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81. Introduction

1.1 Latin Squares

Combinatorial theory is one of the fastest growing areas of modern mathematics. Combinatorial
designs have wide applications in various fields, including coding theory and cryptography.
Many examples of combinatorial designs can be listed like linked design, balanced design, one-

factorization, graph etc. Latin square is one such combinatorial concept.

Definition 1.1 A Latin square of order ( or size) n is an n X n array based on some set S of n
symbols (treatments), with the property that every row and every column contains every symbol

ezactly once.

In other words, every row and every column is a permutation of S. Also it can be thought
of as a two dimensional analogue of a permutation. A Latin square can be viewed as a quadruple
(R,C,S; L), where R,C, and S are sets of cardinality n, L is a mapping L : R x C' — S such
that for any i € R and = € S, the equation

L(Zv.]) =

has a unique solution j € C, and for any j € C, x € S, the same equation has a unique solution
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i € R. That is any two of i € R, j € C,x € S uniquely determine the third so that L(i,j) = x.
i.e., the cell in row ¢ and column j contains the symbol L(%, j).

Using the concept of permutation functions we can define Latin squares as follows:

Definition 1.2 A function f : S? — S on a finite set S of size n > 1 is said to be a Latin
square (of order n) if for any a € S both the functions f(a,.) and f(.,a) are permutations of S.

Here, f(a,.) determines the rows and f(.,a) determines the columns of the Latin square.

Latin squares exist for all n, as an obvious example we can consider addition modulo n.

Example 1.3 A Latin square of order 5 over the set {a,b, c,d, e} is below:

blc|d]|e
blale|c|d
cld|ble]|a
d|le|la|b|c
elc|djal|b

The terminology ‘Latin square’ originated with Euler who used a set of Latin letters for the
set S. We discussed some results in [2] about the formation of Latin squares using bivariate

permutation polynomials.

1.2 Orthogonal Latin Squares

One of the origins of the study of Latin squares is usually identified with the now famous
problem of Euler concerning the arrangement of 36 officers of 6 different ranks and 6 different
regiments into a 6 x 6 square. If there were such an officer holding each rank from each regiment,
Euler’s problem was to find an arrangement in which each rank and each regiment would be
represented in every row and column. A solution requires two Latin squares of order 6; in
one, the symbols represent the ranks and in the other regiments. Furthermore,the two Latin
squares must be compatible in a very precise sense so that if one is superimposed on the other,
each ordered pair occurs exactly once. Two such squares which exhibit such ”compatibility”
are orthogonal Latin squares. It is interesting to compare two Latin squares on the same set
in different ways like equivalence, which we already saw above. Orthogonality is a very useful

concept in the study of Latin squares, having a lot of applications in cryptography.

Definition 1.4 Two Latin squares L1 : R x C — S and Ly : R x C — S (with the same row
and column sets) are said to be orthogonal when for each ordered pair (s,t) € S x T, there is a
unique cell (x,y) € R x C so that

Li(z,y) = s and La(z,y) =t.
That is, two Latin squares A and B of the same order n are orthogonal, if the n? ordered

pairs (ai;,bi;), the pairs formed by superimposing one square on the other, are all different.

One can say 7 A is orthogonal to B” or ” B is orthogonal to A”. So, the relation of orthogonality
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is symmetric. In general, one can speak of k mutually orthogonal Latin squares Ay, As, -, Ag
such that A; is orthogonal to A; whenever ¢ # j.

82. Orthogonality and Bivariate Polynomials

Using the concept of permutation functions orthogonality can be defined as follows:

Definition 2.1 A pair of functions fi(x,*), fa(*,%) is said to be orthogonal if the pairs
(f1(z,y), f2(z,y)) are all distinct, as x and y vary.

Shannon observed that Latin squares are useful in cryptography. Schnorr and Vaudenay
applied pairs of orthogonal Latin squares(which they called multipermutations) to cryptography.
The following theorem is due to Rivest [1]:

Theorem 2.2 There are no two polynomials Py (xz,y), Pa(x,y) modulo 2 for w > 1 that form
a pair of orthogonal Latin squares.

In fact Euler believed that no pair of orthogonal Latin squares of order 6 exist, and this
was not shown until Tarry did so around 1900 by means of an almost exhaustive search. While
there are other less tedious methods now available to prove this result, it is still not an easy
task to prove this without the aid of a computer [3]. Euler’s actual conjecture was far stronger
in that he speculated that there did not exist orthogonal Latin squares for orders n = 6, 10,
14,---. This famous conjecture, which is associated with Euler’s name remained unsolved until
Bose, Parker and Shrikhande showed it to be false for n = 10, 14,---. in a series of papers in
1959 and 1960 ([4]).

If we have two orthogonal Latin squares of order 4, both over the set, {1,2,3,4}, the
configuration of their superposition is as follows:

1 2 3 4 1 2 3 4
2 1 4 3 3 4 1 2
3 4 1 2 4 3 2 1
4 3 2 1 2 1 4 3
The orthogonal configuration is:
Ly (22 B3 (44
(2,3) (1,4) (4,1) (3.2)
(3:4) (4,3) (1,2) (2.1)
42) B 24 13

Rivest [1] proved that no two bivariate polynomials modulo 2%, for w > 1 can form a pair of
orthogonal Latin squares. This is because all the bivariate polynomials over Z,,, where n = 2%,
will form Latin squares which can be equally divided into 4 parts as shown below, where the
n/2 x n/2 squares A and D are identical and n/2 x n/2 squares B and C are identical.
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So, no two such Latin squares can be orthogonal.

Theorem 2.3 There are no two bivariate polynomials Pi(x,y) and Pa(x,y) over Z,, where n

is even, which can form orthogonal Latin squares.

Proof Let n = 2m and Q(x) be any univariate polynomial over Z,.Then, Q(x + m) =
Q(z) + m(mod n) for all x € Z,,. Hence,

Pi(x+m,y+m)= Pi(xz,y +m)+m (mod n)
= Pi(x,y) + 2m (mod n)
= Pi(x,y) (mod n)

The same holds for P> (z,y) too. Therefore,(Py(z,y), P2(z,y) = Pi(z+m,y+m), Pe(z+m,y+
m)). So, the pair of Latin squares cannot be orthogonal. O

We do have examples of bivariate polynomials modulo n # 2* and n odd, such that the
resulting Latin squares are orthogonal.
Example 2.4 The following is a pair of Latin squares over Zyg which are orthogonal to each
other.

084651327 0[5|7]6[2]4]3|8]1
7108|416 5|1]3]2 214138105716
8146|5113 ]2]7]0 7161241381 ]0]|5
31271084 ]6|5]1 6(2(413[8]1]0]5]|7
1(3(2|7|]0|8|4|6/|5 811|057 ]6]2]4]|3
2171081465113 413811105 ]7]6]2
651 |32]7]0]8]|4 3181057 ]6]2]|4
41651 |3]2]7]0]8 5171612438110
5111312708416 1105 |7|6|2|4|3]|8
Latin square formed by Latin square formed by
5z +y + 3zy + 322 + 6> 2z + 5y + 6xy + 322 + 6y

The two bivariate quadratic polynomials z+5y+3xy+6x%+3y? and 4a+Ty+6xy+ 322 +61>
give two orthogonal Latin squares over Zy. Also, x + 4y + 3xy is a quadratic bivariate which
gives a Latin square orthogonal to Latin square formed by z + 5y + 32y + 622 4 3y2 over Zy,
but not to that of 4z + Ty + 6xy + 322 + 6y2.



Remark 2.5 We have found many examples in which the rows or columns of the Latin

square formed by quadratic bivariates over Z, are cyclic shifts of a single permutation of

{071725"'

entry in one Latin square, if there are n different entries in n rows of the other Latin square,
then those two Latin squares will be orthogonal.For instance, in the example below, the entries
in the second square corresponding to the entry 0 in the first square are 0, 8, 7, 6, 5, 4, 3, 2, 1.
The rows of the first square are all cyclic shifts of the permutation (0, 8, 4, 6, 5, 1, 3, 2, 7), not
in order. Also the columns of the second square are the cyclic shifts of the permutation (0, 7,

2,3,1,5,6, 4, 8), not in order.

Example 2.6

Variations of Orthogonality of Latin Squares

,n — 1}. If two bivariates give such Latin squares, then corresponding to any one

U~ [ O N ||| 00|

W N | = |||~ |[O] O

N (3|3 |0 || W[~

N[O | O~ N =W

S|l | =0t | =W N

O [ = |||~ | W |

Rl WIN [0k~

U= | DY D= |W|o | |O
R O[O N[ W | N~ ]|

3

N |~ | W[ | N[O |0 |k~

7

0

8

= O |0 |~ | |ot | )| W (N

|0 || W[ —=|O| N |

O | =Y || = | W|IN|N|O

S| R | W (N || O |00 |

7

N[ J (O |0 [k |0+ | W

0

R WIN | N[0 ||| O

5

WIN | J[([DOD|0 ||| O+

O =R W N[O |

Latin square formed by

5z + 1y + 3zy + 322 + 612

Instead of looking for an orthogonal mate of Latin square formed by some other polynomial
we looked at the mirror image of the square itself.

Example 2.7 The Latin square formed by the polynomial 4 + Ty + 6y + 622 + 3y over Zg

and its mirror image are given below:

Latin square formed by

Tz + 4y + 62y + 622 + 3y?

TN || N | =~ W ||+~ |O
OO | N[N | =~ ]|W]|o |+
~N | OO (N | [W|00 |~ |O | o

| R [ O| (N |O | N~ W

W0 R |O[T | || N |

OO | | O[N] Ww|

N || W ||~ ||| 3o

DN | |W|o |~ |||

=W | | k||t IO [N

= W[ |~ [0 | (OS | N

DN || W|o |~ |||

N |~ |W | | RrlOoO|lo| o

OO | | O[N] W

Wl O | = || | ([N |

| R [ O| (N |O | N W

~N | OO (N | [W|00 |~ ]|O | o

OO | N[N | =~ ]|W]|o |+

G N || N | =~ W ||+~ |O
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These two are orthogonal to each other. Over the ring Z7, here is a Latin square formed

by the polynomial 3z + 4y, with its mirror image, which are orthogonal to each other:

0362|514 41115126130
4101316251 11512161304
114,013 16]2]5 5121613041
5111410362 21630415
215141036 613|041 ]5]2
61251403 31014115126
31612511410 014|152 ]6]|3

But this is not always true. We have the example below 2.8: in the ring Zg, the Latin square

formed by the polynomial z + 5y + 42y + 222 + 62 is not orthogonal with its mirror image.

Example 2.8
0O(3(2|5]4]7]6]1 116|745 12|3|0
312541716110 O(1(6|7]4]5]2]3
2|15|14|7(6|1]0]3 310167 ]4]5]2
514|716 [1]0]3]2 21310167415
4171611103215 5121301 |6|7|4
71611103254 4(5(2(3]0]1]6]7
61032547 714151213016
1032|5476 6741523 ]0]1

Here there are 32 distinct pairs, each appearing twice. Also all the pairs of the form (a,b),
where one of a and b is odd and the other is even are appearing and all pairs that appear are
of this form.

Theorem 2.9 For odd n, Latin square over Z, formed by a bivariate permutation polynomial

P(z,y) is orthogonal with its mirror image.

Proof If P(x,y) is a bivariate linear polynomial, then clearly the rows (columns) are
simply cyclic shifts of a single row (column). Hence the Latin Squares got by P(x,y) and its
mirror image are orthogonal. In the general case, corresponding to the cell index (x,y), the
index in the mirror image is (n—1—x,y). Thus if L denotes the Latin square formed by P(x,y)
and L’ is its mirror image, on superimposing L and L’ the entry in cell index (z,y) will be
(P(z,y),P(n—1—x,y)). Since P is a permutation polynomial, these pairs will all be distinct

as z and y vary in Z,. Hence they are orthogonal. a

Remark 2.10 In case of rings Z,, where n is even, we know from Theorem 2.3, the Latin
squares formed by bivariate permutation polynomials have four parts with diagonally opposite

pair of parts being same. Mirror images of such squares are also of the same kind. So, in the
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first n/2 rows we can get n/2 distinct pairs of corresponding entries. In the last n/2 rows, these

pairs will repeat in the same order. So, these two pair of squares are not orthogonal.

§3. Conclusion

Identifying a pair of bivariate polynomials modulo n which represent a pair of orthogonal Latin
squares is not obvious. But for odd n, a Latin square formed by a bivariate polynomial is
orthogonal to its mirror image. Moreover, no two bivariate polynomials over Z,,, when n is

even can form orthogonal Latin squares.
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