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Abstract: Let f be a map from V(G) to {0,1,2}. For each edge uv assign the label
f(uww) = [w-‘ f is called as a mean cordial labelling if |vs(2) — vs(j)] < 1 and
le} (i) —er(4) < 1, 4,5 € {0,1,2}, where vy(z) and €} () denote the number of vertices and
edges respectively labelled with x (z = 0,1, 2). A graph with mean cordial labelling is called
mean cordial. In this paper we prove the graph (K1, : 2) and path union of n copies of star

Ki,m are mean cordial graphs.
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§1. Introduction

All graphs in this paper are finite, simple and undirected. The vertex set and edge set of a graph are
denoted by V(G) and E(G) respectively. A graph labelling is an assignment of integers to the vertices
or edges or both subject to certain conditions. A useful survey on graph labelling by J. A. Gallian(2014)
can be found in [2].

The concept of cordial labelling was introduced by Cahit in the year 1987 in [1]. Here we introduce
the notion of mean cordial labelling. We investigate the mean cordial labelling of the graph (K1, : 2)

and path union of n copies of star Ki m,.

Definition 1.1 Let f be a map from V(G) to {0,1,2}. For each edge uv assign the label f*(uv) =

w-‘ f is called as a mean cordial labelling if |vs (i) — vy (j)] < 1 and |e}(i) —e; ()| < 1,4,5 €
{0,1,2}, otherwise, a Smarandachely mean labeling of G if |vs(i) — vs ()] = 2 or |e}(i) — e} (4)] =
2,4,5 € {0,1,2}, where vy(x) and e}(x) denote the number of vertices and edges respectively labelled
with x(z = 0,1,2).

A graph with mean cordial labelling is called a mean cordial graph.

Definition 1.2 A complete bipartite graph K1, is called a star graph. The vertex of degree n is called

the aper vertez.

Definition 1.3 A bistar By,n is the graph obtained by joining the apex vertices of two copies of star
Ki,n by an edge.
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Definition 1.4 Consider two copies of star Ki,n,. Then (K1, : 2) is the graph obtained from Bpn by
subdividing the middle edge with a new vertex. Such as those shown in Figure 1.

u

U1 b

Figure 1

Definition 1.5 Let G be a graph and G1,Gz2,...,G, with n > 2 be n copies of graph G. Then the
graph obtained by adding an edge from G; to Giy1 fori=1,2,...,n—1 is called path union of G.

§2. Results

Theorem 2.1 The graph <K1,n : 2) admits a mean cordial labeling.

Proof Let G = (Ki,n : 2) and let V(G) = {u,v1,v2,w; : 1 <14 < 2n}, E(G) = {uvi,uva, viw; :
1<i<n,vowj:n+1<j<2n}. Then, |[V(G)| =2n+3, |[E(G)| =2n+2.

Case 1. n=0 ( mod 3)

Let n=3t, t=1,2,---. Define f: V(G) — {0, 1,2} as follows:

flu) =2, f(v1) =0, flv2) =1,
0, 1<i<2t

f(ws) 1, 20+1< i< 4t
2, 4t +1<i<6t

The induced edge labelling f* : E(G) — {0, 1,2} is found as follows:

fr(uvr) =1,

[ (uv2) =2,

F*(viw;) = 0, 1<1i<2t,
fH(vmw) =1, 2t +1<i<3t,
f*(vzwi):L 3t+1 §i§4t7
I (vow;) = 2, 4t +1 <1 < 6t.
Then,

vp(o) =2t +1, we(l)=2t4+1 vp(2)=2t+1,
e;(0) = 2t, ef(l)=2t+1 ej(2)=2t+1
Thus,

|vf(i)_vf(j)|§1 Vi7j€{07172}7

Hence f is a mean cordial labeling.
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Case 2 n =1 (mod) 3)
Let n=3t+1, t=1,2---. Define f: V(G) — {0, 1,2} as follows:

f(u):27 f(’Ul):O7 f(v2):17

0, 1<e<2t+1
flw) =41, U+2<i<At+2
2, A +3<i<6t42
The induced edge labelling f* : E(G) — {0, 1,2} is defined as follows:
[r(uv) =1,
[ (uvz) = 2,
£ (viw;) = 0, 1<i<2+1,
£ (vws) = 1, U4+2<i<3t41,
£ (vaw;) = 1, 3t4+2<i<4t+2,
‘)M(’l)z’u)i)IQ7 4t +3<i<6t+2.
Then,
vp(0) =2t+2,  vp(l) =2t+2 vp(2) =2t + 1,
e3(0) =2t +1, ef(1) =2t + 2, e3(2) =2t + 1.
Thus,

|’Uf(i)—1)f(j)|§1 v i7j€{07172}7
|€?(’L)—€?(])|§1 v i7j€{07172}

Hence f is a mean cordial labeling.

Case 3. n = 2(mod3)
Let n=3t+2, t=1,2---. Define f: V(G) — {0, 1,2} as follows:
flu) =2, f(v1) =0, fv2) =1,

0, 1<i<2t+2
flwi) =<1, A+3<i<4t+3
2, M+4<i<6t+4
The induced edge labelling f* : E(G) — {0, 1,2} is found as follows:
fr(uor) =1,
[ (uv2) =2,
£ (viws) = 0, 1<i<2t+42,
F*(vws) = 1, U+3<i<3t+2,
I (vow;) =1, 3t+3<i<4t+ 3,
I (vow;) = 2, 4t +4 <13 < 6t + 4.
Then,

vp(0) =2t 43, vr(l)=2t+2, wvs(2)=2t+2,
e;(0) =2t +2, ej(l)=2t+2, e}3(2)=2t+2.
Thus,

|’Uf(i)—1)f(j)|§1 Vi7j€{07172}7
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Thus, f is a mean cordial labelling. Hence, (K1, : 2) is a mean cordial graph a

Illustration 2.2 The mean cordial labelling of <K1,6 : 2) is shown in Figure 2.

0
Figure 2
Illustration 2.3 The mean cordial labelling of <K1,7 : 2) is shown in Figure 3.
Figure 3
Theorem 2.4 The path union of n copies of star Ki = is a mean cordial graph.
Proof Let G be the path union of ‘n’ copies of starKi .., and let V(G) = {v; : i = 1,---n;w;; :

1<i<n,1<j<m} EG) ={vivit1 : 1 <i<n—1}U{vw;; : 1 <i<n,1 <j<m}. Then,
V(G)|=n(m+1) and |E(G)|=n(m+1)—1.

Case 1. m = 0(mod3)
Subcase 1.1 n = 0(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1<i<%
floi) =41, EHI<i<
2, 2 41<i<n
0, 1<ig<g 1<j<<m
flwig) =<1, 2r1gig<® 1<j<m
2, 2 41<i<sn 1<j<m

The induced edge labelling f* : E(G) — {0, 1,2} is known as follows:
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0, 1<z<§—1
fr(vivigr) = 4 1, ri< -1
2, %gzén—l
0, 1<i< 3 1<j<m
fr(viwig) = 41, TH1<i<E 1<i<m
2, Z41<i<n 1<j<m
Then,
Uf(o)_nm+n7 f(l) nm—i—n7 vf(2) nm-+n nd
3 3 3
" mn—+n-—3 " mn—+n . mn—+n
0 1) = 2) = )
ef() 3 ) f() 3 ) f() 3
Thus,

s () —vs () < 1 and |ej() — ;) <1 ¥ 5 € {0,1,2).

Hence f is a mean cordial labelling.
Subcase 1.2 n = 1(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1 <i g 22
flo) =41, M2l i e

2, il 11 <i <n

0, I<i< -1 1<j<m

0, i= 2 1<j<2

1, i= 12 Z+1<j<m
flwig) =41, S g 22 1<j<m

1, i= 2t 1<jg 2

2, i= 2t mL1<j<m

2, 2";4<z<n 1<j<m

We get the induced edge labelling f* : F(G) — {0, 1,2} as follows:

0, 1<z<"T+2—
Jr(vivit1) = 1, 2 g2
2, -2 4p1<i<n—1
0, 1<z<”;1 1<5<m
0, i= 242 1<j< 3
1, i= 2 B Lj<m
[ (viwig) = {1, 28 L 2 1<j<m
1, i= 1<j< &
2, i= 2n3+1 2m3+3 <j<m
2, il ik, 1<j<m
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Then,
n+nm—2 n+nm—1 n+nm-—1
’Uf(o) 3 ) f(l) - 3 ) f(2) - 3 )
. mn+n—1 mn+n—1 mn—+n—1
€f(0) 3 ) f(l) 3 ) f(2) 3
Thus,

g (i) —vp () <1V i3 €{0,1,2} and |ep(i) —ef(4)| <1V i,j €{0,1,2}.
Hence f is a mean cordial labelling.
Subcase 1.3 n = 2(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1< < o2
flus) = 1, ”T1—|—1 <1< 2"3“

2, i 41 <i <n

0, 1<t -1 1<j<m

0, i= I<j< 2

1, z:”T“ sz—Fl j<m
flwig) = 1, PECIKEE -1 1<j<m

1, i= 22 1<j<z

2, i= 2t Zr1i<j<m

2, ;2 p1<i<n 1<j<m

We get the induced edge labelling f*: F(G) — {0,1, 2} as follows:

0, 1<t -
fr(vivigr) = 1, ”T“<z<2”;2—1
27 27L3+2<Z<71 1
0, 1<ig< g2 I<j<m
0, i +1 1<jg 2
1, i=23241 p1<ji<m
[ (viwig) = 4 1, ISP -1 1<j<m
1, i = 22 1<j< %
2, i = 22 FH1I<j<m
2, b2 L 1<i<n 1<j<m
Then,
n+nm-+1 n+nm+1 n+nm — 2
’Uf(O)— 3 ) f(l)_ 3 ) (2)_ 3 ’
« mn+n—2 mn+n+1 mn—+n—2
€5(0) = RS, (1) = TR () = TR
Thus,
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Hence f is a mean cordial labelling.
Case 2. m = 1(mod3)
Subcase 2.1 n = 0(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1<i<z
flvi) =11, ZH1<ig<
2, Z4+1<i<n
0, 1<i< g 1<j<m
flwij) =41, 2r1<i<® 1<j<m
2, Z4+1<i<n 1<j<m

We then know the induced edge labelling f* : E(G) — {0, 1,2} as follows:

0, I<i< g -1
fr(vivigr) = 4 1, ri< -1
2, %gz\n—l
0, 1<i< 3 1<j<m
fr(viwij) = 4 1, H1<i< R I<j<m
2, 2 41<igsn 1<j<m
Then,
v (0) = nm3+ n7 (1) nm3+ n7 1(2) = nm3+ n7
e?(O) mn—|—3n— 37 ;(1) _ mn3+ n7 ?(2) _ mn3+n
Thus,

s (i) —vr () < 1 and e (i) —er (i)l < 1 v o5 €{0,1,2}

Hence f is a mean cordial labelling.
Subcase 2.2 n = 1(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1<io< 22
floi) =41, 1241 i 2R

2, il 41 <i <n

0, 1<i< 2 -1 1<j<m

0, if”;& 1<j< 'm;l

1, i= 2 nli1<ji<m
flwij) = {1, i R 1<j<m

1, i:2n3+1 1<j< 277?1

2, 7:727L3+1 2n§+1+1<j<m

2, 2”;4<z<n 1<j<m
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The induced edge labellingf* : E(G) — {0, 1,2} is known as follows:

0, 1<ig 21
f*(vivi+1) — 17 7L<3l>2 < i < 27L3+1 —1
2, ndl <i<n—1
0, 1<ig< 2 1 1<j<m
07 Z:nTH 1<j<77l;1
. +2 71 .
1, i= "= == +1l<j<m
frviwig) = 41, A A 1<j<m
- 2n+1 - 2m+1
1, 1= =5 1<j< =5
27 7:727L3+1 277’;+1+1<J<m
2, il L 1<i<n 1<j<m
Then,
n+nm+1 n+nm-+1 n+nm—2
vf(0) = ———— vy() = ———, v;(2) = ———,
3 3 3
« mn+n—2 mn+n+1 mn—+n—2
ef(0)=——F—— ef()=——F— €;(2) = ————
3 3 3
Thus,

g (i) —vr (I <1 and lep(i) —ep(f)l <1 Vi, 5 €{0,1,2}.

Hence f is a mean cordial labelling.
Subcase 2.3 n = 2(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1<i < 2t
floi) =11, L i R
27 27L;>2+1<,L'<n
0, 1<t -1 1<j<m
- 1 - 2 1
0, i=ng AN A
1, i=ntl Il 41<j<m
flwig) =91, RIS EE -1 1<i<m
17 i:2n3+2 1<‘7< m‘;l
2, i= 2t nlil1<j<m
2 ;2 11<i<n 1<j<
) 3 X X \J\m

The induced edge labelling f* : E(G) — {0, 1,2} is known as follows:

0, I<ig st —1
[rwivier) = 411, i< 2
2, 2 ci<n—1
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0, 1<ig< st —1 1<j<m
07 z:"TH 1<j<277§+1
1, i= ME+1<j<m
fr(viwgg) = ¢ 1, Mlir<i< 2 -1 1<j<m
L i= g 1<) <t
2, i= 22 nlil1<ji<m
2, b2 L1<i<n 1<j<m
Then,
n+nm-+ 2 n+nm-—1 n+nm-—1
v (0) = ; vp(1) = ; vf(2)
3 3 3
% mn+n—1 mn+n—1 mn+n-—1
er(0) = ;er(1) , er(2) =
3 3 3
Thus,

lup (i) —vr (i)l < 1 and [e}(i) — er()] <1V, j € {0,1,2}.
Hence f is a mean cordial labelling.
Case 3. m = 2(mod3)

Subcase 3.1 n = 0(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1<i<%
floi) =91, H1ic<
2, Z4+1<i<n
0, 1<i<y 1<j<m
flwi) =<1, z41<ig<® 1<j<m
2, Zm41<ig 1<j<m

n J
We get the induced edge labelling f* : E(G) — {0, 1,2} as follows:

0, 1<i< 3 -1
fr(vivigr) = 4 1, F<i< %”—1
2, %"gzgn—l
0, 1<i< g 1<j<m
[ (viwig) = 41, AN 1<j<m
2, FH1<i<n 1<j<m
Then,
nm-—+mn nm-+n nm—+n
vs(0) = OE »ovp(2) = ;
3 3 3
. mn+n—3 " mn—+n . mn—+n
0 1) = 2) =
ef() 3 ) f() 3 ) f() 3
Thus,

s () —vs () < 1 and |ej(0) — ;) <1 ¥ 5 € {0,1,2).

Hence f is a mean cordial labelling.
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Subcase 3.2 n = 1(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1<io< 22
floi) =41, nE2 1 Cig e

2, il 41 <i <n

0, 1<i< 22 -1 1<j<m

0, i =12 1<j<me

1, i =nd2 2 41<j<m
fwiz) =41, 2l gig 1<j<m

1, i = 2n3+1 1<j< 2m371

2, i= 2l melp1<j<m

2, ;i L1<i<n 1<j<m

0, 1<ig 21
fr(vivigr) = ¢ 1, ”Tﬁgzgz’g“—l
2, ndl <i<n—1
0, I<ig< -1 1<j<m
0 = 1<y ms?
N B2 1< <m
f*(viwij): 1, "T”—klgig“%—l 1<j<m
17 i:2n3+1 1<‘7< 2777,371
27 i:2n3+1 2711371_|_1<J<m
2, il L 1<i<n 1<j<m
Then,
n+nm n+nm n+nm
0p(0) = T (1) = TR wy(2) = T
" mn+n—3 mn+n mn+n
ef(O)f 3 ) f(l)* 3 ) f(2)7 3
Thus,

Jos()) —vs () < 1 and |ej(i) — e3(3)| < 1Vi,j € {0,1,2}.

Hence f is a mean cordial labelling.
Subcase 3.3 n = 2(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1<io < 2
floi) =91, tH 41 i 22
2, nt2 41 <45 <n

155
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0, 1<ig< s —1 1<j<m
0, i= 2 1<y <2t
17 i:n;rl 27%71+1<]<m
flwiz) =91, LI ®E o1 1<j<m
- 2 2 . —2
Lo =y 1<j< gt
27 i:2n3+2 m;2+1<.]<m
2, 2 L1<i<n 1<j<m

0, 1< -1
f*(vivi+1) — 17 n;)»l < i g 27L3+2 -1
27 27L;>2<,L'<n_1
0, 1<ig< st —1 1<j<m
0, i= i 1<j< 2t
1, i= ol p1<j<m
[ (viwig) = § 1, R B2 -1 1<j<m
17 7::27L;2 1<]< 77L372
2, i= 22 2 p1<j<m
2, M2 L 1<i<n 1<j<m
Then,
n-+nm n-+nm n-+nm
vp(0) = s vp(1) = ; v(2) = ;
3 3 3
" mn+n—3 . mn+n . mn+n
ej(0) = TR 2, (1) = TR ej(2) = TR,
Thus,

lp (i) —vr()l < 1 and |ep(i) —ep(j)] < 1V i,5 € {0,1,2},
Hence f is a mean cordial labelling. Thus, from all these above cases we conclude that the path

union of n copies of star Ki ., is a mean cordial graph. O

Illustration 2.5 A mean cordial labelling of four copies of star K is shown in Figure 4.

0 0 1 2
0 0 00 0 O o0 1 11 1 1 1112 2

2 22 2 2 2

Figure 4

Illustration 2.6 A mean cordial labelling of two copies of star Ki ¢ is shown in Figure 5.
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0 1
%N%N
o o0 0 0 1 1 11 2 2 2 2

Figure 5

Illustration 2.7 A mean cordial labelling of six copies of star K 3 is shown in Figure 6.

0 0 1 2 2
o o0 o0 o000 1 1 1 1 1 12 2 2 2 2 2

Figure 6
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