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Abstract: Some properties of Lagrange space with metric tensor gij(x, y) + 1
c2

yiyj where

gij(x, y) is metric tensor of Finsler space (Mn, F ), and associated generalized Lagrange space

has been studied by U. P. Singh in his paper [6]. In the present paper some properties of

Lagrange space with metric tensor eσ(x)gij(x, y) + 1
c2

yiyj , where gij(x, y) is metric tensor of

Finsler space (Mn, F ), eσ(x) is conformal factor and associated generalized Lagrange space

has been studied.
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§1. Introduction

Various authors like R. Miron, M. Anastasiei, H. Shimada, T. Kawaguchi, U. P. Singh have studied

Lagrange space and generalized Lagrange space in their papers [3], [2], [4], [5]. A generalized Lagrange

space with metric tensor γij(x) +
1

c2
yiyj , where γij(x) is metric tensor of Riemannian space and c is

velocity of light has been studied by Beil in his paper [1]. In this chapter γij(x) has been replaced by

eσ(x)gij(x, y), where gij(x, y) is metric tensor of Finsler space (Mn, F ).

Let Mn is n-dimensional smooth manifold and F is Finsler function, the metric tensor gij(x, y) is

given by

gij(x, y) =
∂2F 2

∂yi ∂yj
. (1.1)

Since F is Finsler function of homogeneity one, so gij(x, y) is homogeneous function of degree zero.

The angular metric tensor of Finsler space (Mn, F ), hij(x, y) is given by

hij(x, y) = gij(x, y) − lilj , (1.2)

where li is unit vector given by

li =
yi

F
. (1.3)

§2. Generalized Lagrange Space Ln and Associated Lagrange Space L∗n
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Consider a generalized Lagrange space Ln = (Mn, Gij(x, y)) with metric tensor

Gij = eσgij(x, y) +
1

c2
yi yj . (2.1)

The reciprocal metric tensor Gij of Gij is

Gij = e−σ

(
gij − 1

a1c2
yiyj

)
, (2.2)

where

a1 = eσ +
F 2

C2
, F 2 = gijy

iyj . (2.3)

The d-tensor field Cijk of Ln is defined as

Cjhk =
1

2

(
∂Gjh

∂yk
+

∂Ghk

∂yj
− ∂Gjk

∂yh

)
. (2.4)

Since
∂yi

∂yj
= gij from (2.1) and (2.4), we have

Cjhk = eσCjhk +
1

c2
gjkyh, (2.5)

C
i

jk = GihCjhk = Ci
jk +

1

a1c2
gjkyi. (2.6)

The metric tensor Gij is used to define the Lagrangian L∗ is given by

L∗2 = Gijy
i yj . (2.7)

The Lagrangian gives a metric tensor G∗

ij , is given by

G∗

ij =
1

2

∂2L∗2

∂yi ∂yj
. (2.8)

From (2.7) and (2.1), we have

L∗2 = eσF 2 +
F 4

c2
= a1F

2, (2.9)

and from (2.8) and (2.9), we have

G∗

ij = a2gij(x, y) +
4

c2
yi yj , (2.10)

G∗ij =
1

a2

(
gij − 1

a2c2
yi yj

)
, (2.11)

C∗

jhk = a2Cjhk +
2

c2
(ghkyj + gjhyk + gjkyh). (2.12)

From (2.12) and (2.11), we have

C∗i
jk = Ci

jk +
2

a2c2

(
δi

jyk + δi
kyj +

a2

a6
gjkyi − 8

a6c2
yiykyj

)
, (2.13)
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where a2 = eσ +
F 2

c2
and a6 = eσ +

6F 2

c2
. In general,

aγ = eσ +
γF 2

c2
.

Theorem 2.1 If the metric tensor of generalized Lagrange space given by Gij in (2.1) then the metric

tensor of associated Lagrange space G∗

ij is given by (2.10) and reciprocal metric tensor of generalized

Lagrange space and associated Lagrange space are given by (2.2) and (2.11) respectively.

§3. Angular Metric Tensor of Ln and L∗n

For a Finsler space F n the angular metric tensor hij is

hij = F
∂2F

∂yi∂yj
= gij − lilj , (3.1)

where li =
yi

L
.

The generalized Lagrange space is not obtained from a Lagrangian therefore its angular metric

tensor Hij

Hij = Gij − LiLj . (3.2)

Now,

Li = GijL
j =

{
eσgij(x, y) +

1

c2
yiyj

}
yj

L∗
. (3.3)

From (2.9)

Li = GijL
j =

(
eσgij(x, y) +

1

c2
yiyj

)
yj

√
a1F

=

(
eσli +

F 2

c2

yi

F

)
1√
a1

=

(
eσ +

F 2

c2

)
li√
a1

= a1
li√
a1

=
√

a1 li. (3.4)

From (3.4) and (3.2) and (2.1)

Hij = eσgij(x, y) +
1

c2
yi yj − a1lilj . (3.5)

Putting the value of a1 in (3.5), we have

Hij = eσhij . (3.6)

The angular metric tensor of Lagrange space L∗n is given by

H∗

ij = L∗ ∂2 L∗

∂yi ∂yj
.

The successive differentiation of (2.9) w.r.t. yj and yi gives

L∗ ∂L∗

∂yj
= a1yj +

F 2

c2
yj , (3.7)

L∗ ∂2L∗

∂yi ∂yj
+

∂L∗

∂yi

∂L∗

∂yj
=

(
2

c2
yi

)
yj + a1gij +

F 2

c2
gij +

2

c2
yiyj , (3.8)
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or

L∗ ∂2L∗

∂yi∂yj
+

∂L∗

∂yi

∂L∗

∂yj
=

4

c2
yiyj + a2gij ,

or

L∗ ∂2L∗

∂yi∂yj
=

4F 2

c2
lilj − L∗

i L∗

j + a2gij , (3.9)

Now, from (3.7)

L∗L∗

j = a2yj ⇒ L∗

j =
a2yj

L∗
. (3.10)

From (3.9) and (3.10), we get

H∗

ij = (a4 − eσ) lilj − a2
2

a1
li lj + a2gij ,

H∗

ij = a2 hij +

(
a6 − a2

2

a1

)
li lj . (3.11)

Theorem 3.1 If the metric tensor of generalized Lagrange space given by Gij in (2.1), the angular

metric tensor of generalized Lagrange space and associated Lagrange space are given by (3.6) and (3.11)

respectively.

§4. C-Reducibility of Ln and L∗n‘

Definition 4.1 A generalized Lagrange space Ln is called C-reducible space if

Cjhk = (MjHhk + MhHjk + MkHjh), (4.1)

where Mj are component of a covariant vector field.

Suppose generalized Lagrange space Ln is C-reducible, then (4.1) holds. Using (2.5) and (3.6) and

relation yh = F lh, (4.1) can be written as

eσCjhk +
F

c2
gjklh = (Mjhhk + Mhhjk + Mkhjh) eσ. (4.2)

Contracting (4.2) by lhlj lk and using (4.1), we get

F

c2
= 0 ⇒ F = 0,

which is contradiction.

Theorem 4.1 The generalized Lagrange space Ln = (Mn, Gij) can not be C-reducible.

Now consider the space L∗n, its C-reducibility is given by

C∗

jhk = (M∗

j H∗

hk + M∗

hH∗

jk + M∗

k H∗

jh), (4.3)

where M∗

h are component of covariant vector field using (2.12), (3.11), (4.3) and yh = F lh in (4.3), we

get

a2Cjhk +
2F

c2
(ghklj + gjhlk + gjklh) = a2(M

∗

j hhk + M∗

hhjk + M∗

k hjh)

+

(
a6 − a2

2

a1

)
(M∗

j lhlk + M∗

h ljlk + M∗

k lhlj), (4.4)
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Contracting (4.4) by lj and putting ρ∗ = M∗

i li, we have

2F 2

c2
(ghk + 2lhlk) = a2ρ

∗hhk +

(
a6 − a2

2

a1

)
(ρ∗lhlk + M∗

h lk + M∗

k lh). (4.5)

Contracting (4.5) by lh, we have

6F 2

c2
lk =

(
a6 − a2

2

a1

)
(ρ∗lk + ρ∗lk + M∗

k ). (4.6)

Again contracting (4.6) by lk, which gives

ρ∗ =
2F 2

c2

(
a1

a1a6 − a2
2

)
. (4.7)

From (4.6) and (4.7), we have

2F 2

c2
lk =

(
a6 − a2

2

a1

)
M∗

k . (4.8)

From (4.8) and (4.5), we have

2F 2

c2
ghk = a2ρ

∗hhk +
2F 2

c2
lhlk. (4.9)

Using ghk = hhk + lhlk in (4.9), we get

(
2F 2

c2
− a2ρ

∗

)
hhk = 0.

It gives ρ∗ =
2F 2

c2a2
, which contradict (4.7). Hence

Theorem 4.2 The Lagrange space L∗n = (Mn, L∗) can not be C-reducible.
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