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Abstract: A p* graceful labeling of a graph G is an assignment f, of labels to the vertices
of G, that induces for each edge uv, a label f; = |fp(u) — fp(v)| so that the resulting edge
labels are distinct pentagonal numbers. In this paper, we investigate the p* graceful nature

of some graphs based on some graph theoretic operations.
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81. Introduction

Unless otherwise mentioned, a graph in this paper means a simple graph without isolated
vertices. For all the terminology and notations in graph theory, we follow [1] and [2] and for
the definition regarding p* graceful graphs, we follow [4].

A labeling f of a graph G is one-one mapping from the vertex set of G into the set of
integers. Consider a graph G with ¢ edges. Let f, : V(G) — {0,1,--- ,wP(q)} such that
[y (uv) = [fp(u) — fp(v)]. If f; is a sequence of distinct consecutive pentagonal numbers, then
the function f, is said to be p* graceful labeling and the graph which admits the p* graceful

q(3¢—1)
2

labeling is called p* graceful graph. Here w?(q) = is the ¢'" pentagonal number.

In [4], we proved that the paths, star graphs, comb graphs and twig graphs are p* graceful.

In this paper, we are having some generalizations on p* graceful graphs.

Theorem 1.1 S(n,1,n) is p* graceful.

Proof Let G = S(n,1,n). Let u1, ug, ug be the vertices of P3 and uq;, ua1,us;, i =1,2,--+n
be the pendant vertices attached with the vertices of Ps. Define f,, : V(G) — {0,1,--- ,wP(q)}
such that fp(u1) =0

fplu) =wP(i), i =1,2,--- ,m
fpluz) = wP(q), fpluar) = fpluz) —wP(q—1);
fo(us) = fo(uz) —wP(q —2), fplus;) = fplus) +wP(g—2—1i), i=1,2,...,n.

Then we can easily verify that f, generates f, as required. Hence the result. O
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Theorem 1.2 The union of two p* graceful trees is p* graceful.

Proof Let G1 and G2 be two p* graceful trees. Let ny be the number of edges of G; and
ng be the number of edges of G2 such that n; 4+ ng = ¢, the number of edges of Gy U G2. The
p* graceful labeling of G; U G5 can be obtained as by assigning the vertices in the first copy of
G1 UG5, i.e, Gy in such a way as to get the edge labels {w?(q),...,wP(¢ — (n1 — 1))} and then
by assigning the first vertex of G by wP(q — (n1 — 1)) — 1. The remaining vertices of G2 are
labeled so as to get {wP(q¢ — n1),--- ,wP(1)} as edge labels. O

Corollary 1.1 The union of n, p* graceful graphs is p* graceful.

Definition 1.1 Let S, be a star with n pendant vertices. Take m isomorphic copies of S,,. Let
u; and uig, j =1,2,--- ,n fori =1,2,--- ,m be the vertices of the i copy of Sp. Join u; to
Uryi fori=1,2,--- ,m—1. The resultant graph is denoted by S]*. Note that S;* has mn+n

vertices and m(n + 1) — 1 edges.

Theorem 1.3 The graph S exhibits p* gracefulness.

Proof Let the vertex set of SI* be {wui;/i = 1,2,--- ,m,j = 1,2,...n}. Define f, :
V(Sy) —{0,1,--- ,wP(q)} such that fy(u1) = wP(q), fp(ui1) = 0;

fp(uli) = fp(ul) - wp(q - (z - 1))7 =23,

fo(ur) = [fp(wr) —wP(q = (k=1)n — (k=2)), k=2,3,---,m;

Fo(ur) = |fp(urr) —wP(q = (k=Dn—(k—=2) 1), k=2,3,---,m;

So(uri) = [fp(ur) —wP(q — (k= n—(k=2) —d)|, 1=2,3,-- ,n.

If the vertex labeling is less than the corresponding w?(n), instead of subtraction, addition

may be done. Clearly f,, defined in this manner generates f; as required. O

For example, the p* graceful labeling of S,° is shown in Figure 1.
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§2. On Cycles and Related Graphs

More on p* Graceful Graphs

Theorem 2.1 Cycles are p* graceful graphs for some n > 6.

Proof Let uy,us,...,u, be the vertices of the cycle.

Case 1 n =0(mod 4)

Let n = 4k for some k. Define f, : V(Cp) — {0,1,--- ,wP(q)} as follows.

fp(u1) =0, fp(uz) = wP(q);

fo(

IS

folui) = fp(uio1) + (=1)'wP(¢ - 2i+3), 3<i< 5] —2;
<

q—i) = fp(uq—i-H) + (_1)iwp(q - 2i)7 1<i< L%J —4 and fp(uq) = wp(q -1).

87

As we reach Uz and Ug—|z]+3, & stage may be reached when the vertex label is big

enough to accommodate two or more consecutive wP (7). Hence or otherwise we can complete

the proof in Case 1, by allotting all pentagonal numbers from w?(1) to wP(q). For example, p*

graceful labeling of Cig is shown in Figure 2.
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Case 2 n =2(mod 4)

Let n = 4k + 2 for some k. Define f, : V(C}) — {0,1,--- ,wP(q)} such that

fo(u1) =0, fp(u2) = wP(q);
fo(uwi) = fpluim1) + (=1)'wP(q — 2i +4), 3<i
Fo(ug—i) = fplug—it1) + (=1 ‘Wwh(g—2i—1), 1

<
<

3] — 2
i < 5] —4and f(ug) =wP(qg—1).

As discussed in the earlier case, after the above defined stages we may make suitable

increments or decrements depending upon the size of vertex labels, to get the remaining w? ().

As an example consider the labeling of C4 in Figure 3.
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Figure 3

Case 3 n = 3(mod 4)

Let n = 4k — 1 for some k. Here we define f, on V(C,,) as follows:

fo(ur) =0, fp(u2) = wP(q);
fo(ui) = fp(uio1) + (=1)'wP(q—2i+4), 3<i< 5] - 1;
fo(ug—i) = fp(ug—it1) + (—1)'wP(¢—2i—-1), 1<i< L%J —3 and fp(ug) =wP(g—1).

As we reach the vertex at | 5| ie, u|n| and the vertex u,_|n |9 a stage will be reached
where the vertex labels is big enough to accommodate two or more consecutive w?(i). Hence
or otherwise we can complete the labeling in the required manner. For example, consider the

p* graceful labeling of C5 in Figure 4.
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Definition 2.1 The armed crown is a graph obtained from cycle C,, by attaching a path Py, at
each vertex of Cy, and is denoted by C,©OF,,.

Definition 2.2 Biarmed crown C,©2P,, is a graph obtained from Cy, by identifying the pendant

vertices of two vertex disjoint paths of same length m — 1 at each vertex of the cycle.

Corollary 2.1 The armed crown C,OP,, and bi-armed crown C,©2P,, are p* graceful for

some n and m.



More on p* Graceful Graphs 89

83. p* Gracefulness of Some Duplicate Graphs

Definition 3.1 Let G be a graph with V(G) as vertex set. Let V' be the set of vertices |V'| = |V|
where each a € V is associated with a unique a’ € V'. The duplicate graph of G, denoted by
D(G) has the vertex set VUV’ and E(D(Q)) defined as,

E(D(GQ)) = {ab' and a’b : ab € E(G)} (see [2])

For example, D(C5) = Cs.
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Figure 5
Theorem 3.1 The duplicate graph of a path is p* graceful.
Proof Let P, be a path.
D(P,) =P, UP,
By Theorem 1.2, D(P,,) is p* graceful. |
Theorem 3.2 The duplicate graph of a star Sy, is p* graceful.
Proof Let S,, = K, be a star.
D(S,)=S,US,
By Theorem 1.2, D(S,,) is p* graceful. O

Theorem 3.3 The duplicate graph of H graph admits p* graceful labeling.

Proof Let G be an H-graph on 2n vertices. D(G) = G U G. Again by the same theorem
mentioned above, we have the result. O

Theorem 3.4 The duplicate graph C30K; , n > 5 admits p* graceful labeling.

Proof D(C30K1,) = C602K1 4. Let ui,i =1,2,...,6 be the vertices of Cg and uy; and

ugq; ¢ = 1,2,...,n be the pendant vertices attached with u; and u4 respectively.
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Consider the mapping f, on the vertices of G = C462K ,, as f, : V(G) — {0,1,...,wP(q)}
such that

fp(u1) =0, fo(u2) = wP(6);

f,,(u;;) = 29, fp(U4) = 24, fp(’u,5) = 23, fp(Uﬁ) = 35;

fp(ull):wp(6+n+l)7 1217257717
fp(u4’b):fp(u4)+wp(7+7’_1)7 Z:1725 , L.

Obviously f,, defined as above give rise to f, as required. Hence the result. O

In general D(C,, 0K, ) is p* graceful for some m.

Remark 3.1 D(Cy,) = Cay, U Cay, for all n is not p* graceful.

But D(C2nt1) = Co(2nt1) is p* graceful, if Co, 41 is so.

Conjecture All trees are p* graceful.
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