proof Let v1, v2, · · · vm, u1, u2, · · ·un be m + n vertices of Km,n with partitions W =

{v1, v2, · · · vm} and X = {u1, u2, · · ·un}. In order to construct DS(Km,n) we add w1 and w2.

If we consider w1 and w2 in Steiner set W then S(W ) = V (G) and W is also a dominating set.

Therefore W becomes a Steiner dominating set and d(w1, w2) = 3. Hence by Proposition 2.8,

γs(DS(Km,n)) = 2. 2
Proposition 2.10([7]) Each extreme vertex of a connected graph G belongs to every Steiner

dominating set of G.

Theorem 2.11 γs(S
′(Fn)) = 2n+ 1.

Proof Let v0, v1, v2, . . . vn, vn+1, · · · v2n be the 2n+ 1 vertices of Fn where v0 is the apex

vertex. Now v′0, v
′
1, v

′
2, . . . v

′
n, v

′
n+1, · · · v′2n be the vertices which are added to obtain S′(Fn). The

vertices v′0, v
′
1, v

′
2, . . . v

′
n, v

′
n+1, · · · v′2n must be in Steiner dominating set W as they are extreme

vertices. But W = {v′0, v′1, v′2, . . . v′n, v′n+1, · · · v′2n} is not a Steiner dominating set as it is neither

a Steiner set nor a dominating set. Therefore, we must include some more vertices to obtain a

Steiner dominating set. Let v0 ∈W then S(W ) = V (S′(Fn)) and

W = {v′0, v′1, v′2, · · · v′n, v′n+1, · · · v′2n}

is a dominating set of minimum cardinality. Hence

γs(S
′(Fn)) = 2n+ 1. 2
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§3. Concluding Remarks

The Steiner domination in graphs is one of the interesting domination models. It is always

challenging to investigate Steiner domination number of a graph. We have obtained Steiner

domination number of larger graphs which are obtained by means of various graph operations.
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