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Abstract: The present paper explores interconnections between sequences related to con-

vergents of generalized golden ratios and four kinds of Tchebychev polynomials. By defining

and adding Brahmagupta polynomials of third and fourth kind, the paper also interconnects

the four kinds of Brahmagupta polynomials to the four kinds of Tchebychev Polynomials

respectively. In this way, the present paper provides two spectacular views of Tchebychev

polynomials of all four kinds through golden ratio and Brahmagupta polynomials.
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§1. Introduction

The algebraic integer Φ = −1+
√

5
2 obtained as one of the roots of the quadratic equation

t2 + t − 1 = 0 is well known in the literature as golden ratio. Φ is also given by the beautiful

continued fraction expansion

Φ =
1

1 +

1

1 +

1

1 + ··· +

1

1 + ···
= lim

n−→∞
Fn

Fn+1
, (1)

where Fn is the well known Fibonacci numbers. Approximating Φ by
Fn

Fn+1
for a suitable n,

ancient Greek architects have constructed what are called golden triangles, golden rectangles

and so on, which have enhanced the beauty of architecture of their buildings. An elegant

number theoretic result is that (Ln, Fn), where Ln = Fn−1 + Fn+1 is well known as Lucas

number, satisfies the quadratic Diophantine equation

L2
n − 5F 2

n = 4(−1)n.

For more details please refer [6], [9], [10]. Choosing one of the roots of xt2 + t − 1 = 0 and

t2 + xt − 1 = 0 one gets the following two generalizations of golden ratio with interesting
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continued fraction expansions ([7], [11])

Φ1(x) =
−1 +

√
1 + 4x

2x
=

1

1 +

x

1 +

x

1 +

x

1 + ··· +
, x ≥ 0, (2)

Φ2(x) =
−x +

√
x2 + 4

2
=

1

x +

1

x +

1

x +

1

x + ··· +
, x > 0. (3)

They have a nontrivial interconnection become

Φ2(x) =
1

x
Φ1

(
1

x2

)
. (4)

When x = 1, Φ1(1) = Φ2(1) = Φ.

The four kinds of Tchebychev polynomials well studied in the literature ( [1], [3], [7]) are

described below when x = cos θ :

Tn(x) = cosnθ ; T0 = 1, T1(x) = x, · · · ,

Un(x) =
sin(n + 1)θ

sin θ
; U0 = 1, U1(x) = 2 x, · · · ,

Vn(x) =
cos(n + 1

2 )θ

cos 1
2 θ

; V0 = 1, V1(x) = 2 x − 1, · · · ,

Wn(x) =
sin(n + 1

2 )θ

sin 1
2θ

; W0 = 1, W1(x) = 2 x + 1, · · · .

They satisfy the three term recurrence relations

Pn+1(x) = 2 xPn(x) − Pn−1(x)

with the above initial condition. Their interrelations are nicely described below in the literature

([1], [3], [7]):

Un(x) =
T ′

n+1(x)

n + 1
,

Vn(x) =
Tn+1(x) + Tn(x)

x + 1
= Un+1(x) − Un(x)

and Wn(x) =
Tn+1(x) − Tn(x)

x − 1
= Un+1(x) + Un(x) = (−1)nVn(−x).

Their link to trigonometric functions will yield the following worth quoting orthogonality prop-

erties ([1], [3], [7]):

∫ 1

−1

Tm(x)Tn(x)
1√

1 − x2
dx =





0, m 6= n;

π, m = n = 0;

π
2 , m = n 6= 0,
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∫ 1

−1

Um(x)Un(x)
√

1 − x2dx =





0, m 6= n;

π
2 , m = n,

∫ 1

−1

Vm(x)Vn(x)

√
1 + x

1 − x
dx =





0, m 6= n;

π, m = n.

∫ 1

−1

Wm(x)Wn(x)

√
1 − x

1 + x
dx =





0, m 6= n;

π, m = n.

An amazing result on {Tn+1, Un} is that the continued fraction expansion ([11])

√
x2 − 1 = x − 1

2x −

1

2x −

1

2x −

1

2x − ···
, x > 1, (5)

which is constructed using

√
x2 − 1 = x − 1

x +
√

x2 − 1
, x > 1

has the sequence of convergents

{
P (x)

Q(x)

}
=

{
x

1
,
2x2 − 1

2x
, . . . ,

Tn+1(x)

Un(x)
, . . .

}
. (6)

A related result is that the following continued fraction ([11])

√
x + 1

x − 1
= 1 +

2

2x − 1 −

1

2x −

1

2x −

1

2x − ···
, x > 1, (7)

which can also be written as

√
x + 1

x − 1
= 1 +

2

(x − 1) +
√

x2 − 1
, x > 1

has the sequence of convergents

{
P̃ (x)

Q̃(x)

}
=

{
1

1
,
2x + 1

2x − 1
, · · · ,

Wn(x)

Vn(x)
, . . .

}
. (8)

A pair of two variable polynomials with a parameter (xn(x, y, t), yn(x, y, t)) is said to be

Brahmagupta polynomials ([5], [6], [9]) if xn(x, y, t) and yn(x, y, t) satisfy

(xn ± yn

√
t) = (x ± y

√
t)n, n = 0, 1, 2, . . .

or x2
n − ty2

n = (x2 − ty2)n

or (x2
m − ty2

m)(x2
n − ty2

n) = (xmxn + tymyn)2 − t(xmyn + xnym)2. (9)

The last identity (9) is called Brahmagupta identity ([12]), which is a more general form
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of Diophantine identity

(x2
m + y2

m)(x2
n + y2

n) = (xmxn − ymyn)2 + (xmyn + xnym)2.

Both xn and yn satisfy the following three term recurrence relations:

xn+1 = 2x xn − (x2 − ty2)xn−1, x0 = 1, x1 = x, n = 1, 2, 3, · · · (10)

and
yn+1

y
= 2x

yn

y
− (x2 − ty2)

yn−1

y
,

y1

y
= 1,

y2

y
= 2x, n = 2, 3, 4, · · · . (11)

They are related to golden ratio as well as Tchebychev polynomials by the following rela-

tions [9]:

(1) For x =
1

2
, y =

1

2
and t = 5, one recovers easily

−x + y
√

t = Φ,

2xn = Ln,
yn+1

y
= Fn+1.

(2) For x2 − ty2 = 1, one gets directly

xn = Tn(x),
yn+1

y
= Un(x), n = 0, 1, 2, · · · .

In the background of the above curious ideas and results the paper intends to do justice to

its title. In the next section, the convergents of
√

x+1
x−1 related to Φ1(x) are shown to be related

to all the four kinds of Tchebychev polynomials in a rigors manner. The convergents of Φ1(x)

and Φ2(x) are shown to be related to Un(x) and Vn(x) only. In the third and the last section,

first two kinds of Brahmagupta polynomials are shown to be related to Tn(x) and Un(x).

The new things added are Brahmagupta polynomials of third and fourth kind which are

defined with the help of Brahmagupta polynomials of second kind. Of course when x2−ty2 = 1,

all of them will become respective kinds of Tchebychev polynomials.

§2. Generalization of Golden Ratio and Expressions for Their Convergents Interms

of Tchebychev Polynomials

First let us consider the generalization of the golden ratio

Φ1(x) =
−1 +

√
1 + 4x

2x
=

∞∑

n=0

(−1)nCnxn

valid for |x| < 1
4 , where Cn =

1

n + 1

(
2n

n

)
is the nth Catalan number. The above series is a
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Stieltje’s series ([8], [11]) because

−1 +
√

1 + 4x

2x
=

1

4

∫ 4

0

dt√
1 + xt

=
1

1 +

x

1 +

x

1 +

x

1 + ···
, x > 0

and the sequence of convergents is

{
P (x)

Q(x)

}
=

{
1

1
,

1

x + 1
,

1 + x

1 + 2x
,

1 + 2x

1 + 3x + x2
, · · · ,

An(x)

An+1(x)
, · · ·

}
,

where

An+1(x) = An(x) + xAn−1(x),

A1(x) = 1, A2(x) = 1, n = 2, 3, 4, · · · .

For x = 1, as expected one gets

An = Fn, n = 1, 2, 3, · · · .

In order to express An(x) interms of Tchebychev polynomials, we use

1 +
√

1 + 4x

2
=

[−1 +
√

1 + 4x

2x

]−1

= 1 +
x

1 +

x

1 + ··· +

x

1 + ···
, x > 0 (12)

and the sequence of convergents is

{
P (x)

Q(x)

}
=

{
1

1
,
1 + x

1
,
1 + 2x

1 + x
, · · · ,

An+1(x)

An(x)
, · · ·

}
.

Let us apply the following transformation

x =
1

2(s − 1)
or s − 1 =

1

2x
, x > 0,

which enables us to wrote
√

1 + 4x =

√
s + 1

s − 1
.

Since

√
1 + 4x = 1 + 2x

[−1 +
√

1 + 4x

2x

]

= 1 +
2x

1 +

x

1 +

x

1 + ··· +

x

1 + ···
, x > 0.
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Using the above transformation

√
s + 1

s − 1
= 1 +

1
s−1

1 +

1
2(s−1)

1 + ···

= 1 +
1

s − 1 +

1

2 +

1

s − 1 +

1

2 + ···
, x > 0, (13)

which is valid because s = 1 + 1
2x , x > 0 and the sequence of convergents is

{
P (x)

Q(x)

}
=

{
1

1
,

s

(s − 1)
,

2s + 1

2s − 1
,

2s2 − 1

2(s − 1)2s
, · · · ,

P2n−1(s)

Q2n−1(s)
,

P2n(s)

Q2n(s)
, · · ·

}
.

The numerator and denominator polynomials of the continued fraction (13) satisfy the

following relations:

(1) P2n+1(s) = 2P2n(s) + P2n−1(s);

(2) P2n(s) = (s − 1)P2n−1(s) + P2n−2(s);

(3) Q2n+1(s) = 2Q2n(s) + Q2n−1(s);

(4) Q2n(s) = (s − 1)Q2n−1(s) + Q2n−2(s).

Using the above relation, we get the following three term recurrence relation for the odd

and the even convergents of the continued fraction (13):

P2n+1(s) = 2 [(s − 1)P2n−1(s) + P2n+2(s)] + P2n−1(s)

= 2s P2n−1(s) + [2 P2n−2(s) − P2n−1(s)],

P2n+1(s) = 2s P2n−1(s) − P2n−3(s)

and

P2n(s) = (s − 1) [2 P2n−2(s) + P2n−3(s)] + P2n−2(s)

= 2s P2n−2(s) + [(s − 1) P2n−3(s) − P2n−2(s)],

P2n(s) = 2s P2n−2(s) − P2n−4(s).

Similarly, we obtain the followings:

Q2n+1(s) = 2s Q2n−1(s) − Q2n−3(s)

and

Q2n(s) = 2s Q2n−2(s) − Q2n−4(s).

Since

P1(s) = 1, P3(s) = 2s − 1,

P2n−1(s) = Vn−1(s); n = 1, 2, 3, · · · ,
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Q1(s) = 1, Q3(s) = 2s + 1,

Q2n−1(s) = Wn−1(s); n = 1, 2, 3, · · · ,

P2(s) = s, P4(s) = 2s2 − 1,

P2n(s) = Tn(s); n = 1, 2, 3, · · ·

and

Q2(s) = (s − 1), Q4(s) = (s − 1)2s,

Q2n(s) = (s − 1)Un−1(s); n = 1, 2, 3, · · · .

The odd and even convergents of the continued fraction (12) are:

A2n(x)

A2n−1(x)
=

1

2

[
1 +

Wn−1(s)

Vn−1(s)

]
=

Un−1(s)

Vn−1(s)

=
xn−1Un−1

(
1 + 1

2x

)

xn−1Vn−1

(
1 + 1

2x

)

and

A2n+1(x)

A2n(x)
=

1

2

[
1 +

Tn(s)

(s − 1)Un−1(s)

]
=

1

2(s − 1)

[
(s − 1)Un−1(s) + Tn(s)

Un−1(s)

]

=
1

2(s − 1)

Vn(s)

Un−1(s)

=
xnVn

(
1 + 1

2x

)

xn−1Un−1

(
1 + 1

2x

) .

As a result, we obtain

Vn

(
1 +

x

2

)
= xn A2n+1

(
1

x

)
,

Un

(
1 +

x

2

)
= xn A2n+2

(
1

x

)
.

Now, we obtain the odd and even convergents of the continued fraction (12) interms of

second and third kind of Tchebychev polynomials

A2n−1(x)

A2n(x)
=

xn−1Vn−1

(
1 + 1

2x

)

xn−1Un−1

(
1 + 1

2x

)

and

A2n(x)

A2n+1(x)
=

xn−1Un−1

(
1 + 1

2x

)

xnVn

(
1 + 1

2x

) .

(Similar results are derived in [7].)
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Similarly the following continued fraction

Φ2(x) =
−x +

√
x2 + 4

2
=

1

x



−1 +

√
1 + 4

x2

2
x2




=
1

x +

1

x + ··· +

1

x + ···
, x > 0 (14)

has the following odd and even convergents:

B2n−1(x)

B2n(x)
=

1

x

A2n−1

(
1
x2

)

A2n

(
1
x2

) =
1

x

(x2)n−1A2n−1

(
1
x2

)

(x2)n−1A2n

(
1
x2

)

=
1

x

Vn−1

(
1 + x2

2

)

Un−1

(
1 + x2

2

)

and

B2n(x)

B2n+1(x)
=

1

x

A2n

(
1
x2

)

A2n+1

(
1
x2

) =
1

x

x2(x2)n−1A2n

(
1
x2

)

(x2)nA2n+1

(
1
x2

)

= x
Un−1

(
1 + x2

2

)

Vn

(
1 + x2

2

) .

Hence

A2n+1(x) = xnVn

(
1 +

1

2x

)
, A2n+2(x) = xnUn

(
1 +

1

2x

)
,

B2n+1(x) = Vn

(
1 +

x2

2

)
, B2n+2(x) = x Un

(
1 +

x2

2

)
.

For x = 1, we obtain

F2n+1 = A2n+1(1) = B2n+1(1) = Vn

(
3

2

)
,

F2n+2 = A2n+2(1) = B2n+2(1) = Un

(
3

2

)
, n = 0, 1, 2, 3, · · · .

§3. Connections Between Tchebychev Polynomials and Brahmagupta Polynomials

of All Four Kinds

Brahmagupta polynomials have the following binet forms ([9]):

xn(x, y; t) =
1

2
[(x + y

√
t)n + (x − y

√
t)n], n = 0, 1, 2, 3, · · ·

and
yn+1(x, y; t)

y
=

1

2y
√

t
[(x + y

√
t)n+1 − (x − y

√
t)n+1], n = 0, 1, 2, 3, · · · .
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Put β = x2 − ty2 or y
√

t =
√

x2 − β, then we obtain

xn(x, y; t) =
1

2
[(x +

√
x2 − β)n + (x −

√
x2 − β)n]

=
β

n
2

2




 x√

β
+

√(
x√
β

)2

− 1




n

+


 x√

β
−
√(

x√
β

)2

− 1




n


=
β

n
2

2
Tn

(
x√
β

)

and similarly,

yn+1(x, y; t)

y
=

1

2
√

x2 − β
[(x +

√
x2 − β)n+1 − (x −

√
x2 − β)n+1]

=
β

n
2

2

√(
x√
β

)2

− 1





 x√

β
+

√(
x√
β

)2

− 1




n+1

−


 x√

β
−
√(

x√
β

)2

− 1




n+1



= β
n
2 Un

(
x√
β

)
.

Motivated by Tchebychev polynomials of third and forth kind, we can define Brahmagupta

polynomials of third and forth kind respectively as follows:

vn(x, y; t) =
yn+1(x, y; t)

y
− β

yn(x, y; t)

y
,

wn(x, y; t) =
yn+1(x, y; t)

y
+ β

yn(x, y; t)

y
.

As a result, we obtain

v0 = w0 =
y1

y
= 1,

v1 = 2x − β, w1 = 2x + β,

vn+1(x, y; t) = 2x vn(x, y; t) − β vn−1(x, y; t),

wn+1(x, y; t) = 2x wn(x, y; t) − β wn−1(x, y; t).

Hence

vn+1(x, y; t) = β
n
2

[
Un

(
x√
β

)
−
√

β Un−1

(
x√
β

)]
,

wn+1(x, y; t) = β
n
2

[
Un

(
x√
β

)
+
√

β Un−1

(
x√
β

)]
.
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If β = 1, we get back

vn

(
x, y;

x2 − 1

y2

)
= Un(x) − Un−1(x) = Vn(x),

wn

(
x, y;

x2 − 1

y2

)
= Un(x) + Un−1(x) = Wn(x),

which are the Tchebychev polynomials of third and forth kind respectively.

The following are generating functions of Tn(x), Un(x), Vn(x) and Wn(x) ([1], [2], [4]):

(1) T (s) = 2

∞∑

n=1

Tn(x)

n
sn;

(2) U(s) =
∞∑

n=1

Un(x)sn =
1

1 − 2xs + s2
;

(3) V (s) =

∞∑

n=0

Vn(x)sn = (1 − s) U(s);

(4) W (s) =
∞∑

n=0

Wn(x)sn = (1 + s) U(s).

It is shown that U(s) = eT (s) ([2]). One can extend the above results to xn(x, y; t),
yn+1(x,y;t)

y , vn(x, y; t) and wn(x, y; t) including the results in [9]:

(1) X(s) = 2

∞∑

n=1

xn(x, y; t)

n
sn;

(2) Y (s) =
∞∑

n=1

yn+1(x, y; t)

y
sn =

1

1 − 2xs + β s2
;

(3) Ṽ (s) =

∞∑

n=0

vn(x, y; t)sn = (1 − β s) U(s);

(4) W̃ (s) =

∞∑

n=0

wn(x, y; t)sn = (1 + β s) U(s);

(5) Y (s) = eX(s).

In this way, the present paper provides two spectacular views of Tchebychev polynomials

of all four kinds through golden ratio and Brahmagupta polynomials.

Acknowledgement

We thank both UGC-SAP, DRS-I, No. F.510/2/DRS/2011(SAP-I) and UGC, Govt. of India

for encouraging this work under Post Doctoral Fellowship For SC/ST Candidates Order No.

F./PDFSS - 2014 -15-ST-KAR-10116.



Tchebychev and Brahmagupta Polynomials and Golden Ratio—Two New Interconnections 67

References

[1] K.Aghigh, M.Masjed - Jamei and M.Dehghan, A survey on third and fourth kind of Cheby-

shev polynomials and their applications, Appl. Math. Comput., 199 (2008), 2 - 12.

[2] A.Erdelyi, Higher Transcendental Functions, McGraw - Hill, New York, 1955.

[3] W.Gautschi, Orthogonal Polynomials: Computation and Approximation, Oxford University

Press, New York, 2004.

[4] J. C.Mason, and D. C.Handscomb, Chebyshev Polynomials, CRC Press LLC, New York,

2003.

[5] R.Rangarajan, A Result of Ramanujan and Brahmagupta Polynomials described by a

Matrix Identity, Math. Combin.Book.Ser., 3 (2010), 57-63.

[6] R.Rangarajan and H. S.Sudheer, The Brahmagupta polynomials in two complex variables

and their conjugates, The Fibonacci Quarterly, 40 (2002), 161-169.

[7] R.Rangarajan and P.Shashikala, A pair of classical orthogonal polynomials connected to

Catalan numbers, Adv. Studies Contemp. Math., 23 (2013), 323 - 335.

[8] R.Rangarajan and P.Shashikala, Computation of four orthogonal polynomials connected

to Eulers generating function of factorials, International J. Math. Combin., 4 (2013), 49 -

57.

[9] E. R.Suryanarayan, The Brahmagupta polynomials, The Fibonacci Quarterly, 34 (1996),

30-39.

[10] S.Vajda, Fibonacci and Lucas Numbers and Golden section, Theory and Applications, Ellis-

Horwood, New York, 1989.

[11] H. S.Wall, Analytic Theory of Continued Fractions, D. Van Nostrand Company, New York,

1948.

[12] A.Weil, Number Theory: An Approach through History from Hammurapi to Legendre,

Birkhauser, Boston, 1983.


