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Abstract: Some properties of Lagrange space with metric tensor g;;(x,y) + C%yiyj where
gi;(x,y) is metric tensor of Finsler space (M™, F), and associated generalized Lagrange space
has been studied by U. P. Singh in his paper [6]. In the present paper some properties of

@ g (x,y) + —yiy;, where gi;(x,y) is metric tensor of

Lagrange space with metric tensor e
Finsler space (M™, F), e?®) is conformal factor and associated generalized Lagrange space

has been studied.
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§1. Introduction

Various authors like R. Miron, M. Anastasiei, H. Shimada, T. Kawaguchi, U. P. Singh have studied
Lagrange space and generalized Lagrange space in their papers [3], [2], [4], [5]. A generalized Lagrange
space with metric tensor ~;;(z) + %yiyj, where ;;(z) is metric tensor of Riemannian space and c is
velocity of light has been studied by Beil in his paper [1]. In this chapter 7;;(z) has been replaced by

e”@ g (x,y), where gi;(z,y) is metric tensor of Finsler space (M™, F).

Let M™ is n-dimensional smooth manifold and F is Finsler function, the metric tensor g;;(x,y) is
given by
>PF?
ii(TY) = 75— 1.1
95 (2, y) By Oy (L.1)

Since F' is Finsler function of homogeneity one, so g¢;;(z,y) is homogeneous function of degree zero.

The angular metric tensor of Finsler space (M™, F), hi;(z,y) is given by

hij(z,y) = gij (2, y) — lil;, (1.2)
where [; is unit vector given by
Yi
li==%. 1.3
- (1.3)

§2. Generalized Lagrange Space L" and Associated Lagrange Space L™"
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Consider a generalized Lagrange space L™ = (M", G;;(x,y)) with metric tensor
. 1
Gij = ¢ gij(,y) + ZYi yi-
The reciprocal metric tensor GY of Gij is
ij —of ij 1 i, J
GV =e"|g" ——vv ),
aic

F? i
lozk F? = gijy'y’.

where

ar = e’ +

The d-tensor field Uijk of L™ is defined as

& _1(8Gu , 9Cu. _ 9G
jhk — 9 8y’“ 8yf 8yh .

Since g—z; = g;; from (2.1) and (2.4), we have

. 1
Cink =€ Cink + 2 JikYn;

—i ih i 1 i
Cir=G"Cjinr = Cjp + mgjky .

The metric tensor G;; is used to define the Lagrangian L* is given by

L*Z _ G”yl yg

The Lagrangian gives a metric tensor Gj;, is given by

R i
20yt Oy

From (2.7) and (2.1), we have

2_ o F
L2 —¢ F2+—2:a1F2,
c

and from (2.8) and (2.9), we have

* 4
Gi; = az2gi5(z,y) + =2 Yili

i _ 1y 1
GJ:—(QJ— yy]),

as asc?

* 2
Cing = a2Cjnk + C—Q(ghkyj + ginYk + GikYn)-

From (2.12) and (2.11), we have

*3 i 2 i i a i i
Cit = Cix + —= (f%-yk + Sy + a—zgjky - —y ykyj),

asc? agc?

137

(2.1)

(2.4)

(2.10)

(2.11)

(2.12)

(2.13)
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2 2
where as = €% + = and ag = €% + = In general,

VF?

o
ay =€ + ——.
¥
c2

Theorem 2.1 If the metric tensor of generalized Lagrange space given by Gij in (2.1) then the metric
tensor of associated Lagrange space G73; is given by (2.10) and reciprocal metric tensor of generalized

Lagrange space and associated Lagrange space are given by (2.2) and (2.11) respectively.

§3. Angular Metric Tensor of L™ and L™

For a Finsler space F" the angular metric tensor h;; is

O*F
ij = FW = gij — lily, (3.1)
Yi
here l; = =.
where T
The generalized Lagrange space is not obtained from a Lagrangian therefore its angular metric
tensor H;;
Hij = Gi]‘ — LZ-L]*. (3.2)
Now, _
J o 1 yj
L; = GijL =94 € Gij (:my) + C—Qyiyj E (3'3)
From (2.9)

. 1 yj F2yi 1
leGzLJ: U 54 s —YilYi | ——= = Uli _— | —
J (egj(x y)+c2yyj)\/aF (6 +C2F Va1

From (3.4) and (3.2) and (2.1)
. 1
Hij = ¢%gij(2,y) + 5 yiy; — arlily. (3.5)
Putting the value of a; in (3.5), we have
Hij = e”hij. (36)

The angular metric tensor of Lagrange space L*" is given by

H* - 82 L*
YT dytoyl

The successive differentiation of (2.9) w.r.t. y? and y° gives

LOL* F?
L g7 it E v (3.7)

8yl 8y3 8yl 8y] - c2 Yi |Yj 19ij o2 Gij 2 Yilj, .
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or
e AR ) A -
dyoy oy oy @Y T e
or 5 5
. O°L" 4F N
8yi8yj = c—zlilj — Li Lj + a29ij, (39)
Now, from (3.7)
UL =axy; = L=224 (3.10)

L*
From (3.9) and (3.10), we get

2
* g a
Hij = (a4 —e )lilj - a—? lilj + a2gij,

2
H:J :azhi]‘—F (as—%)lilj. (3.11)
1

Theorem 3.1 If the metric tensor of generalized Lagrange space given by Gij; in (2.1), the angular
metric tensor of generalized Lagrange space and associated Lagrange space are given by (3.6) and (3.11)

respectively.

§4. C-Reducibility of L™ and L™™¢

Definition 4.1 A generalized Lagrange space L™ is called C-reducible space if
Ciink = (MjHpi + My Hji + My Hjp), (4.1)
where M are component of a covariant vector field.

Suppose generalized Lagrange space L™ is C-reducible, then (4.1) holds. Using (2.5) and (3.6) and

relation yn = Flx, (4.1) can be written as
o F o
e’ Cink + ggjklh = (Mjhhk + Mphjr + Mkhjh) e . (4.2)

Contracting (4.2) by I"I?1¥ and using (4.1), we get

F

0_2:0 = .F‘IO7

which is contradiction.

Theorem 4.1 The generalized Lagrange space L™ = (M™,G;;) can not be C-reducible.
Now consider the space L™", its C-reducibility is given by

Chine = (M;H;k + M;:H;k + M:H;h)7 (4.3)

J

where Mj, are component of covariant vector field using (2.12), (3.11), (4.3) and yn = Flp in (4.3), we
get
2F * * x
a2Cjnk + —5 (gnrlj + gjnlic + gjrln) = a2(Mj b + My hji + My hjn)

C

ai

2
+ (ae - %) (M Inly + Mylile + Mylnly), (4.4)
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Contracting (4.4) by I/ and putting p* = M;I’, we have

1

2F? . a3\, . . .
C—z(ghk + 2lply) = a2p” hne + | as — - (P lnli + Myl + Mily).

Contracting (4.5) by 1", we have

6F> AT . .
— 1, = (a6 — %)(p lk—‘rp lk—‘er)

c? 1
Again contracting (4.6) by 1, which gives

*_2F2 ail
P= aras — a2 )’

From (4.6) and (4.7), we have

From (4.8) and (4.5), we have
2F*° 2F°

—2 Ink = azp” hpk + C—zlhlk-

Using gnr = hnk + lnle in (4.9), we get
2F° .
(% o Y =0
o 2F7 .
It gives p* = 2 which contradict (4.7). Hence
2

Theorem 4.2 The Lagrange space L™ = (M™, L") can not be C-reducible.
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