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81. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology, we follow [5]. For a
detailed survey on graph labeling we refer to [4].

Path on n vertices is denoted by P,. G ® S,, is the graph obtained from G by attaching m
pendant vertices at each vertex of G. Let G; and G4 be any two graphs with p; and ps vertices
respectively. Then the cartesian product G; x Go has pips vertices which are {(u,v) : u €
G1,v € Go}. The edges are obtained as follows: (u1,v1) and (ug,v2) are adjacent in G1 X Ga
if either w3 = us and v; and vy are adjacent in Gy or w; and us are adjacent in G; and
v1 = vg. The ladder graph L, is a graph obtained from the cartesian product of P, and P,.
The triangular ladder T'L,,,n > 2 is a graph obtained by completing the ladder L,, by the edges
u;vi41 for 1 <4 < mn —1, where L, is the graph P, x P,. The slanting ladder SL,, is a graph
that consists of two copies of P, having vertex set {u; : 1 <i <n}{J{v;:1 <i<n} and edge
set is formed by adjoining u;+1 and v; for all 1 <i <n—1 ([2]).

Let P, be a path on n vertices denoted by w1, u1,2,u1,3, - ,u1,, and with n — 1 edges
denoted by e, ez, - ,e,—1 where e; is the edge joining the vertices uq; and uq41. On each
edge e;, erect a ladder with n — (i — 1) steps including the edge e;, for i = 1,2,3,...,n — 1.
The graph thus obtained is called a one sided step graph and it is denoted by ST,,. Let P, be
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a path on 2n vertices u1,1,u1,2,u1,3, - ,u1,2, and with 2n — 1 edges eq, ea, ..., e2,—1 Where ¢;
is the edge joining the vertices u; ; and uj ;+1. On each edge e;, we erect a ladder with ‘¢ 4 1’
steps including the edge e;, for i = 1,2,3,...,n and on each e; erect a ladder with 2n+ 1 —4
steps including e;, for i =n 4+ 1,n+ 2,--- ,2n — 1. The graph thus obtained is called a double
sided step graph and it is denoted by 25T5,,.

The study of graceful graphs and graceful labeling methods was first introduced by Rosa
[7]. The concept of mean labeling was first introduced by S. Somasundaram and R. Ponraj [8]
and it was developed in [6] and [9]. In [11], R. Vasuki et al. discussed the mean labeling of

cyclic snake and armed crown. In [1, 3], some graph labelings of step graphs were analyzed.

In a study of traffic, the labeling problems in graph theory can be used by considering the
crowd at every junctions as the weights of a vertex and expected average traffic in each street
as the weight of the corresponding edge. If we assume the expected traffic at each street as the
arithmetic mean of the weight of the end vertices, that eases mean labeling of the graph. When
we consider a geometric mean instead of arithmetic mean in a large population of a city, the
rate of growth of traffic in each street will be more accurated. Motivated by this, we establish

the geometric mean labeling on graphs.

Motivated by the works of so many authors in the area of graph labeling, we introduced
a new type of labeling called C-geometric mean labeling. A function f is called a C-geometric
mean labeling of a graph G if f : V(G) — {1,2,3,---,q + 1} is injective and the induced
function f*: E(G) — {2,3,4, -+ ,q + 1} defined as

f(uw) = [ f(u)f(v)—‘ for all uv € E(G)

is bijective. A graph that admits a C-geometric mean labeling is called a C-geometric mean

graph.
In [10], S. Somasundaram et al. defined the geometric mean labeling as follows.

A graph G = (V, E) with p vertices and ¢ edges is said to be a geometric mean graph if it
is possible to label the vertices x € V' with distinct labels f(z) from 1,2,---,¢+ 1 in such way
that when each edge e = wv is labeled with f(uv) = { f(u)f(v)J or { f(u)f(v)J then the
edge labels are distinct.

In the above definition, the readers will get some confusion in finding the edge labels which
edge is assigned by flooring function and which edge is assigned by ceiling function. Generally,
a graph G = (V, E) with p vertices and ¢ edges is said to be a Smarandache k-mean graph for
an integer k > 2 if it is labeled vertices € V with distinct labels f(x) from 1,2,--- ¢+ 1 in
such way that edge e = uv is labeled with f(uv) = H/WJ or R/WJ then the
edge labels are distinct. Clearly, a Smarandache 2-mean graph is nothing else but a geometric

mean labeling graph.

In [10], S. Somasundaram et al. have given the geometric mean labeling of the graph

C5 U C7 as shown in Figure 1.
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Figure 1 A geometric mean labeling of C5 U Cr.

From the above figure, for the edge uv, they have used flooring function { fl)f (v)J and

for the edge vw, they have used ceiling function L/ fl)f (v)—‘ for fulfilling their requirement.
To avoid the confusion of assigning the edge labels in their definition, we just consider the

ceiling function L/ flw)f (’U)—‘ for our discussion. Based on our definition, the C-geometric
mean labeling of the same graph C5 U C7 is given in Figure 2.

Figure 2 A C-geometric mean labeling of C5 U Cr

In this paper, we have discussed the C-geometric mean labeling of the ladder graphs L,
forn>2,L,®8, forn>2andm<2, TL, forn>2TL,®S,, forn>2and m<2,SL,
forn>2, SL,® S, forn > 2 and m < 2, step graph ST,, and double sided step graph 2575,.

82. Main Results

Theorem 2.1 The graph L,, is a C-geometric mean graph for n > 2.

Proof Let uy,usg, -+ ,u, and vi,ve,- - ,v, be the vertices of L, = P, x P,. Then the
ladder graph L,, having 2n vertices and 3n — 2 edges.

Define f: V(L,) — {1,2,3,...,3n — 1} as follows:

)
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Then the induced edge labeling is obtained as follows:

[ (uiug) = 3,

ffuiuigr) =3i+1, for2<i<n-1,
[ (vive) =4,

ff(ivig1) =31, for 2<i<n-—1and
ffuw;) =3i—1, for 1 <i<n.

Hence, f is a C-geometric mean labeling of the ladder P,, x P,. Thus the ladder P, x P»
is a C-geometric mean graph for n > 2. O

Theorem 2.2 The graph L, ® Sy, is a C-geometric mean graph for n > 2 and m < 2.

Proof Let uy,us, -+ ,u, and vy, v, - - , v, be the vertices of L,, = P, X P». Let wgi),wg),
. ,wgﬁ) and :vgl),;vg), . ,xsﬁ)

ladder L., for 1 <1i < n.

be the pendent vertices attached at each vertex u; and v; of the

Case 1. m=1.

Define f: V(L, ®S1) — {1,2,3,---,5n — 1} as follows:

flua) =3,

flu;))=5i—3, for2<i<mn,
flor) =4,

flo)=5i—2 for2<i<n,
f(wgi)):5z—4, for1<i<n,
f(xgl)) =2 and
F@)y=5i—1, for2<i<n.

ff(uwiuigpr) =5i, for 1 <i<n-—1,
ff(vivigr) =5bi+1, for 1 <i<n-1,
F*(uwr) = 4,
fuw) =5i—2, for 2<i<mn,
f*(uiwgi)) =5i—3, for1<i<n,
f*(legl)) =3 and
f*(viacgl)) =5i—1, for2<i<n.

Case 2. m=2.
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Define f : V(L, ® S2) — {1,2,3,--- ,7n — 1} as follows:

3 1=1
flug) = Tt — 2 2 <i<nandiis even
71—5 2<i<mnandiisodd,
5 i1=1
fvi) =19 Ti—4 2 <i<nandiiseven
7i—1 2<i<nandiisodd,
1 i1=1
f(wgz)) Ti—3 2<i<mnandiis even
71—6 2<i<nandiisodd,
3t+1 1<:<2
f(wﬁi))— 7i—6 3<i<nandiis even
7t —3 3<i¢<mnandiisodd
8 =1
and f(z$") =4 7i—5  2<i<nandiiseven
Tt — 2 2<i<mnandiisodd.

Then the induced edge labeling is obtained as follows:

6 i=1
i 2<i<n-—1,

fr(uwivipr) =

ffwvip1)=Ti+1, for1<i<n-1,
f(uv;) =Ti—3, for1<i<n,

2 i=1
f*(uiwgi)): Ti—2 2 <i<nandiiseven
71 —5 2<¢<mnandiisodd,
. (i) 7t—1 1 <i<nand?iiseven
fr(uiwy”) =
Tt —4 1<i<nandiisodd,
. (i) 7t —5 1 <i<nand?iiseven
[ruizy”) =
Tt — 2 1 <i<nandiisodd
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7 1=1
and f*(vixéi)) = 71— 4 2 <i<mnand?iis even
7t —1 2<i<mnandiisodd.

Hence, f is a C-geometric mean labeling of the graph L,, ® S,,. Thus the graph L,, ® Sy,

is a C-geometric mean graph for n > 2 and m < 2. O

Theorem 2.3 The graph T'L,, is a C-Geometric mean graph for n > 2.

Proof Let the vertex set of TL,, be {uy,ua, -+ ,Up,v1,v2, -+ ,v,} and the edge set of TL,,
be {wuir1;1 <i<n—1}U{vwit1;1 <i <n—1}U{uw; 1 <i <n}pU{vue;1 <i<n-—1}.
Then T'L,, has 2n vertices and 4n — 3 edges.

Define f : V(TL,) — {1,2,3,--- ,4n — 2} as follows:

flu)) =4i—=3, for 1 <i<mn,
flo;))=4i—1, for1 <i<n-1and
floy) =4n —2.

Then the induced edge labeling is obtained as follows:

f(ujuip) =4i—1, for 1 <i<n-—1,
ffuw) =4i—2, for 1 <i<mn,

fr(wvip1) =4i+1, for 1 <i<n-—1and

fr(viuip1) = 44, for 1 <i<n-—1.

Hence f is a C-geometric mean labeling of T'L,,. Thus the triangular ladder T'L,, is a

C-geometric mean graph for n > 2. O

Theorem 2.4 The graph T'L, ® Sy, is a C-geometric mean graph for n > 2 and m < 2.

Proof Let uy,usa, -+ ,uy and vy, va, - - - , vy, be the vertices of T'L,,. Let wgi),wg), e ,wﬁ,?and
xgl),xél), -, 2% be the pendent vertices attached at each vertex u; and v; of the ladder Ly,

for 1 <i<n.
Case 1. m=1.
Define f: V(TL, ®S1) — {1,2,3,--- ,6n — 2} as follows:

fur) =3,

fu;)) =6i—4, for2<i<n,
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flo)=6i—2 for1<i<n,
Fly=6i—5, for1<i<n,
f(azgl)) =2 and
F@{?)y=6i—3, for2<i<n.

Then the induced edge labeling is obtained as follows:

ffuugpr) =6i—1, for 1 <i<n-—1,
ff(vivig1) =6i+1, for 1<i<n-—-1,
fr(viuip1) =63, for 1 <i<n-—1,
F*(uwr) = 4,
ff(uw) =6i—3, for 2<i<mn,
f*(uiwgi)) =6i—4, for1<i<n,
f*(legl)) =3 and
f*(vi:tgi)) =6i—2, for2 <7< n.

Case 2. m =2.

Define f: V(TL, ® S2) — {1,2,3,--- ,8n — 2} as follows:

f(ul) =3,
flu;))=8i—3, for2<i<n,
f(v1) =5,
flo)=8i—5, for2<i<n,
fi) =1,
Fwl)y=8i—4, for2<i<n,
f(wél)) =2,
Fwi)=8i—2, for2<i<n,
fai?) =1,
F@)y=8i—7 for2<i<n,
f(xél)) =6 and
f(a:él)) =8 —6, for2<i<n.

Then the induced edge labeling is obtained as follows:

[H(urug) =17,
ffuwugr) =8i+1, for2<i<n-—1,

131
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[ (v1v2) =8,
ffwvig1)=8i—1, for2<i<n-—-1,
f(uv;) =8i—4, for1<i<n,
fr(viug) =9,
ffviuigr) =8i, for 2<i<n-—1,
I wwi?) =2,
f*(uzwgi)) =8 —3, for2<i<nm,
S (wws?) =3,
f*(uiwéi)) =8i—2, for2<i<n,
F(at?) =5,
f*(vixgi)) =8i—6, for2<i<n,
f*(leél)) =6 and
f*(vixéi)) =8 —5, for2<i<n.

Hence, f is a C-geometric mean labeling of the graph T'L,,® S.

is a C-geometric mean graph for n > 2 and m < 2.

'm- Thus the graph TL,, ® S;,

O

Theorem 2.5 The graph SL, is a C-geometric mean graph for n > 2.

Proof Let the vertex set of SL,, be {uy,ug,---

y Un, V1, V2, "«

, Ut and the edge set of SL,

be {ujuitr1;1 <i <n—1}U{vvir1;1 <i<n -1} U{vui41;1 <i <n—1}. Then SL, has

2n vertices and 3n — 3 edges.

Define f : V(SL,) — {1,2,3,---

,3n — 2} as follows:

Then the induced edge labeling is obtained as follows:

(U1u2

Fr(uiwigq -2, for2<i<n-1,

n — 2 and

2

3

3i+2, forl<i<n-—2,
f*(vp—1vn) =3
3

(U’Lu”LJrl

)
)
[ (vivier)
)
)

i, for 1 <i<mn-—1.

Hence f is a C-geometric mean labeling of SL,. Thus the slanting ladder SL,, is a C-

geometric mean graph for n > 2.

O
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Theorem 2.6 The graph SL, ® Sy, is a C-geometric mean graph for n > 2 and m < 2.
Proof Let uy,ug, -+ ,u, and vy, v, - - - , vy, be the vertices of SL,,. Let wgi),wg), e ,wﬁ,?and
(@ )
xl 7x2 R

,ngl) be the pendent vertices attached at each vertex u; and v; of the ladder L,,
for 1 <i<n.

Case1l. m=1andn > 3.

Define f : V(SL, ® S1) — {1,2,3,--- ,5n — 2} as follows:

flur) =2,
flu;)) =5i—6, for2<i<mn,
f(v1) =6,
flvu;)=5i, for2<i<n-—1,
f(vp) =5n — 2,
i) =1,
f(wgi))=5i—7, for2<i<n,
f@) =1,
f($§i))=5i+1, for2<i<n-—1and
f@™) =5n-3

Then the induced edge labeling is obtained as follows:

[r(uguipr) = 3Z: 5 Z =7
5 —3 3<i<n—1,

ff(vivig1) =5i+3, for 1 <i<n-—-2,
" (Un—1vp) = 5n = 3,

fr(winip1) =5i, for 1 <i<n-—1,
Frunw?) =2,

f*(ulwgi)) =5i—6, for2<i<n,
frnat) =7,

f*(legz‘)) =5i+1, for2<i<n-—1and
f*(vnxgn)) =b5n—2.

Case 2. m=2andn > 3.
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21+ 1
flui) =< 7i—6
7 —9
mn — 10
f(un) =
™m—9
9
fvi) =4 Ti+2
T —1
™ — 13
f(vn—2) -
™ — 15
f(vn—l) =Tn—35,
fluy) =Tn -3,
1
fih=4 """
-7
71— 10
mn — 10
45 — 2
Fiy =4 7i-5
T — 8
g =4 T
™m—8
8
Fay =2 7
7t — 3
a4
™ — 17
fairy = e
™m—1T7

Define f : V(SL, ® S2) — {1,2,3,---,Tn — 2} as follows:

1<i<2
3<i<n-—1andiis even
3<t<n-—1and7isodd,
n is even

n is odd ,

1=1
2<i<n-—3andiiseven
2<i<n-—3andz7isodd,
n is even

n is odd ,

i=1

2<i<3
4<i<n-—1andiiseven
4<i<n-—1andiisodd,
n is even

n is odd ,

1<i<2
3<i<n-—1andiis even

3<t<n-—1and7isodd,

n is even

n is odd ,

1=1

2<i<n-3andiis even

2<i<n-—3andz7isodd,
n is even

n is odd ,

n is even

n is odd ,
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Fah={ 7i41
Ti— 2
pagy =4 MY
n — 16
f(acé"il)) =m-6

and f(xén)) =Tn—2.

135

i=1
2<i<n-—3andiiseven

2<i<n-—3andiisodd,

n is even

n is odd ,

Then the induced edge labeling is obtained as follows:

. 44
[ruuipr) = _
Tt —4
™ — 13
[ (un—1un) =
™ —11
. 12
fr(vivigr) = _
T+ 4
™m—9
f*(vn72vn71) =
™ — 10

f*(vnflvn) =Tn—4,

1<i<2
3<1<n—2,

n is even

n is odd ,

n is even

n is odd ,

ffwiwigr) =Ti, for 1 <i<n-—-1,

2
. 61— 7
Fr(uiw?) =
71— 6
71 —9
n — 10
Fr(upwi™) =
™ —9
31
Fuwi)y =4 7i-5
7, — 8

f*(unwén)) =Tn—8,

Py =1¢ 7i+1

71— 2

=1

2<1<3
4<i<n-—1andiis even
4<i<n-—1andiisodd,
n is even

n is odd ,

1<3<2
3<i<n-—1andiiseven

3<i<n-—1andiisodd,

i=1
2<i<n-—3andiiseven

2<i1<n-—3and7isodd,
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. (n—2) n—12 n is even
[ (vn—2my )=
n — 16 n is odd ,
f*(vn_lacg"*l)) =" — 6,
f*(vnxgn)) =" — 3,
10 =1
f*(vi:rgi)): Ti+ 2 2<i<n-—3andiis even
Ti—1 2<i1<n-—3andz7isodd,
n T —11 n is even
Fr om0y ) =
n — 15 n is odd ,

Fropzd )= —5
and f*(vnxén)) =Tn—2.

Case 3. m=1,2and n=2.

The C-geometric mean labeling of SLs ® S7 and SLs ® S is given in Figure 3.

Figure 3 The C-geometric mean labeling of SLo ® S; and SLy ® Ss.

Hence, f is a C-geometric mean labeling of the graph SL, ® S,,. Thus the graph SL,,®.S,,

is a C-geometric mean graph for n > 2 and m < 2. O

Theorem 2.7 The graph ST, is a C-geometric mean graph for n > 2.

Proof Let u11,u1,2,U1,3, " , Ul n, U2,1,U2,2,U2,3, "+ , U2, 0, U3,1,U3,2,U3,3, "+ , U3 n—1, Ud,1,

Ug,2,Ua3, "+ ,Udn—2," * ,Un,1,Un,2 be the vertices of the step graph ST,,.

In w; ;,i denotes the row (counted from bottom to top) and j denotes the column (counted

from left to right) in which the vertex occurs.
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Define f : V(ST,) — {1,2,3,--- ,n?> + n — 1} as follows: For 1 <i<n—1,

\_

(n+1—4)2+2(j—1) << |
fluiz) = o

1
m+1—i)(n+3—1i)—2j+1 |22=t] 41 <

n+1-—i,

M

fuint2—i) =n+1—-9)(n+3—1), for2<i<n-—-1,
f(up,1) =3 and
f(’u,n)g) =1.

Then the induced edge labeling is obtained as follows:

For1<i<n-2,

(n+1—i)?+2j—1 1<j< |22t —1
) n+1-i)2+2j—1 j=|"t2=] and i is odd
f (i) = (n+1—d)(n+3—i)—2j  j=|2E2=] and i is even
(n+1—4)(n+3—i)—2j | 22— 4 1<j<n—i

fr (Un 1,1Un—1,2

5,
2

(un lun 2 )

n+1-d)(n+2—1i), for2<i<n-—1,
(n—i—l—z)(n—i), for1<i<n-—2,

Fruiiuiz

)=

)

f (Wit 1—iUigt1,nr2—4)
)

[ (un—1,1un,1)

For1<i<n-3,
( (n—i)+2j—1 2<j
(n+1—14)(n-— )+2]—1
[ (i juiga,;) =
" ( )
( )

n+l—i)(n+2—14)—2j

[ (Un—22un—12) =38,
f (un71,2un 2) =3,

[ (Uins1—itig1ins1-i) =(n+1—49)2 for 1 <i<n—2
and f*(un—12Un2) = 3.

Hence, f is a C-geometric mean labeling of S7T,,. Thus the step graph ST, is a C-geometric
mean graph, for n > 2. O

Theorem 2.8 The graph 2575, is a C-geometric mean graph, for n > 2.

Proof Let w1 1,u1,2, 1,3, , Ul n, U2,1,U2,2,U2,3, " * , U220, U3,1,U3,2, U3,3, " "+ , U3 2n—2, Ud, 1,
Ug,2,Ua3, "+ ,Ud2n—d, " ,Unt1,1, Un+1,2 De the vertices of the double sided step graph 25T5,.
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In w; ;,i denotes the row (counted from bottom to top) and j denotes the column (counted

from left to right) in which the vertex occurs.
Define f : V(25Ts,) — {1,2,3,---,2n? + 3n} as follows:

Fun ) m24+n+1+2(—-1) 1<j<n
’U,ly' =
! M2+3n—2(j-n—1) n+1<j<2n,
for2<i<nand2<j<n+2-—1,
fluij) =2(n+1—-i)>+(n+2—i)+2(j - 2),

for2<i<mandn+3-i<j<2n+3-—2i

f(uw):2(”+1—i)2+3(n+1—i)—2(2'4_]'_”_3),

f(u21):2n +n—2,

flui1) =3,

flui2) =1,

fuin) =2(n+2—i)2+n—1i, for 3<i<mn and
f(Uignya—2i) =2(n+2—49)>+n+1—4, for 2<i<n.

Then the induced edge labeling is obtained as follows:

. 2?2 +n+2+2(3—-1) 1<j<n
[ jun, i) = . . ,
M*+3n+1-2(—-n) n+1<j<2n-1,
for2<i<n—-land2<j<n+2-—i,

Fruiguigen) = 2(n+1 =0 + (n+3 — i) +2(j - 2),

for2<i<n—landn+3—-:¢<j<2n+2— 2,

Fr(uijuijrr) =2n+1—0)* +3n+1—i)+1-2(+j—n—2),
F*(Wions3—2itit1ont2-2i) =2(n+1—i)* +(n+2—4), for 2<i <n—1,
J* (Un gunt1,2) =3,
I (un,2un3) =5,
[ (Unt11Unt1,2) =2,
[ (urugy) = 2n* +n,
*(uronugon) = 2n* +n+ 1,
[(uiguizi1) =2n+1—9) +n+1—4, for2<i<n-—1,
J (Un2ung11) = 4,
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. 2n2 —n+2+2(j - 2) 2<j<n
[ (un jug,5) = ) , .
P +n—1-2(j—-n—-1) n+1<j5j<2n-1,

for2<i<m—-land3<j<n+2-—i,
f(uiguivijo1) =2(n+1—-0)? = (n+1—14)+2(j — 2),
for2<i<m—landn+3—i<j<2n+2-—2i,

f*(uiyju”lyj,l) = 2(71 +1-— Z)2 + (n +4— Z) - 2(Z —|—j —n — 1),
Ff(uiguiz) =2(n+1—49)2 +3(n+1—4i)+1, for 2<i<n and
=2

S (Wi, 2n 43— 26Ui 2n4-4—2:) (n+1—-49)2+3n+1-14)+2, for2<i<n.

Hence, f is a C-geometric mean labeling of 257T5,,. Thus the double sided step graph 2575,
is a C-geometric mean graph, for n > 2. O
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