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Abstract: In this paper, we investigate relaxed mean labeling of some standard graphs.
We prove, any cycle is a relaxed mean graph; if n > 4, K,, is not a relaxed mean graph;
Ko, is a relaxed mean graph for all n; any Triangular snake is a relaxed mean graph; any
Quadrilateral snake is a relaxed mean graph; the graph P2 is a relaxed mean graph; L,, © K;
is a relaxed mean graph. Also, we prove K, + 2K is a relaxed mean graph for all n; Wy is
a relaxed mean graph; K2 + mK; is a relaxed mean graph for all m; if G; and G2 are tree,
then G = Gi1 U G2 is a relaxed mean graph; the planar grid P, X P, is a relaxed mean
graph for m > 2, n > 2 and the prism P,, x C,, is a relaxed mean graph for m > 2 and for
all n > 3.
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§1. Introduction

All graphs in this paper are finite, simple an undirected. Terms not defined here are used in the sense
of Harary [3]. In 1966, Rosa [5] introduced (-valuation of graph. Golomb subsequently called such
a labeling graceful. In 1980, Graham and Sloane [2] introduced the harmonious labeling of a graph.
Also, in 2003, Somasundaram and Ponraj [6] and [7] introduced the mean labeling of a graph. On
similar lines, we define relaxed mean labeling. In [4], we proved any path is a relaxed mean graph and
if m =5, Ki,m is not a relaxed mean graph. We proved the bistar By, , is a relaxed mean graph if
|m —n| = 3. Also, we proved that combs are relaxed mean graph and C3 U P,, is a relaxed mean graph
for n = 2. In this paper, we prove any cycle is a relaxed mean graph; if n > 4, K,, is not a relaxed
mean graph; Kz, is a relaxed mean graph for all n; any Triangular snake is a relaxed mean graph;
any Quadrilateral snake is a relaxed mean graph; the graph P2 is a relaxed mean graph; L,, © K; is a
relaxed mean graph and Kj + 2K is a relaxed mean graph for all n. Also, we prove Wy is a relaxed
mean graph; Ko+ mKj is a relaxed mean graph for all m; If G; and Gz are trees, then G = G; U Go
is a relaxed mean graph; the planar grid P,, xP,, is a relaxed mean graph for m > 2, n > 2 and the
prism P, xC, is a relaxed mean graph for m > 2 and for all n > 3. The condition for a graph to be

relaxed mean is that p = ¢+ 1 in [4].
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§2. Main Results

Definition 2.1 A graph G = (V, E) with p vertices and q edges is said to be a Smarandache relazed
k-mean graph if there exists a function f from the vertex set of G to {0,1,2,3,--- ,q+ 1} such that in
the induced map fx from the edge set of G to {1,2,3,--- ,q} defined by

M i " v) is even
P2 = 0 01 e oot i
2 b

the resulting edge labels are distinct. Furthermore, such a graph is called a Smarandache relazed k-mean

graph if we replace 2 by k and f * (uv) by

f i),

Theorem 2.2 Any cycle is a relaxed mean graph.

Proof The proof is divided into two cases following.

Case 1. Let n be odd. Let C,, be a cycle uiuz - - - upui. Define f: V(C,) — {0,1,2,--- ,g =n}
and ¢+1=n+1by f(u1) =0; f(up) =n + 1; f(u;) =1 — 1for 2 <i< -

n—+ 1
2

L and f(u;) = j for

<j<n-1.

Case 2. Let n be even. Let C, be a cycle uiusz - - - pu1. Define f : V(C,,) — {0,1,2,--- ,g =n}

and ¢+1=n+1by f(u1) =0; f(u,) =n + 1; f(u;) =1 -1 for 2 < i< and f(u;) = j for

n
2
n .
B) +1<j<n-1

Therefore, the set of labels of the edges of C,, is {1,2,...,n}. Hence C,, is a relaxed mean graph.
O

Theorem 2.3 Ifn >4, K, is not a relazed mean graph.

(n—1)

Proof Suppose n > 4, K,, is a relaxed mean graph. To get the edge label ¢ + 1 = n + 1,
we must have ¢ + 1 and ¢ — 2 as the vertex labels. Let u and v be the vertices whose vertex labels are
q+ 1 and q — 2 respectively.

To get the edge label 1 we must have 0 and 1 as the vertex label (or) 0 and 2 as the vertex label.
In either case 0 must be a label of some vertex. Let w be the vertex whose vertex label is 0.
q+2 which should not happen. If ¢+ 1

is odd and 0,1 are the vertex labels with labels w1 having vertex label 1, then the edges uw and uw;
q+2

If ¢+ 1 is even, the edges uw and vw get the same label

; if q is odd and 0, 2 are the vertex labels with wi having vertex label 2, then
q+2

get the same label

the edges uw and vw; get the same label

which again should not happen. Hence K,, is not a

relaxed mean graph for n > 4. m|

Theorem 2.4 K>, is a relazed mean graph for all n.

Proof Let (V1, V2) be the bipartition of Kz , with Vi= {u, v}, Vo = {u1, ua, -+ ,un}. Define
f: V(K2,n) — {0,1,2,...,g =2n} and g+ 1 =2n+1by f(u) =1; f(v) =2n+1; f(u1) = 0 and
fluigr) =2ifor 1 <i<n—1.
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The corresponding edge labels are as follows:

The label of the edge uu; is 1. The label of the edge uu;4+1 isi 4+ 1 for 1 < i< n — 1. The label
of the edge vujy1isn 4+ i+ 1for 1 <i<n — 1. The label of the edge vu; is n + 1. Hence K3 5, is a

relaxed mean graph for all n. a

Definition 2.5 A triangular snake is obtained from a path vivsa - - - v, by joining v; and viy1 to a new

vertex w; for 1 < ¢ < n — 1. That is, every edge of a path is replaced by a triangle Cs.
Theorem 2.6 Any triangular snake is a relazed mean graph.

Proof Let T, be a triangular snake. Define f: V(T,) — {0,1,2,...,9=3n—3}andq+ 1=
3n — 2by f(v;) =3i—3forl <i<n-—1landf(vy) =3n—2;f(w;) =3i—1for<i<n-2and
f(vn—1) = 3n — 5.

The corresponding edge labels are as follows:

The labels of the edge v;—1v; is 31 — 4 for 2 < i < n— 1. The labels of the edge v,,—1v, is 3n — 4.
The labels of the edge w;v; is 3i — 2 for 1< i < n — 2. The labels of the edge wp—1vp—1 is 3n —5. The
labels of the edge wi—1v; is 3i — 3 for 2 < i < n - 1. The labels of the edge w,—1v, is 3n — 3. Hence

T, is a relaxed mean graph. O

Definition 2.7 A quadrilateral snake is obtained from a path uiusz...u, by joining w;, ui+1 to new
vertices v;, w; respectively and joining v; and w;. That is, every edge of a path is replaced by a cycle
Cs.

Theorem 2.8 Any quadrilateral snake is a relaxed mean graph.

Proof Let Q, denote a quadrilateral snake. Define f: V(Qn) — {0, 1,2, ..., g =4n — 4} and q
+1=4n—-3byf(u)=4i—4for1<i<n-—1andf(u,) =4n — 3. f(v;) =4i —2for1 <i<n—
2and f(vp—1) =4n — 7. f(w;) =4i — 1for 1 <i<n — 2 and f(wp—1) = 4n — 6.

The corresponding edge labels are as follows:

The labels of the edge u;—1u; is 4i — 6 for 2 < ¢ < n—1 and un—1uy is 4n—5. The labels of the edge
wv; s 44 —-— 3 for 1 < i < n - 2 and up_1Vve-1 is 4n — 7.
The labels of the edge uwitiw; is 4 for 1 < i < n — 2 and u,wp—1 is 4n — 4.
The labels of the edge v;w; is 4i-1 for 1 < i < n — 2 and vp—1Wn—1 is 4n — 6. Hence Q, is a

relaxed mean graph. m|

Definition 2.9 The square G* of a graph G has V(G?) = V(G) with w,v is adjacent in G* whenever
d(u, v) < 2 in G. The powers G*, G*, ... of G are similarly defined.

Theorem 2.10 The graph P2 is a relazed mean graph.

Proof Let ujuz...u, be the path P,,. Clearly, Pf, has n vertices and 2n—3 edges. Define f : V(Pf,)
— {0, 1, 2, ..., q = 2n — 3} and q + 1 = 2n — 2 by
flu;)) =21 —2for1 <i<n—2;f(up—1) =2n — 5 and f(u,) = 2n — 2.

The corresponding edge labels are as follows:

The labels of the edge u;u;4+1 is 21 — 1 for 1 < i < n—2 and up—1u, is 2n — 3. The labels of the

edge u;uiy2 is 2i for 1 < i < n -2. Hence P,Q1 is a relaxed mean graph. O
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Definition 2.11 The graph Cét) denotes that the one point union of t copies of cycle Cy. The graph
C’ét) is called a friendship graph or Dutch t-windmill.

The graph C’ét) is a relaxed mean graph. For instance, C§4) is shown in Fig.1.

6

Fig.1

Theorem 2.12 Let C, be the cycle uiuz...upur. Let G be a graph with V(G) = V(Cn) U {w; :
1<i< n}and E(G) = E(Cy) U {wywi , uitrw; : 1 < 1< n}. Then G is a relazed mean graph.

Proof The proof is divided into two cases following.
Case 1. n is odd.

Define f: V(G) — {0,1,2,--- ,¢g=3n} and ¢g+1=3n+1by f(u;)) =3i—3for 1 <i < (n—1)/2;
Flw) = 3i-1for 1 < i < (n=1)/% f(ugur1)/2) = (Bn-1)/2 Fluuray ) = (3n+9)/2% Funssy i) =
(Bn+9)/2+3i+1for 1 <i< (n—23)/2; f(wmnt1)y2) = Bn+7)/2; f(wmts)y2) = (3n+5)/2 and
F(Winta)y24i) = Bn+7)/24+3i — 1 for 1 < i < (n—3)/2. Clearly, fis a relaxed mean labeling of G.

Case 2. nis even and n > 8.

Define f : V(G) — {0, 1,2, ..., q=3n}and g + 1 = 3n + 1 by f(u1) = 3; f(u;) = 3i —
4 for 2 < i < 1n/2; f(u@y2+1) = Bn/2) + 1; f(upy24+) = 3n/2) — 2 4+ 3ifor 2 < i< (n —
4)/2; f(up—1) = 3n — 3; f(un) = 3n + 1; f(w1) = 0; f(w2) = 7; f(w;) = 31 + 1 for 3 < i <(n
= 2)/2; f(Wnyz)) = Bn = 2)/25 f(Weny2)+1) = Bn + 12)/2; f(Wen/2)4i41) = (3n + 12)/2 + 3i for
1<i< (n—8)/2; f(wn-2) =3n — 4; f(wp—1) = 3n — 5 and f(w,) = 3n — 2.

Clearly, f is a relaxed mean labeling of G. Hence G is a relaxed mean graph. a

Theorem 2.13 Let C, be the cycle wiuz...unui. Let G be a graph with
V(G) = V(C,) and E(G) = E(Cy) U {wius}. Then G is a relazed mean graph.

Proof The proof is divided into two cases.
Case 1. nis odd.

Define f: V(C,) — {0,1,2,...,q=n+1}andq+ 1 =n+ 2 by f(u;) =0 and f(up) =n + 2.
Also,f(ui):ifori:2,3;f(uj):j+1f0rn + 1 <j<n-—1and f(ug) =k for k #14,j.

Case 2. n is even.
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Define f: V(C,) — {0,1,2,...,g=n+1}andq+ 1 =n+ 2 by f(u;) =0 and f(up,) =n + 2.
Also, f(ui):ifori:2,3;f(uj):j+1f0rggjgn—landf(uk):kfork;éi,j.

Clearly, f is a relaxed mean labeling of G. m|

Theorem 2.14 Let C, be the cycle uiruz. .. upui. Let G be a graph with V(G) = V(Cy) and E(G) =
E(C,) U {usus}. Then G is a relazed mean graph.

Proof The proof is divided into two cases.
Case 1. n is odd.

Define f: V(C,,) = {0,1,2,...,g=n+1}and g+ 1 =n+ 2 by f(u1) = 0; f(uz) = 2 ; f(us)
=1and f(un) =n + 2.
Also, f(u;) =i+ 1 for

n—2&—1 <i<n—1andf(u;) =j+ 1fori#j.

Case 2. n is even.

Define f: V(C,,) = {0,1,2,...,g=n+1}and g+ 1 =n+ 2 by f(u1) = 0; f(uz) = 2 ; f(u3)
=1and f(un) =n + 2.
Also7f(ui):i+1f0rg <i<n—1andf(u;)=j+ 1fori#j.

Clearly, f is a relaxed mean labeling of G. Hence G is a relaxed mean graph. a

Definition 2.15 The graph Ly = P, X P1 is called the ladder.

We proceed to corona with ladder.

Theorem 2.16 L, © K is a relaxed mean graph.

Proof Let V(L,) = {ai;, bi: 1 <i<n}and E(L,) ={aib; : 1 <i<n—1}U{aai41: 1<1i
gn—l}u{bibiﬂ : 1<i<n—1}.

Let c; be the pendent vertex adjacent to a; and let d; be the pendent vertex adjacent to b;. Define f:
VL, © Ky) — {0, 1, 2, ..., g = 5n — 2} and ¢ + 1 = 5n — 1 by
f(a;) =51 —4for 1 <i<mf(by) =51 —3forl <i<n; fe;) =50—5forl<i<n f(d) =
5i — 2for 1 <i<n—1andf(d,) =5n — 1.

The corresponding edge labels are as follows:

The labels of the edge c;a; is 5i — 4 for 1 < i < n. The labels of the edge a;b; is 51 — 3 for 1 <i
< n. The labels of the edge b;d; is 5i — 2 for 1 < i < n. The labels of the edge a;a;+1 is 5i — 1 for 1
< i< n— 1. The labels of the edge b;b;+1 is 5i for 1 <i<n — 1.

Clearly, f is a relaxed mean labeling of G. Hence L, © Kiis a relaxed mean graph. O

Definition 2.17 The graph K, + 2Kz is the join of complement of the complete graph on n vertices
and two disjoint copies of Ka. First we prove that K§ + 2Kz is a relaxed mean graph.

Theorem 2.18 K; 4 2Ks is a relaxed mean graph for all n.

Proof Let V (Kyn)= {ui, ug, ..., un}, V(2Kz2) = {u, v, w, z} and
E (2K2) = {uv, wz}.

Define f : V(K5 +2K2) — {0,1,2,...,q=4n+2} and q+1=4n+3 by f(u) =2, f(v) =0,
f(w) =4n + 3,f(z) = 4nand f(u) = 4i—1forl <i< n.

The corresponding edge labels are as follows:
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The label of the edge uv is 1. The label of the edge wz is 4n+ 2. The label of the edge uu; is
2i+ 1 for 1 < i < n. The label of the edge vu; is 2i for 1 < i < n. The label of the edge wu; is
2n+2i+1for 1 < i < n. The label of the edge zu; is 2n + 2ifor 1 < i < n.

Hence K§, + 2K, is a relaxed mean graph for all n. a

The wheel W,, is the join of the graphs C, and K;. Next we investigate the relaxed mean labeling
of the wheel W, = C,, + K;. The wheel W3 = K4 is a relaxed mean graph. We investigate W, for

any n, we take the case n = 4.

Theorem 2.19 it W4 is a relaxed mean graph.

Proof Suppose W4 is a relaxed mean graph with labeling f. Let W4 = C4 + Ky, where Cy is
the cycle ujugusugu; and V (Ki) = {u} To get the edge label 1 either 0 and 1 or 0 and 2 are the
vertex labels of adjacent vertices. To get the edge label 8, 9 and 6 must be the vertex label of adjacent

vertices. Let 0 and 2 are the vertex labels of adjacent vertices.
Then f(u)=6; f(u)=0;f(ui+1)=2;f(uir2)=9and f(ui+3)=4 for some i, 1 < i < 4.
Therefore, the induced edge labels are distinct.

Clearly, f is a relaxed mean labeling of G. Hence Wy is a relaxed mean graph. O

Definition 2.20 Kz + mKj is the join of the graph Ko and m disjoint copies of Ki. Some authors call

this graph a Book with triangular pages. We now investigate the relaxed mean labeling of Ko + mKj.
Theorem 2.21 Ko+ mK; is a relaxed mean graph for all m.

Proof Let u, v be the vertices of K2 and ui, u,, ..., uybe the remaining vertices of K24+ mKj. De-
finef : V(Ke+mK;) —{0, 1,2, ..., g = 2m + 1}andq + 1 = 2m + 2byf(u) = 0,f(v) = 2m + 2,
f(u) = 2iforl < i < m—1;f(u,) = 2m—1. The label of the edge uu;is ifor1 < i < m—1.
The label of the edge uv is m + 1. The label of the edge vu; ism + 1 + ifor1 < i < m—1. The
label of the edge uuy, is m. The label of the edge vuy, is 2m + 1. Therefore the induced edge labels

are distinct.

Clearly, f is a relaxed mean labeling of G. Hence Ko + mK; is a relaxed mean graph. a

Theorem 2.22 If Gi and Gz are trees, then G = G1 U Gz is a relazed mean graph.

Proof Let Gi1 = (p1, 1), G2 = (p2, q5) be the given trees and let G be a (p, q) graph.
Therefore, p = p; + pyandq = q; + q5. Since G; and G» are trees, q1 =p1—1and g2 = p,—1.

Now, q +1 =q;+9,+1 =p;,—1 + p,—1 + 1= p;+p,—1= p—1. Whence, G = G1U
G2 is a relaxed mean graph. O

Theorem 2.23 The planar grid Pm XP, is a relaxed mean graph for m > 2 and n > 2.
Proof Let V(PmxPy) = {aij:1 < i <m,1 < j < n}and
E(PmxP,) = {ai(j,l)aij:l <i1<m, 2<j < n} U {a(i,l)jaij: 2<i<m, 1 <5< n} .

Define f:V (PnxP,) — {0,1,2,...,q=2mn—(m+n)} and ¢+1= 2mn — (m+n — 1) by
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fla;)=7—-1,1<j<nand

£ (a) flag—1n) + (n=1) +j, 2 < i< m1l<j<n

Qij) =

! f(ag—1n) + (n—=1) +j + 1 if m and n are mazimum
The label of the edge aija;;+1yis (i—1) (2n—1)+j for1<i<m,1<j<n—1

<
The label of the edge aija(41y; is (n —1)+ (i —1)(2n —1) + 7 for 1<i<m—1,
1<j<n
Clearly, f is a relaxed mean labeling of G Hence P,, X P, is a relaxed mean graph for m > 2 and
n > 2. O

Theorem 2.24 The prism P, xC, is a relazed mean graph for m > 2 and for alln > 3.
Proof Let V (PrmxCp)={aij:1<i<m,1<j<n}and

E(PnxCp) ={a;g-nai;:1<i<m,2<j<n} U {ap-njaiy:2<i<m1<j<n}

<
U A{ainain:1<i<

m}.
Take

2r if niseven

2r + 1 if nisodd

Define f : V (PnxCr)—{0,1,2, ..., g + 1 = 2mn—mn) + 1} by f(a1;)=2j
for 1 < j<rand f(ain) = 0, Also,

n—27 + 2 ifnisodd for 1<j<r
flar rtj) = . . . .
n—27 + 1 ifniseven for 1<j<r—1
flaz;) =2n 4+ 2(j—1) for 1<j<r + 1
3n—2j7 + 2 ifnisodd for 1<j<r
f (a2 rr1+4)
3n—25 +1 ifnisevenfor 1<j<r—1
. m—1 .
f(a(gi,ln = f(ay) +4n(i—1) for 2 < i < 5 ,1<j5<n;
. 1
Also, f(a(i—1)1) = f(ai1) + 5m for i = u;
2 +1 m+1
fla@i—1)2) = flai2) + 5m + 2 for i = mn and f (ag;—1)3) = f (a13) + 5m + 1 for i = —
f(a(Zi—Z)j) = flaz;) +4n(i—2) for 3<i<m,1<j<n
Clearly, f is a relaxed mean labeling of Pm><C’n for m > 2, n > 3. Hence G is a relaxed mean
graph.
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