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Abstract: A graph G with p vertices and ¢ edges is said to have skolem difference odd mean
labeling if there exists an injective function f: V(G) — {1,2,3,--- ,4¢ — 1} such that the
induced map f*: E(G) — {1,3,5,--- ,2¢ — 1} defined by

) — f() . .
. —_— if [f(u) — f(v)| is even
) =9 fw ® e+

3 if [f(u) — f(v)| is odd

is a bijection. A graph that admits skolem difference odd mean labeling is called a skolem
difference odd mean graph. Here we investigate skolem difference odd mean behaviour of

some standard graphs.
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§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E) be a
graph with p vertices and ¢ edges. For notations and terminology we follow [1].

Path on n vertices is denoted by P, and a cycle on n vertices is denoted by C. A graph G = (V, E)
is called bipartite if V' = V4 U V2 with ¢ = Vi N Vs, and every edge of G is of the form {u,v} with
u € V1 and v € Va. If each vertex in V; is joined with every vertex in Va2, we have a complete bipartite
graph. In this case |Vi| = m and |V2| = n, the graph is denoted by K .. The complete bipartite graph
K, is called a star graph and it is denoted by Sy,. The bistar B, , is the graph obtained from K> by
identifying the center vertices of K1 ,, and K1, at the end vertices of K2 respectively. By, m is often
denoted by B(m).

A quadrilateral snake @, is obtained from a path wi,us2,- - ,un+1 by joining u; and u;11 to new
vertices v; and w; respectively and joining v; and w;, 1 < 1i < n, that is, every edge of a path is replaced
by a cycle Cy4. The corona of a graph G on p vertices vi,v2,--- ,vp is the graph obtained from G by
adding p new vertices u1,us, - - - ,up and the new edges u;v; for 1 < i < p. The corona of G is denoted by
G ® K. The graph P, ® K; is called a comb. Let G; and G2 be any two graphs with p1 and p2 vertices
respectively. Then the cartesian product G1 X G2 has p1p2 vertices which are {(u,v)/u € G1,v € G2}.

The edge set of G1 x G2 is obtained as follows: (u1,v1) and (u2,v2) are adjacent in G1 X G2 if either
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u1 = u2 and v and v2 are adjacent in G2 or u; and w2 are adjacent in GG1 and v1 = v2. The product
P,, X P, is called a planar grid and P, x P, is called a ladder, denoted by L,,. The graph P> X P> X P»
is called a cube and is denoted by Q3. A dragon is a graph formed by joining the end vertex of a path
to a vertex of the cycle.

The concept of mean labeling was introduced and studied by S. Somasundaram and R. Ponraj [5].
Some new families of mean graphs are studied by S.K. Vaidya et al. [10]. Further some more results on
mean graphs are discussed in [4,6,7]. A graph G is said to be a mean graph if there exists an injective
function f from V(G) to {0,1,2,---,q} such that the induced map f* from E(G) to {1,2,3,--- ,q}
defined by f*(uwv) = [w-‘ is a bijection. Furthermore, if f* is defined by f*(uv) = [w—‘
for an integer k > 2 hold with previous properties, then G is called a Smarandache k-mean graph.

In [2], K. Manickam and M. Marudai introduced odd mean labeling of a graph. A graph G is said
to be odd mean if there exists an injective function f from V(G) to {0,1,2,3,---,2¢ — 1} such that
the induced map f* from E(G) to {1,3,5,---,2q — 1} defined by f*(uv) = [ww is a bijection.
Some more results on odd mean graphs are discussed in [8,9].

The concept of skolem difference mean labeling was introduced and studied by K. Murugan and A.
Subramanian [3]. A graph G = (V, E) with p vertices and ¢ edges is said to have skolem difference mean
labeling if it is possible to label the vertices x € V' with distinct elements f(z) from 1,2,3--- ,p+ ¢ in
such a way that for each edge e = uv, let f*(e) = [MW and the resulting labels of the edges
are distinct and are from 1,2,3,--- ,¢. A graph that admits a skolem difference mean labeling is called
a skolem difference mean graph. It motivates us to define a new concept called skolem difference odd
mean labeling.

A graph with p vertices and q edges is said to have a skolem difference odd mean labeling if there
exists an injective function f : V(G) — {1,2,3, - ,4q — 1} such that the induced map f* : E(G) —
{1,3,5,--- ,2q — 1} defined by f*(uv) = [W-‘ is a bijection. A graph that admits a skolem
difference odd mean labeling is called a skolem difference odd mean graph.

For example, a skolem difference odd mean labeling of cube )3 shown in Fig.1.

23 5

Fig.1
In this paper, we prove that the path P,, the cycle C, for n > 4, Ky, n(m > 1,n > 1), the bistar

Bi,n for m > 1,n > 1, the quadrilateral snake Q,, the ladder L,,, L, ® K; and K1, ® K; for n > 1

are skolem difference odd mean graphs.

§2. Skolem Difference Odd Mean Graphs

Theorem 2.1 Any path is a skolem difference odd mean graph.

Proof Let ui,us,...,u, be the vertices of the path P,. Define f: V(P,) — {1,2,3,--- ,4¢— 1=
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4n — 5} as follows:

fluziz1) = 4i — 3, 1§i§[g“
flug) = 4n —4i — 1, 193{%

The label of the edge u;u;4+1 is 2n —2i — 1, 1 < ¢ < n — 1. Hence, P, is a skolem difference odd

mean graph. a

For example, a skolem difference odd mean labeling of Ps and Pi; are shown in Fig.2.

1 27 5 23 9 19 13 15

1 39 5 35 9 31 13 27 17 23 21
Fig.2

Theorem 2.2 Cycle C,, is a skolem difference odd mean graph for n > 4.
Proof Let ui,us2,- - ,un be the vertices of the cycle C,. Define f : V(C,) — {1,2,3,--- ,4¢—1=
4n — 1} as follows:

Case 1. n = 0(mod 4)

2 —1,
flui) =< 4n —2i+ 3,
dn — 2 — 1, n

<1t <mn and i is odd,

—_ =
IN

1 < 4 and i is even,

+
IS

IN

IA

n and 7 is even.

[\)‘

For the vertex labeling f, the induced edge labeling f* is given as follows:

) 2 —2i+1, 1<i<2
[ (uiuipr) = )
m—2i—1, Z2<i<n-1
and F unur) =n — 1.

Case 2. n = 1(mod 4)

2i—1, 1<i<n-—2and7is odd
) 4n—2i+3, 1<i< 27! andiis even
flud) = an — 21— 1, ”T%Sign—landiiseven
2n, L =n.

For the vertex labeling f, the induced edge labeling f* is obtained as follows:

2 — 2 +1, 1<q<

[ (uiuipr) = _ L
2n — 24 — 1, ntl <j<np—1

and I (unur) = n.

Case 3. n = 2(mod 4)
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21— 1, 1<i< % and iis odd
2i + 3, ntd <5< n—1andiis odd
flui) = 2 ’

4n — 21 + 3, 1<i<n—2and ¢ is even,
2n — 1, i =n.

For the vertex labeling f, the induced edge labeling f* is given as follows:

. 2 —2i+1, 1<i<?2
I (winiv1) = )
2n—2i—1, 222 <i<n-1
and F upur) =n — 1.
Case 4. n = 3(mod 4)
2i — 1, 1<i<n-—4andiis odd
2n — 4, t=n—2
dn — 2, t=mn
flui) = , ) 5 .
in —2i—1, 1 <4< 5= and i is even
4n — 2 — 5, ”TH <¢<n-—3andiis even
2n — 2, t=mn—1.
For the vertex labeling f, the induced edge labeling f* is obtained as follows:
2n — 2 —1, 1<i<n?
I (wiwig1) = 2n — 24 — 3, pl<i<n-—2
n, i1=n—1.

and F (unur) =2n — 1.

Then, f is a skolem difference odd mean labeling. Thus, C,, for n > 4 is a skolem difference odd mean

graph. m|

For example, a skolem difference odd mean labeling of Ci2 and C11 are shown in Fig.3.

23 1 1
47 39
42
21
5 5
27 43 20 35
17 9 18 9
31 23
13 39 13 27
Ch2 C11

Fig.3
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Theorem 2.3 Every complete bipartite graph Kmn(m > 1,n > 1) is a skolem difference odd mean
graph.

Proof Let V = Vi UV, where Vi = {u1,u2, - ,um} and Vo = {v1,v2, -+ ,vp}. The graph K n

has m + n vertices and mn edges. Define f: V(Kmn) — {1,2,3,--- ,4¢ — 1 = 4mn — 1} as follows:
flus) = 4i — 3, 1 <m
F(o3) = dmn — dm(j ~ 1) = 1,

IN

1
1

IA

j<n

For the vertex labeling f, the induced edge label f* is obtained as f*(uiv;) = 2mn — 2i + 1 —
2m(j —1),1 <i<m,1 < j <n.Then, f gives a skolem difference odd mean labeling. Hence, K, » is

a skolem difference odd mean graph for all m > 1,n > 1. a

For example, a skolem difference odd mean labeling of K4 5 is shown in Fig.4.

Corollary 2.4 By taking m = 1, in the proof of the above theorem, we get a star graph K1, and it is

a skolem difference odd mean graph.
Theorem 2.5 The bistar Bp,,» is a skolem difference odd mean graph for m > 1,n > 1.

Proof Let V(K2) = {u,v} and u;(1 < i < m), v;(1 < j < n) be the vertices adjacent to v and v
respectively. Define f: V(Bm,n) — {1,2,--- ,4¢g — 1 =4(m + n) + 3} by

flu) =1,

f) =4(m+n) +3,
flus))=4i—1, 1<i<m,
floj))=4j+1, 1<j<n

The induced edge labels are given as follows:

fH(uwv) =2m +2n + 1,
ffluw)=2i—1, 1<i<m
fflov;))=2m+2n—-25+1, 1<j<n.
Then, f is a skolem difference odd mean labeling and hence B, is a skolem difference odd mean

graph for all m > 1,n > 1. a

For example, a skolem difference odd mean labeling of By, 7 is shown in Fig.5.
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/\ %N
3 7 11 15

47
5 9 13 17 21 25 29
Fig.5

Theorem 2.6 A quadrilateral snake is a skolem difference odd mean graph.

Proof Let @, denote the quadrilateral snake obtained from w1, us2,...,Un+1 by joining u;, u;+1 to
new vertices v;, w; respectively and joining v; and w;,1 < i < n. The graph @, has 3n + 1 vertices and
4n edges. We define f: V(Qn) — {1,2,3,--- ,4¢ — 1 = 16n — 1} as follows:

Flus) 67 — 5, 1<i<n+1andiis odd
Ui ) =

16n — 10 4+ 11, 1<i<n+1and=is even

16n — 107 + 9, 1 <4i<nandiisodd
fvi) = , , .

67 — 3, 1 <4i<nandiis even

6i — 1, 1 <4i<nandiisodd
flwi) = _ , N

16n — 10z 4+ 3, 1 <i<nandiis even.

The induced edge labels are given by

. 8n — 8i + 3, 1 <i<nandiis odd
[ (winir) =
8n — 8i + 5, 1 <i<nandiiseven

. 8n — 8i + 5, 1 <i<nand:iis odd
[T (wiwi) =

8n — 8i + 3, 1 <i<nandiiseven
fuv) =8n—8 +7, 1<i<nand

fluwi—1) =8n—8i+9, 2<i<n+1.

Thus, f is a skolem difference odd mean labeling and hence @, is a skolem difference odd mean

graph. a

For example, a skolem difference odd mean labeling of Qs is shown in Fig.6.

79 5 9 63 59 17 21 43 39 29

1 71 13 51 25 31

Fig.6

Theorem 2.7 The ladder L, = P, x K2 is a skolem difference odd mean graph.
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Proof Let ui,uz2,- - ,un and vi,va2,- -

,Un be the vertices of L, and E(L,) = {uiv; : 1 <1 <

nPU{uiuirr 1 1 <@ <n—1}U{viviy1 : 1 <i < n—1}. Define f : V(L) — {1,2,3,--- ,4¢g—1 = 12n—9}

as follows:
4i — 3,
f(ui) = ,
12n — 8 — 1,
12n — 8 — 1,
f(vi) = ‘
49 — 3,

1 <i<nandiisodd

1 <i<nandiiseven

1 <i<nandiisodd

1 <i<nandiis even.

For the vertex labeling f, the induced edge labeling f* is given as follows:

ffluw)=6n—-6i+1, 1<i<n
. 6n — 61 — 3, 1<i<n-—1and7isodd
[ (wivig) = _ , .
6n — 67 — 1, 1<i<n-—1andiis even
. 6n — 67 — 1, 1<i<n-—1andiis odd
[T (vivigr) =
6n — 61 — 3, 1<i<n-—1and ¢ is even.

Then, f is a skolem difference odd mean labeling and hence L, is a skolem difference odd mean

graph.

O

For example, a skolem difference odd mean labeling of Ls = Ps x K2 is shown in Fig.7.

47 25 31

87 5 71 13

21 39 29

Fig.7

Theorem 2.8 L, ® K1 is a skolem difference odd mean graph.

Proof Let Ly be the ladder. Let G be the graph obtained by joining a pendant edge to each vertex

of the ladder. let wi,us, - ,un and v1,ve,---

,Un be the vertices of the ladder. For 1 < i < n, let u}

and v} be the new vertices made adjacent with u; and v; respectively. The graph G has 4n vertices

and 5n — 2 edges.
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Define f: V(G) — {1,2,--- ,4¢ — 1 = 20n — 9} by

20n — 8 — 1, 1 <i<nandiis odd

120 — 7, 1 <i<nandiiseven

f(uz)—{
120 -7, 1 <i<mnandiis odd
fli) = ‘ . Ny
20n — 8 — 1, 1<i<nandz7is even
, 124 — 11, 1<i<mnandz7is odd
flug) =

20n — 8 — 5, 1 <i<nandiiseven

20n — 8i — 5, 1 <i<mnand:iisodd
127 — 11 1<i<nandz7is even

F) =

For the vertex labeling f, the induced edge labeling f* is obtained as follows:

10n — 107 — 3, 1<i<n-—1and7is odd

I (uiwisa) =
10n — 107 — 1, 1<i<n-—1andiis even
. 10n — 107 — 1, 1<i<n-—1and7iis odd
[ (wivigr) =
10n — 107 — 3, 1<i<n-—1andiis even
. , 10n — 107 + 5, 1<i<nandiisodd
[ (uiug) = . . .
10n — 10t + 1, 1 <i<nand?1is even
. , 10n — 107 + 1, 1<i<nandiisodd
I (vivg) =

10n — 107 + 5, 1 <i<n and iis even.

Thus, L, ® K; is a skolem difference odd mean labeling and hence L,, ® K; is a skolem difference odd

mean graph. m|

For example, a skolem difference odd mean labeling of Ly ® K is shown in Fig.8.

1 119 25 103 49 87 73
® ® ® ® ® [ ] ®
17 65
131 115 41 99 83
129 29 107 91
5 53 7
127 [ ] [ ] ® o o [ ] o
13 111 37 95 61 79
Fig.8

Theorem 2.9 Let the path G1 = (p1,q1) and the star G2 = (p2, q2) have skolem difference odd mean
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labeling f and g respectively. Let u be the end vertex of G1 and v be the central vertex of G2 such
that f(u) =1 and g(v) = 1. Then the graph (G1)f * (G2)g obtained from G1 and Gz by identifying the

vertices u and v is also skolem difference odd mean.

Proof Let V(G1) = {u,u; : 1 <i<p;—1} and V(G2) = {v,v; : 1 <i < py —1}. Then the graph
(G1)f * (G2)g has p1 + p2 — 1 vertices and g1 + g2 edges.
Define h : V((G1)f * (G2)g) — {1,2,3,--- ,4(q1 + g2) — 1} as follows:

hus) = f(ui),1 <i<pi—1
h(u) = f(u) = g(v) and
h(vi) =g(vi) +2(p1+q¢1 —1),1 <i<py— 1.

Then the induced edge labels of G are 1,3,5,...,2¢1 — 1 and that of G2 are
21 +1,2q1 + 3, ,2(qn +q2) — 1.

Hence, the graph (G1)y*(G2)4 obtained from G and G2 by identifying the vertices u and v is a skolem
difference odd mean graph. m|

For example, a skolem difference odd mean labeling of G1, G2 and G1 * G2 are shown in Fig.9.

1 19 5 15 9 11

Gy : Pg

3 7 11 15 19 23

293 27 31 35 39 43
G1 * G2

Fig.9
Theorem 2.10 The graph K1, © K1 is skolem difference odd mean for all n > 1.

Proof Let G be the graph K , ® K obtained from the star K , with vertices ug,u1,u2, -, Un

by joining a vertex v; to u;,0 <7 < n.
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Let V(GQ) = {uo, ui,vo,v; : 1 <4 < n}and E(G) = {uovo, uous, u;v; : 1 < i < n}. The graph G
has 2n 4 2 vertices and 2n + 1 edges. Define f: V(G) — {1,2,--- ,4¢ — 1 = 8n + 3} as follows:

fuo) =1
flu;)=4n+4i—1,1<i<n
f(vo) =8n+3

8

For the vertex labeling f, the induced edge labeling f* in given as follows:

f(uovo) =4n + 1
ffuowi)) =2n+2i—1,1<i<n
fuw) =2n—-2i+1,1<i<n.

Then, f is a skolem difference odd mean labeling and hence G is a skolem difference odd mean graph.
O

For example, a skolem difference odd mean labeling of K 7 ® K; is shown in Fig.10.

®59

PY
w
Nej
S
w

'

-3

31 35 51 55

Fig.10
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