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§1. Introduction

Dual numbers were introduced by W.K. Clifford [5] as a tool for his geometrical investigations.
After him,e E.Study used dual numbers and dual vectors in his research on the geometry of
lines and kinematics [7]. The pitches and the angles of the pitches of the closed ruled surfaces
corresponding to the one parameter dual unit spherical curves and oriented lines in R?® were
calculated respectively by Hacisalihoglu [10] and Giirsoy [8]. Definitions of the parallel ruled
surface were presented by Wilhelm Blaschke [6]. The integral invariants of the paralel ruled
surfaces in the 3-dimensional Euclidean space R® corresponding to the unit dual spherical
parallel curves were calculated by Senyurt [14]. The integral invariants of ruled surface of a
timelike curve in dual Lorentzian space were calculated by Bektag and Senyurt [2]. The integral
invariants of ruled surface of a closed spacelike curve with timelike binormal in dual Lorentzian
space were calculated by Bektag and Senyurt [3].

The set D = {\ = A+ eA*|\, A" € R,e2 = 0} is called dual numbers set, see [5].0n this
set, product and addition operations are respectively

A+eXN)+(B+ef)=(A+6)+e(\* + 5%

and
A+eX)(B+ef")=A+e(A3"+N0F).

1Received May 15, 2013, Accepted August 22, 2013.




Characterization of Ruled Surface of a Closed Spacelike Curve with Spacelike Binormal in Dual Lorentzian Space 57

The elements of the set D3 = {Z =74 +ea*|d,a* e RS} are called dual vectors. On
this set addition and scalar product operations are respectively
®:D3x D% - D3
— = — = - N —
(4.B) ~doB=a+b+e(a +0"),

®:DxD?*— D3
- e % — — — — x>
(A,A) A0 A=A+ o(d+ead*)=Xa +e(Na*+ 21 7)

The set (DS, 69) is a module over the ring (D, +, ), called the D — Modul.
The Lorentzian inner product of dual vectors X, B € D? is defined by

(A.5) = (2.7) 4 ((7.7) + (a.7))

N
> is the following Lorentzian inner product of vectors @ = (a1, as,a3) and b =
(b17 b27 b3) € Rgai'e'v

where <7, ?

<?,7> = —a1by + asbs + azbs.

The set D? equipped with the Lorentzian inner product <X, §> is called 3-dimensional dual
Lorentzian space and is denoted in what follows by D? = {X =7d+eca*|d,a* eR} } [17].
— N e 3 . = = —
A dual vector A = @' +eca™* € Dy is called dual space-like vector if <A, A> >0o0r A =0,
— — — — —
a dual time-like vector if <A, A> < 0, a dual null (light-like) vector if <A, A> =0for A#0
— — —
. For A # 0, the norm HAH of A is defined by
— —
a,a

HZH - \<Z,Z>‘ @)+ ) 0,

el
- —
The dual Lorentzian cross-product of A, B € D?is defined as
ZA§:7X7+5(7><?*+7*X7)
where @ x b is the cross-product [14] of @ , b eR3 given by

- =
ax b= (agbg — a2b3, a1b3 — agbl, a1b2 — agbl) .

Theorem 1.1(E. Study) The oriented lines in R3 are in one to one correspondence with the
— —
points of the dual unit sphere || A|| = (1,0) where A # (6), @) € D-Modul , see [9].

The dual number ® = ¢ + ™ is called dual angle between the unit dual vectors Z} ve §
and keep in mind that

sin(p+ep*) = singp+ep*cosyp,
cos(p+ep™) = cosp—ep’sineg.
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82. Characterization of Ruled Surface of a Closed Spacelike Curve with Spacelike

Binormal in Dual Lorentzian Space (sz)

— — —
Let U:I — D}, t — U@t)=U1(t), H U (t)H = 1 be a differentiable spacelike curve with
spacelike binormal in the dual unit sphere. Denote by (ﬁ)) the closed ruled generated by this

curve. o o
Let {Ul, Us, Ug} be the Frenet frame of the curve U = U with

—

— — — — — — —
U,=U , U2:U/HUH C Us=TUyxUs

Definition 2.1 The closed ruled surface (ﬁ) corresponding to the dual spacelike curve ﬁ)(t)
—
which makes the fized dual angle ® = p + cp* with U (t) determines

— — —
V = cos ®U; + sin @Us (2.1)

The surface (7) corresponding to the dual spacelike vector ‘_/ is called the parallel ruled
surface of surface (ﬁ)) in the dual Lorentzian space Dj.
t)

~,
Now, take U (t) as a closed spacelike curve with curvature k = ky + k] and torsion

— —
7 = ko + k5 . Recall that in the Frenet frames associated to the curve U; and Us are spacelike

vectors and [72) is timelike vector and we have
— — — — — — — — —
U1 X U2 = —U3 s UQ X U3 = —U1 s U3 X U1 = U2. (22)

Under these conditions, the Frenet formulas are given by ([18])

> o d

> o d e d 7 e d
Uy =xUy , U =xUi+7Us3 , Uz =71Us. (23)

The Frenet instantaneous rotation vector (also called instantaneous Darboux vector) for

the spacelike curve is given by ([16])
— — —
U = —7U; + kUs, (24)

Let be ‘_/)1 - V. Differentiating of the vector \Z with respect the parameter ¢ and using
the Eq.(2.3) we get
— o d
Vi = (kcos® + 7sin @) Uy (2.5)

and the norm of that vector denoted by P is
P =kcos® + 7sin ®. (2.6)
Then, substituting the values of (2.5) and (2.6) into Frenet equations gives
— —
Vo =Us (2.7)

For the vector ‘Z,We have
— — —
V3 = sin ®U; — cos U3 (2.8)
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If Eq.(2.1), (2.7) and (2.8) are written matrix form, we have

- — — -

i cos® 0 sind U,
— —
V2 - 0 1 0 : U2
— —

| V3 sin® 0 —cos® Us |

or

N -
U, cos® 0 sind 1%
— —
Uy | = 0 1 0 | Ve
— —

| Us sin® 0 —cos® Vs |

— — . —
T —cospUs+ p*(cosp v —sinpvs)

Let P = p+ ep* be the curvature and Q = g + g™ the torsion of curve 1—/>(t) Then, the
following relating holds between the vectors

= = = = T
Vi,Vo, Vg and Vi , Vo, V3 [18]
— — — — — —
Vi =PVs, Vo =PVi+QVs3 V3 =QV (210)
7 7 e 2.10
P = \/<‘—/>1 ,‘—/1 >, Qz—det(‘/_z7/‘/i,7/‘/l )
<Vi,Vi>

If Eq.(2.10) is separated into its real and dual parts, we get

v pPva, 2 =P 3 =qU2

T =pUE 4 p T, (2.11)
VY =pUI AP UL+ T +q s

Ty =qUs+ ¢V

Now, we are ready to calculate the value of ) as function of x and 7. Differentiating Eq.
(2.5) with respect to the curve parameter ¢ we get

2 2 . -
Vi =(+k"cos®+ krsin®)U 1+
i o 212)
+ (kcos® +78in®) Ug + (k7cos® + 77sin ) U 5
Using Eqgs.(2.1), (2.5) and (2.12) into Eq.(2.10), we get

Q = —ksin® + 7cos P (2.13)



60

Ozcan BEKTAS and Siileyman SENYURT

and separating Eq.(2.6) and Eq.(2.13) into its dual and real parts gives

p=kicosp+ kasing

p* =k} cosp + kising — ¢* (k1 sinp — kg cos ) (2.14)

*

q= —kisingp+ kacosyp
q* = —kisinp + k3 cosp — ¢*(k1 cos p + kasin )

In its dual unit spherical motion the dual orthonormal system {‘Z, ‘72), 17;} at any ¢ makes a

dual rotation motion around the instantaneous dual Darboux vector. This vector is determined

by the following equation ([16]).

or

= — -
U = —QV; + PVs. (2.15)

For the Steiner vector of the motion, we can write

5:%5 (2.16)

= — —
D =—V17§th+V37§Pdt (2.17)
— —
Using the values of the vectors Uy and Us into Eq.(2.4), gives
— — — — —
U = —7(cos®V 1 + sin®V3) + k(sin®V 1 — cos®V 3),
— — —
U =-QV;—PVs (2.18)
Because of the equations D= f W for the dual Steiner vector of the motion, we may write
— — —
D= —Vlj{th — ng{Pdt (2.19)
N
The real and dual parts of D are

= —?1 fth - ?3 fpdt,

(2.20)
f= T fqrdt — T §qdt — Vs §prdt — T3 § pdt

—
d
—
d
— — —
D = —U1 %Tdt'f‘ Ug%ﬁdt (221)

Eq.(2.21) can be written type of the dual and real part as follow

d =~ § kydt + T3 § kndt,

_ (2.22)
d* = =W $hodt — Wy $ k3dt + W5 § kadt + U5 § kidt
If the equation (2.3) is separated into the dual and real part, we can obtain
Wy =k W, Wo=kitW1 +koWs, Wy=hkoto
Wyt =k U+ kU, (2.23)

— — — — —
uy  =kuir+ksus+kiul+kus
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Now, let us calculate the integral invariants of the respective closed ruled surfaces. The

pitch of the first closed surface (U;) is obtained as

Lo, ={d.@")+(d"@),

L, = —%k;‘dt. (2.24)
The dual angle of the pitch of the closed surface U is
- —
Ay, = — <D,U1> .
and from Eq.(2.21) we obtain
Ay, = %Tdt. (2.25)
The real and dual of U7 are

Au, = j{det , Lu = —]{k;dt (2.26)

The drall of the closed surface (Uy) is

(duz, dui*)
Py, = =—=v
<d’u,1, du1>

Using the values du; and du;* given by Eq.(2.23), we get

_ K

PUl_k_l

(2.27)

The pitch of the closed surface (Us) is given by
L., =0. (2.28)
The dual angle of the pitch of the closed surface (Uz) is
— =
AU2 = _<D7U2>7
Ay, =0. (2.29)
The drall of the closed surface (Us), we may write

(dus, du3*)
PU2 = =
(duz, duz)
Using the values dus and dus* given by Eq.(2.23), we get

_ kykT A kok3

Py, = e (2.30)

The pitch of the closed surface (Us) is

Ly =(d, @) +(d" &),
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Ly, = f{ krdt

The dual angle of the pitch of the closed surface (Us) is

Ay, = — <1—)>, ﬁé>

AU3 = —%Iidﬁ

The real and dual parts of Ay, are

A, = —](kldt Ly, = j{k’{dt

The drall of the closed surface (Us) is

which gives using (2.21)

(dus, duz*)
Py, = —=—=+v
<d’u,3, dU3>

Using the values of duz and duz* given in Eq.(2.23) gives

k*
Py, = k—z

(2.31)

(2.32)

(2.33)

(2.34)

Let Q (t) = w (t) + ew* (t) be the Lorentzian timelike angle between the instantaneous dual

-
Pfaffion vector ¥ and the vector Us. In this case dual Pfaffion vector ¥ is spacelike vector and

S0,
N

N
n:H\I/HcosQ , T:H\IJ’sinQ

= — — . . = 1. . .
then C' = ¢ + e ¢*, the unit vector in the ¥ direction is
— . — —
C = —sinQU; + cos QU3

and the real and dual parts of 8 are

— . — —
¢ = —slnwuy + coswus
— . — — — . —
c* = —sinwui* 4+ coswuz™ — w* coswui — w* sinwus

—

The pitch of the closed surface (C') generated by Cis given by
Loe=<d,C*>+<d*T>
Le = cosw%kfdt + sinwj{kzdt - w*(sinw%kldt - cosw%kgdt)
If we use Eq.(2.26) and Eq.(2.33) into Eq.(2.37) we get
Lo = —sinwlLy, + coswly, + w” (coswhy, + sinw,,)

—

The dual angle of the pitch of that closed ruled surface (C'), we have

Ao = — <B,8>

(2.35)

(2.36)

(2.37)

(2.38)
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and from Eq.(2.21) and (2.35) it follows that

— — — —
Ay, =—< U j{rdt—k Ug%/@dt,—sinQUl + cos QU3 >,

Ao =-— sian{rdt — cosﬂj{/@dt (2.39)
Using Eg.(2.25) and (2.32) gives

Ac = —sin QAy, + cos QAy, (2.40)

—

The drall of the closed surface (C) is

w'w* — (kycosw — ky sinw) (k5 — kiw*) cosw — (kaw* + k) sinw]
Po = it (2.41)
w2 — (kg cosw — ky sinw)

Now, let us calculate the integral invariants of the respective closed ruled surfaces. The

pitch of the closed (V1) surface is given by
LVl = <E)a ’U_>1*> + <7*5 ’U_>1> )
Ly, = —%q*dt. (2.42)

Substituting by the value ¢* into Eq.(2.42)

Ly, = singp%kfdt - cos<pj{k§dt + <p*(cos<p%k1dt + Singﬁ%kgdt) (2.43)

or

Ly, = cos Ly, +sin@Ly, + ¢* (sinpAy, — cosply,). (2.44)

The dual angle of the pitch of the closed ruled surface (V7) , we have
— —
Ay, = — <D, V1>
and using Eq.(2.19) we obtain

e e g
Av, :_<—V1%th—v3?{Pdt,Vl >,

Ay, = ]f Q. (2.45)
Using Eq.(2.13) into the last equation, we get
Ay, = —sin@%mdt—i—cos@%nlt

or
Ay, = cosPAy, +sin PAy, (2.46)
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Separating Eq.(2.46) into its real and dual parts gives

Ay, = COS YAy, + sin Ay,

(2.47)
Ly, = cospLy, +sin@Ly, + ¢* (sin oAy, — cospy,)
The drall of the closed surface (V1) is
(dvr, dvi)
})\/1 ey ——————
<d’U1 N d’U1>
which gives using the values of dv; and dv;* in Eq.(2.11)
p*
Po=1 (2.48)
and using the values of pand p* given by Eq.(2.14) gives
Iy _ kicosptkising kising —kycosp (2.49)

e ki cosp + ko sinp v k1 cosp + ko sin g

Theorem 2.1 Let (V1) be the parallel surface of the surface (Uy). The pitch, drall and the dual
of the pitch of the ruled surface (V1) are

*

1-)Ly, = —]{q*dt 2 )Ay, = ]{th 3-)Py, = %

Corollary 2.1 Let (Vi) be the parallel surface of the surface (Ur). The pitch and the dual of

the pitch of the ruled surface (V1) related to the invariants of the surface (Uy) are written as
follow

17) Ly, = cos Ly, + sin Ly, + ¢* (sin oA, — cos oy, );
27) Ay, = cosPAy, +sin @Ay,

The pitch of the closed surface (V2) is given by
b = (7,5°) + (77,

Ly, =0 (2.50)

The dual angle of the pitch of the closed ruled surface (V3) is
— —
v, =—(D. V%)

Using Eq.(2.19) we get

Ay, =0 (2.51)
The drall of the closed surface (V3) is

 (dv3,dvs)
V2" dvs, dvs)
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Using the values of dvs and dvs* given by Eq.(2.11) gives

P+ 49"

and with the values of p, p*, gand ¢* given by Eq.(2.14) we get

krkt o+ ko
Py, =———F7— 2.53
Theorem 2.2 Let (V1) be the parallel surface of the surface (Uy). The pitch, drall and the dual
of the pitch of the ruled surface (V) are

I
1)Ly, =0  2)Ay, =0  3-)Py, = %
The pitch of the closed surface (V3) is given by
Ly, = (d.5") +(d",%),
Ly, = — ](p*dt (2.54)
and using Eq.(2.54)
Ly, =— coscp?{kfdt —singp ]{ ksdt + ¢* (sincp%kldt —cosp ]{ kodt) (2.55)
or
Ly, =sin Ly, — cos@L,, — ¢* (cos oAy, + sinpAy;) (2.56)

The dual angle of the pitch of the closed ruled surface (V3) is
—_ —
AV3 = - <Da ‘/3>
Due to Eq.(2.19) we have

— — —
Aw=—<mew—%fP@%>,

Ay, = f{ Pat. (2.57)

and using Eq.(2.6) into the last equation gives

Ay, = cos@j{mdt—ksinq)%rdt

or

Ay, =sin®Ay, — cos PAy, (2.58)

Separating Eq.(2.58) into its real and dual parts give

Aua = SIN Ay, — COS Py
3 PAuy PAug (2.59)
Ly, =singpL,, —cos@Ly, —@* (cospAy, +sinpl,,)
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The drall of the closed surface (V3) is

o (T, A7)
Vs T s, dog)

Using the values of dvs and dvs* given by Eq.(2.11) gives
p,=L (2.60)
q

and using the values of gand q* given by Eq.(2.14) into the last equations, we get

—kising — k3 cose « [ ki1cosp+ kasing
Py, = -

= 2.61
—kysinp + kycosp —kising + kacosp ( )

Theorem 2.3 Let (V1) be the parallel surface of the surface (Uy). The pitch, drall and the dual
of the pitch of the ruled surface (V3) are

*

Corollary 2.2 Let (Vi) be the parallel surface of the surface (Ur). The pitch and the dual of
the pitch of the ruled surface (Vs) related to the invariants of the surface (Up) are written as
follow

17) Ly, = sinpL,, — cos@Ly, — ¢* (cospAy, +sinpl,,);
27) Ay, =sin®Ay, — cos PAy,.

Let © (t) = 6 (t) + 6* (t) be the Lorentzian timelike angle between the instantaneous dual
—

= —
Pfaffion vector ¥ and the vector V3. .

In this case dual Pfaffion vector U is spacelike vector,

= =
P—H\I/ cos O, Q—H\I/ sin ©
= =
The unit vector C' = ¢ +e¢*, in the ¥ direction is
= — —
C = —sinOV] + cos OV (2.62)

Using the values of the vectors ‘71) and ‘Z given by Eq.(2.9) into Eq.(2.62), we get

= — — — —
C =—sin® (cos ®U; + sin <I>U3) + cos © (sin ®U; — cos <I>U3)

—

C =sin (0 — ®) U, — cos (6 — d) Us (2.63)

N
The real and dual parts of C are

N )
¢ = —sinfv] + cosfv3

- _ - _ _ (2.64)
¢* = —sinfv;* + cosBvs* — 0* cos v — 0* sin v
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=
The pitch of the closed surface (C') is given by
- = - —
L5:<d, E*>+<d*, E>

and using the values of d and d* given by Eq.(2.22) into the last equation we get

Lz=— cos@j{p*dt + sin@fq*dt + 6" (cos@fth + sin@fpdt) (2.65)

or
L& = —sinfLy, + cos@Ly, + 0" (cos OAy, +sinbAy;,) (2.66)

Finally if we use Eq.(2.47) and Eq.(2.59) into Eq.(2.66), we get

Lz =sin(p —0) Ly, — cos (¢ —0) Lu,+

. ] (2.67)
(" = 07) (cos(p = ) Au, ) +sin (¢ = 0) Au,
The dual angle of the pitch of the closed ruled surface (C') , we may write
— =
A= — <D, C’>
and using Eq.(2.21) and Eq.(2.62) we get
— —
Ag=—-<-V %th - V3 det, —sin©®V; + cosOV3 >,
Ay = —sin® 7{ Qdt + cos© 7{ Pdt (2.68)
If we use the Eqs.(2.45) and (2.57) into the last equation, we get
Az = —sinOAy, + cos OAy, (2.69)
If we use Eq.(2.46), we get
As = —sin(0 — ®)Ay, — cos(© — )Ay, (2.70)
=
The drall of the closed surface (C'), we may write
(dT.d7)
Fo="7r="=v¢
<d c,dc >
P - 0’0 — (qcosd — psin ) [(¢* — pd*) cos O — (q0* + p*) sin 6] (2.71)

0”2 — (gcos — psinh)?
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