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Abstract: The present paper explores interconnections between sequences related to con-
vergents of generalized golden ratios and four kinds of Tchebychev polynomials. By defining
and adding Brahmagupta polynomials of third and fourth kind, the paper also interconnects
the four kinds of Brahmagupta polynomials to the four kinds of Tchebychev Polynomials
respectively. In this way, the present paper provides two spectacular views of Tchebychev

polynomials of all four kinds through golden ratio and Brahmagupta polynomials.
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§1. Introduction

The algebraic integer ® = # obtained as one of the roots of the quadratic equation
t2 +t—1 = 0 is well known in the literature as golden ratio. ® is also given by the beautiful

continued fraction expansion

1 1 1 1 F,
b=- - - - = lim , 1
1 +14+14+ o +1 4 . n—o00 fp1q ( )

F,
where F), is the well known Fibonacci numbers. Approximating ® by —— for a suitable n,

7+
ancient Greek architects have constructed what are called golden triangles, golden rectangles
and so on, which have enhanced the beauty of architecture of their buildings. An elegant
number theoretic result is that (L, Fy,), where L, = F,,_1 + F,41 is well known as Lucas

number, satisfies the quadratic Diophantine equation
L2 —5F2% = 4(—1)".

For more details please refer [6], [9], [10]. Choosing one of the roots of zt?> +t — 1 = 0 and
t2 + 2t — 1 = 0 one gets the following two generalizations of golden ratio with interesting
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continued fraction expansions ([7], [11])

q)(x)i—l—l—\/l—l—élxil T r >0 @)
! o 2.’[] _1-|-1-!,-1.!,_14_..._;,_7 ’
Bpla) = —vFverrd 1111 z>0 (3)
2 o 2 _.’L'+,CC+,I+(E+...+, ’

They have a nontrivial interconnection become

When z =1, 1(1) = &5(1) = .

The four kinds of Tchebychev polynomials well studied in the literature ( [1], [3], [7]) are
described below when x = cos :

T.(x) = cosnd i To=1, Th(x)==x, -,
Un(z) = W s Up=1, Ui(x) =2z, -,
Vi(z) = % s Vo=1, ilg)=22—1,---,
Wyn(z) = w ;s Wo=1, Wi(z)=22+1,--- .

sin %9
They satisfy the three term recurrence relations
Poyi(z) =2 aP,(z) — Py—1(2)

with the above initial condition. Their interrelations are nicely described below in the literature

([ 3], [7D):

Va(z) = W = Uns1(z) — Un(x)
and Wh(z) = w =Up+1(z) + Un(z) = (=1)"Vou(—2).

Their link to trigonometric functions will yield the following worth quoting orthogonality prop-
erties ([1], [3], [7]):

L 0, m#mn;
1
%a m:n#oa
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1 0, m#n;

/ Un(2)Up(2)V1 —22dz = 7
—1 %7 m=n,

1

1 0, m#n;

/ Vi @)V (@) L dz = #
—1 L—x T, m=n

1

1-— 0, m#n;

Wi (2)W, () Tz = 7
-1 I+ T, m=n

An amazing result on {T),4+1,U,} is that the continued fraction expansion ([11])

1 1 1 1
Vi2—-l=z—- — ,  x>1, (5)

20 _ 20 _ 2x _ 21 _ .

which is constructed using
3 1
Vet —l=0— ————, x>1

has the sequence of convergents

{583}‘{%2i;1’~-7%%%?7~}- (6)

A related result is that the following continued fraction ([11])

1 2 11 1
Vo1 VT w o1 %% b (7)

which can also be written as

ww+1—1+ 2 r>1
r—1 (x—l)—l—\/m,

has the sequence of convergents

Pyl _[l2c+l W@
{@(x)}_{l’%—y V(@) } ®)

A pair of two variable polynomials with a parameter (x,(z,y,t),yn(x,y,t)) is said to be

Brahmagupta polynomials ([5], [6], [9]) if 2, (z,y,t) and y,(z,y,t) satisfy

(@ £yaVt) = (zyVD)",  n=0,1,2,...
or wn —tyn = (2 —ty?)"
or (xfn — tyfn)(xi — tyfl) = (zmxn+ tymyn)2 — t(xmyn + xnym)2. (9)

The last identity (9) is called Brahmagupta identity ([12]), which is a more general form
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of Diophantine identity
@k +y2) @2 +2) = (@mTn — Ym¥n)® + (@mYn + Tnym)”.

Both z,, and y,, satisfy the following three term recurrence relations:

Tpy1 =20z, — (22 —ty)zny, To=1, T1=2, n=1,23,- - (10)
and
Intl _gpIn @2 gy Poct o Mg 2 _op n=2,34,... (11)
) Y ) ) Y
They are related to golden ratio as well as Tchebychev polynomials by the following rela-
tions [9]:

1 1
(1) For « = 3 ¥Y=3 and ¢ = 5, one recovers easily

2, = Ln,
Ynt1 Foir.
Y

(2) For 2% — ty? = 1, one gets directly

In :Tn(x)v Ynid :Un(x)v n=0,1,2---.
)

In the background of the above curious ideas and results the paper intends to do justice to
its title. In the next section, the convergents of \/TH related to @4 (x) are shown to be related
to all the four kinds of Tchebychev polynomials in a rigors manner. The convergents of ®(x)
and ®o(z) are shown to be related to Uy, (z) and V,(x) only. In the third and the last section,
first two kinds of Brahmagupta polynomials are shown to be related to T, (z) and U, (x).

The new things added are Brahmagupta polynomials of third and fourth kind which are
defined with the help of Brahmagupta polynomials of second kind. Of course when 22 —ty? = 1,

all of them will become respective kinds of Tchebychev polynomials.

82. Generalization of Golden Ratio and Expressions for Their Convergents Interms

of Tchebychev Polynomials

First let us consider the generalization of the golden ratio

_ -1 \/1 1 >

1 /2
valid for |z| < 3 , where C,, = ?( n> is the n'" Catalan number. The above series is a
n n
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Stieltje’s series ([8], [11]) because

—1+vV1+dz 1/4 dt
2z 4 Jo V1+at
1 =z =z = >0
= - - = = x
14+ 1+1 41 4.7
and the sequence of convergents is
Px) (1 1 1+ 1+ 22 Ay (x)
Qz) ) \1U'ax+1"1+22" 1+ 3z +22 T Apa(z)’ ’
where
Apti(z) = An(@) +2An-1(2),
Al('r) = 15 AQ(I):la TL:2,374,"' .

For x = 1, as expected one gets
A, =F, n=1,23---.
In order to express A, (z) interms of Tchebychev polynomials, we use

1++v1+4+42 1+\/1—|—4x
2
1

and the sequence of convergents is

(G} = (s A o )

Let us apply the following transformation

1 1
x 2(8_1) or s op’ x > U,
which enables us to wrote
1
1+4z = +1.

Since

Vitdr = 142z {_
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Using the above transformation

1
s+1 . 1+5i1 2(s—1)
s—1 1 &+ 1 4.
1 1 1 1
-1 - - : >0, 13
+ S—1+2+S—1+2+... z ( )

which is valid because s = 1 + o=, x > 0 and the sequence of convergents is

2z’

{gg;}_{l s 2s+1 2521 Pon_1(s)  Pan(s) }

U (s—1) 25—1 2(s—1)2s" " Qzn-1(5)" Qan(s)
The numerator and denominator polynomials of the continued fraction (13) satisfy the

following relations:

1) Pany1(s) = 2Pau(s) + Pan—1(5);

2) Pon(s) = (s — 1) Pan—1(5) + Pan—2(s);
3) Q2n+1(8) = 2Q2n(8) + Q2n-1(s);

4) Q2n(s) = (s — 1)Q2n-1(5) + Qan—2(s).

Using the above relation, we get the following three term recurrence relation for the odd

(1)
(2)
(3)
(4)

and the even convergents of the continued fraction (13):

Ponti(s) = 2[(s = 1)Pop-1(8) + Pan+2(8)] + Pan—1(s)
= 25 Pyp1(s) + [2 Pan—2(8) — Pan—1(s)],

Poni1(s) = 25 Pon_1(s) — Pan—3(s)
and
P2n(8) = (S - 1) [2 P2n—2(5) + P2n—3(5)] + P2n—2(5)
= 25 Pan—az(s) + [(s = 1) Pan—3(s) — Pan—2(s)];
PQn(S) = 28 PQn,Q(S) — P2n74(8).

Similarly, we obtain the followings:
Q2n+1(s) = 25 Qan—1(s) — Q2n—3(s)
and
Q2n(s) = 25 Qan—2(s) — Qan—a(s).
Since

Pi(s) = 1,Ps(s)=2s—1,
P2n—l(s) = Vn—l(s); n = 172737"' )
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Q1(s) = 1,Qs(s) =2s+1,

Qanl(S) = anl(s); n = 1,273,... ,
Py(s) = s,Py(s)=2s"—1,
Py (s) = Tu(s); n=1,23,--

and

Qa2(s) = (s—1),Qua(s) = (s —1)2s,
QQn(S) = (S—l)Unfl(S), n = 172,37... .

The odd and even convergents of the continued fraction (12) are:

AQH(I) - 1 anl(s) - Unfl(S)
Aop—i1(z) 2 [1+ Vn—l(s)] — Vaal(s)
U (14 55)
oW (1 ziz)
and
Aspta(z) 1 T,.(s) _ 1 (s = D)Un-1(8) + Tn(s)
Aon(@) 2 [1 G- 1>Un1<s>} 2G-1) { Una(5)
1 Vi (s)

2(s = 1) Up-1(9)
2"V (14 5)
L (es)

As a result, we obtain

v, (1 n ;) = 2" Agnp (é) :
U, (1 + E) 2" Agnio (é) .

2
Now, we obtain the odd and even convergents of the continued fraction (12) interms of

second and third kind of Tchebychev polynomials

Agnoi(z) 2" WV (145

:)
Agn(l') o J,'"_lUn_l (1 + %)

and

Agn(w) 2" Wns (14 57)
A2n+1(:v) o "V, (1 + ﬁ) '

(Similar results are derived in [7].)
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Similarly the following continued fraction

oy(w) = SEFVTFL 1 1441+ 3
2= 2 Tz 2
1 1
= - - — , x>0 (14)
r 4+ X + -4+ T + -
has the following odd and even convergents:
Bgnfl(ilf) . l AQn 1 (Lz) o l (:CQ)n 1A2"*1 (m%)
Bgn(l') r  Ag, (%) x (1‘2)"_1142” (#)
Ve (14 %)
P T (17 %)
and
Bo() 1 A (d) 12 ()
Bonyi(z)  © Agnyr () z (22)"Aznta (32)
U (1r%)
Vi (1+ %)
Hence

1 1
Aopyr(z) = 2"V, ( _:c) ) Aonga(x) = 2"Uy (1 + %> )
Boy+1 (ac) =V, (1 + )

For x = 1, we obtain

3
Fony1 = Aopi1(1) = Bapa(1) =V, <§) ,
3
Fopyo = Aznia(l) = Bapya(1) = U, <§> , n=0,1,2,3,--

§3. Connections Between Tchebychev Polynomials and Brahmagupta Polynomials

of All Four Kinds
Brahmagupta polynomials have the following binet forms ([9]):

Tz, yit) = <[(x + V)" + (x —yVD)"], n=0,1,2,3, -

N)I)—l

and

a1 (2, y; ¢ 1 n n
Y +1(y Y ): 2y\/z[(x+y\/g) +1_(x_y\/£) +1], n=0,1,2,3,---.
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Put § = 22 — ty? or yv/t = \/22 — 3, then we obtain

eale,it) = 5 e VaE D)+ - VR )]
-5 |H@) ) (GG
()

and similarly,

yn+1($7y;t) _ 1 [(JJ T M)rﬂrl _ (LL' _ \/m)nJrl]

Y 24/x2 — 3
% . N n+1
N 9 (2)2_1 ﬁ—i_ (ﬁy_l)
\/B 2 n+1
A\ <ﬁ) -
- oo ()

Motivated by Tchebychev polynomials of third and forth kind, we can define Brahmagupta

polynomials of third and forth kind respectively as follows:

Ynt1(z,y5t) 3 Yn(z, y3t)

vz, y;t) = ,
(z,y3t) ; "
wn(oyit) = Ynrn@uD g un(@yit)
Yy Yy
As a result, we obtain
v = wy=2 =1,
Yy
v = 2x—0, w =2zx+7p,
’Un+1(‘r7y;t) = 2z Un(‘ruy;t) - 6 ’Un—l(xay;t)a
Wyt (z,y5t) = 22 wa(z,y;t) — B wa—1(z,ys).
Hence
n T T
’Un+1(=ruy;t) = 62 |:Un (ﬁ) - \/B Un—l (\/_B)] 3
n X xr
st = 9% [on(5)+ VB ()]
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If 8 =1, we get back

o (o S22 = U0 = Uaslo) = o)

wn (o S22 = Ualo) + Uas(o) = W)

which are the Tchebychev polynomials of third and forth kind respectively.

The following are generating functions of T,,(z), U, (), Vi (x) and W, (x) ([1], [2], [4]):

1) T =2 30 Bl

Z
@ U6 = Yo" =
<mw=§wm%uﬂww
WW@—immf4HﬂWﬂ

It is shown that U(s) = €T(*) ([2]). One can extend the above results to z,(z,y;t),

W, vn(z,y;t) and wy(z,y;t) including the results in [9]:

(WWFQZE%@ﬂ

n=1

o~ Ynt1(2, Y3 t) 1
2) Y(s) = n_ :
(2) Y(s) ; ; Al e vy

(3) V(s) = Zvn(ac,y;t)s" =(1-ps) U(s);
n=0

(4) W(s) = an(:v,y;t)s” = (1473 s) U(s);
n=0

(5) Y(s) = X,

In this way, the present paper provides two spectacular views of Tchebychev polynomials

of all four kinds through golden ratio and Brahmagupta polynomials.
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