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Abstract: Prime labeling originated with Entringer and was introduced by Tout, Dabboucy
and Howalla [3]. A Graph G(V, E) is said to have a prime labeling if its vertices are labeled
with distinct integers 1,2,3,--- ,|V(G)| such that for each edge xy the labels assigned to x
and y are relatively prime. A graph admits a prime labeling is called a prime graph. We

investigate the prime labeling of some H-class graphs.
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81. Introduction

A simple graph G(V, E) is said to have a prime labeling (or called prime) if its vertices are
labeled with distinct integers 1,2,3, ..., |V(G)|, such that for each edge xy € F(G), the labels
assigned to z and y are relatively prime [1].

We begin with listing a few definitions/notations that are used.

(1) A graph G = (V, E) is said to have order |V| and size |E|.

2)

(3) P, is a path of length n.

(4) The H-graph is defined as the union of two paths of length n together with an edge

A vertex v € V(G) of degree 1 is called pendant vertex.

joining the mid points of them. That is, it is obtained from two copies of P, with vertices
V1,02, .., U, and ui, Uz, ..., U, by joining the vertices v(,41y/2 and u(,41)/2 by means of an
edge if n is odd and the vertices v, /241 and u, /o if n is even [4].

(5) The corona G7 ® G2 of two graphs G and G is defined as the graph G obtained by
taking one copy of G (which has p; points) and p; copies of G and then joining the i*" point
of G to every point in the i** copy of G [1].

§2. Prime Labeling of H-Class Graphs

Theorem 2.1 The H-graph of a path of length n is prime.

Proof Let G = (V, E) be a H-graph of a path of length n. It is obtained from two copies
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of paths of length n. It has 2n vertices and 2n — 1 edges.

V(G) = {us,v;/1 <i<n}
E(G) = {uittiy1, vivit1/1 <i <n = 1Y U {upmy2)1V1(n/2)}

Define f: V(G) — {1,2,...,2n} by

f(Wn1)2) = 1if nis odd
f(vp/2) = 1if nis even
fluj)=i+1,1<i<n
fw)=n+i+1,1<i<(n/2)—1, when i # (n/2) if n is even
fw)=n+1i(mn/2)+1<i<mn, if nis even
fw)=n+i+1,1<i<(n-—1)/2, wheni# (n+1)/2, if n is odd
fw)=n+i,(n+3)/2<i<n, when i # (n+1)/2, if n is odd
Clearly, it is easy to check that GCD (f(u),f(v)) = 1, for every edge
wv € E(G). Therefore, the H-graph of a path of length n admits prime labeling. m

Example 2.2 The prime labeling for H-graph with n = 14,16 are shown in Fig.1 and 2.

2 10

2 9
3 11

3 10
4 12

4 11
) 1

) 1
6 13

6 12
7 14

7 13
8 15

8 14
9 16

Fig.1 n = 0(mod2) Fig.2 n = 1(mod2)

Theorem 2.3 The graph G ® K1 is a prime.

Proof G ® K; is obtained from H-graph by attaching pendant vertices to each of the
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vertices. The graph has 4n vertices and 4n — 1 edges, where n = |G].
V(G © K1) = {u;,vi/1 <i<2n}
E(G 0 K1) = {uitiz1,vvi41/1 <1 <n— 1} U {uitlnpi, 0ivn4/1 <@ < n}

U {u(n+1)/gv(n+1)/2 n is odd or U(n/2)+1Vn/2, T is even.}

Define f: V(G ® K1) — {1,2,...,4n} by

i#£n/2 if n is even
f(Unt1y/2) =1 n odd
f(u(ny2)41) = 1 n even
flunts) =2i, 1 <i<n
fw)=2n+2i-1,1<i<n
Flongs) =2n+2i,1<i<n
GCD(f(uw;), f(ui+1)) =GCD(2i +1,2i+3) =1,1<i < (n—3)/2,n odd
GCD(f(u;), f(ui+1)) =GCD(2t +1,2i+3)=1,(n+3)/2<i<n-—1,no0dd
GCD(f(uw;), f(ui+1)) =GCD(2i +1,2i+3)=1,1<i < (n/2) — 1,n even
GOCD(f(ui), f(uiy1)) =GCD(2i+1,2i+3)=1,(n/2) +2 <i<n-—1,n even
GCD(f(v;), f(vit1)) =GCD2n+2i—1,2n+2i+1)=1,1<i<n
GCD(f(vi), f(vn44)) =GCD(2n+2i—1,2n+2i) =1,1 <i < n.

In this case it can be easily verified that GCD(f(u), f(v)) = 1 for remaining edges uv €
E(G ® K1). Therefore, G ® K; admits prime labeling. m

Example 2.4 The prime labeling for G ® K7 and G ® K; are shown in Fig.3 and 4.

ug u v v 2 3] 13 14
2 3 11 12
LAY PN 7 B 1 5 5 16
4 14
Us us RO 6 7! 7 18
6 1 15 16
uw,7 17,u.9 8 1] 19 20
] 18
ujo  us) s vio 9 12 R1 22
10 9 19 20
10 11 23 24

Fig.3 Go K, Figd Go K,
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Theorem 2.5 The graph G ® Sy is prime.

Proof The graph G @ S3 has 6n vertices and 6n — 1 edges, where n = |G|.

V(GO S,) = {ui,vi/1 <i<n}u{u” u® oM 0@ /1<i<n}

yU; *5 U

E(G©®82) = {utir1,v0;41/1 <i<n—-1}U {uiuz(-l), uiuz(-m,viv(l), vivl@)/l <i<n}

U{Unt1/2Vn41/2 1 is odd or Uy, 9410,/ 1 is even.
Define f:V — {1,2,...,6n} by
2
f(un+1/2) L f(u (n+1)/2) =6n—1,f(u En).;_l)/g) = 6n.
Case 1 Suppose n = 1(mod 2).

Subcase 1.1 n = 1(mod 4)

fluzi—1) =6(i—1)+3,1<i<(n—1)/4
fluzi—1) = f(u@n—1)/2) + 6 +6[i — (n —1)/4) + 2],
(n=1)/4)+2<i<((n—-1)/2)+1
flug)) =6(i—1)+5,1<i<(n-1)/4
fluzi) = f(ug-1)/2) +4+6[i — ((n — 1)/4) + 1],
(n=1)/4)+1<i<(n—1)/2
) —1+6(i—1),1<i<(n—1)/4
Un—1)/2) + 7+ 6[i = ((n —1)/4) + 2],
(n=1)/4)+2<i<(n-1)/2
P ) = flur) + 14 6(i — 1) 1<i<(n—1)/4
(

~
—
N
oo~
= =
=
—
S~—
Il
~
=~

—((n—1)/4) +2],
((”—1)/4)+2<Z§((n—l)/2)+1
f(ug)):f(uz)+1+6(z—1)1§ <(n—1)/4
( —((n=1)/4+1],
((n—l)/4)+1<z§( 1)/2
F@S) = flug) +2+6(i —1),1<i < (n—1)/4
f(ug)) f(u—1y/2) +5+6[i — ((n—1)/4) + 1],
(n—1)/4)+1<i<(n—1)/2
3n, f(v2) = 3n+2

flor) =
f(vaic1) = flo1)+6(i—1),2<i< (n+1)/2
fva) = flve) +6(i—1),2<i<(n—1)/2
F@SL) = fo1) =146(i=1),1 <i < (n+1)/2
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(Uzz 1)
(Uzz)
f(v5;)
GOD(f(uzi-1), f(u2:))
GCOD(f(u2i), f(ugit1))
GOD(f(ugi-1), f(u2:))

GOD(f(ugs), f(uip1)) =

GCD(f(uzi 1), f(us?

0, fus?
O, fus?

GCD(f (uz
GCD(f(uq

GCD(f(v
GCD(f(vai—

1), f(v2

GCD(f(v2s), f(v2i41)) =

GCD(f(va), f(052)) =

Subcase 1.2 n = 3(mod 4)

fugi—1) =6(i
fluzi—1) = f

fluzi) =6

fluzi) = f
Flus) ) =f
Flus) ) =f
Fus) ) =f

) =

) =
) =

) =
1), f(v2i)) =

~ o~ o~~~

=fr)+1+6(i—1),1<i<(n+1)/2

=flv2) +1+6(i—1),1<i<(n—1)/2

=f(v2) +2+6(i—1),1<i<(n—1)/2

=GCD(6i—3,6i—1)=1,1<i<(n—1)/4

=GCD6i—1,66+3)=1,1<i<((n—1)/4) -1

=GCD(6i —7,6i—3) =1
(n=1)/4)+2<i<(n—-1)/2

GCD(6i —3,6i — 1) = 1,
(n=1)/4)+1<i<(n—-1)/2

GCD(6i — 7,60 —5) =1

(n—=1)/4)+2<i<((n—1)/2)+1
GCD(6i—1,6i+1)=1,1<i<(n—1)/4
GCD(6i—3,6i —2) =1,

(n—=1)/4)+1<i<(n—1)/2
GCD(3n,3n +2) =1

GOD(3n +6i — 6,30+ 6i —4) = 1,
2<i<(n—1)/2

GOD(3n +6i — 4,30 + 6i) = 1,
1<i<(n—1)/2

GCD(3n+ 6t —4,3n+ 61 —2) =1,

1<i<(n-1)/2.

-1)+3,1<i<(n+1)/4
Un—1)/2) +2+6[i — ((n +1)/4) + 1],

(
(n+1)/44+1<i<(n+1)/2
(

i—1)+51<i<((n+1)/4)—-1
U(n—1)/2) +6 +6[i — ((n+1)/4) + 1],
m+1)/4)+1<i<((n+1)/2)—1
<(n+1)/4
1)/4) +1],
1)/2
(n+1)/4

w)—1+6(G—1),1<i
U(n—1)/2) + 3+ 6[i —
n+1)/4)+1<4

((n+
<(n+
u) +1+6(i—1),1<i<
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f(uzl) f(un—1ys2) +4+6[i = ((n +
(n+1)/4)+1<i<(n+
1<i<

(u 1)/4) +1],
(
Flus)) = flu) +1+6(i - 1),
(
(

1)/2
(mn+1)/4) -1
+1)/4) + 1],
+1)/2) -1
<((n+1)/4)-1
+1)/4) + 1],
+1)/2) -1

Fus) = fum-ryj2) +5+6[i — ((n
n+1)/4)+1<i<((n

( ) flug)+2+6(i—1),1<4

FS?) = flugn_1yy2) +7+6[i — ((n
(

(
(n+1)/4)+1<i<((n+1

f(v1) = 3n, f(v2) = 3n +2
f(v2im1) = f(v1) +6(i —1),2<i< (n+1)/2
flv2i) = flv2) +6(i —1),2<i < ((n+1)/2) =1
FOS) ) = fl) —1+6(i—1),1<i < (n+1)/2
FOS ) = fo1) +1+6(i—1),1 <i < (n+1)/2
F§)) = fu2) +146(—1),1 <i < ((n+1)/2) — 1
FO) = fua) +2+6(i—1),1<i < ((n+1)/2) - 1.

As in the above case it can be verified that GCD(f(u), f(v)) = 1 for every edge uv €
E(G©®S7).

Case 2. n = 0(mod 2)

fugms+1) =1, f(u (n/2)+1) =6n—1,f(u gi)/z)ﬂ) = 6n.
Subcase 2.1 n = 0(mod 4)

flugi1) =6(i—1)+3,1<i<n/4
fugiza) = f(ugnyz)) +6+6[i = (n/4) + 2], (n/4) +2 < i <n/2
flug) =6(i—1)+5,1<i<n/4
fluzi) = f(ugnyz) +4+6[i = (n/4) + 1], (n/4) + 1 < i < n/2
Fl ) = Flun) =14 6(i—1),1 i < n/d
Fus) 1) = F(usz) +7+6[i — (n/4) + 2], (n/4) + 2 < i < n/2
FWS) )= flur) +1+6(i —1),1<i<n/4
FWS) ) = f(ugna) + 8+ 6[i — (n/4) + 2], (n/4) +2 <i < n/2
F@S)) = flug) +1+6(i —1),1 <i <n/4
FWS) = Fupmz) +3+6[i — (n/4) +1], (n/4) +1 < i < n/2
F$) = flus) +2+6(—1),1 <i < n/4
FWS) = fugn) +5+6[i — (n/4) + 1], (n/4) + 1 < i < n/2
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f(v1) =3n—1, f(v2) = 3(n+1)
f(vaic1) = f(v1) +6(i —1),2 <i < n/2
f(vai) = fva) +6(i—1),2<i<n/2
f(”zl D=f(r1)+14+6(i—-1),1<i<n/2
FO8 )= flo) + 246+ (i —1),1<i<n/2
FOS) = fvg) =146(i —1),1<i<n/2
FOP) = flvg) +1+6(i—1),1<i<n/2

Clearly GCD(f(u), f(v)) =1 for every edge uwv € E(G ® S3).
Subcase 2.2 n = 2(mod 4)

flugi1) =63 —1)+3,1<i<(n+2)/4
Fluzion) = f(ugnsz) +2+6[i = (n+2)/4) + 1), (n+2)/4) +1 < i < n/2
flug) =6(i—1)+5,1<i<(n—2)/4
fluzi) = f(ugny) +6+6Ji — (n—2)/4) + 2], (n —2)/4) +2 < i < n/2
Flub 1) = flur) —1+6(i —1),1 <i < (n+2)/4
F@S) ) = fumz) +3+6[i — (n+2)/4) +1],(n+2)/4) + 1 <i < n/2
FS? ) = flur) +14+6(i —1),1 <i < (n+2)/4
FOuS? 1) = Flugya) +4+6[i — (n+2)/4) +1],(n +2)/4) + 1 < i < n/2
FuSD) = flug) +1+6(—1),1<i < (n—2)/4
F(us) = F(umsz) +5+6[i — (0= 2)/4) +2],(n —2) +2 < i <n/2
Fus)) = fluz) +2+6(i—1),1 <i < (n—2)/4
FuS)) = fugnya) +7+6[i — ((n—2)/4) + 2], (n — 2)/4) +2 < i < n/2
f(v1) =3n—1, f(v2) =3(n+1)
f(vaiz1) = f(v1) +6(i —1),2 <i<n/2
flvg) = flvg) +6(i —1),2 < <n/2
FON )= flo) +1+6(—1),1<i<n/2
FO2 ) = flo) +2+6(—1),1<i<n/2
FO) = Fluy) = 1+6(i —1),1 < i <n/2
FWS) = flvg) +146(i —1),1 < i <n/2.

75

In this case also it is easy to check that GCD(f(u), f(v)) = 1. Therefore G ® Sz admits

prime labeling.

Example 2.6 The prime labelings for G ® Sy with n = 1(mod4), n

3(mod4), n = 0(mod4) are respectively shown in Fig.5-8 following.

O
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Fig.5 G ® Sz n = 1(mod4) Fig.6 G © S3 n = 3(mod4)

Fig.7 G ® S2 n = 0(mod4) Fig.8 G ® S3 n =2(mod4)
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