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Abstract: Let G = (V,E) be a simple graph, k > 1 an integer and let f : V(G) —

{-k,k—1,---,-1,1,--- ,k — 1,k} be 2k valued function. If > f(z) > k for each
z€N(v)
v € V(G), where N(v) is the open neighborhood of v, then f is a Smarandachely comple-

mentary k-signed dominating function on G. The weight of f is defined as w(f) = >,y f(v)
and the Smarandachely complementary k-signed domination number of G is defined as
v3,(G) = min{w(f) : f is a minimal complementary signed dominating function of G}.
Particularly, a Smarandachely complementary 1-signed dominating function or family is
called a complementary singed dominating function or family on G with abbreviated nota-
tion ves(G), the Smarandachely complementary 1-signed domination number of G. In this
paper, we determine the value of complementary signed domination number for some special
class of graphs. We also determine bounds for this parameter and exhibit the sharpness of

the bounds. We also characterize graphs attaining the bounds in some special classes.
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§1. Introduction

By a graph we mean a finite, undirected connected graph without loops or multiple edges.
Terms not defined here are used in the sense of Haynes et. al. [3] and Harary [2].

Let G = (V, E) be a graph with n vertices and m edges. A subset S C V is called a
dominating set of G if every vertex in V-5 is adjacent to at least one vertex in S.

A function f : V' — {0,1} is called a dominating function of G if }_ ¢y, f(u) = 1 for
every v € V. Dominating function is a natural generalization of dominating set. If S is a
dominating set, then the characteristic function is a dominating function.

Generally, let f: V(G) —» {-k,k—1,---,=1,1,--- |k — 1,k} be 2k valued function. If

> f(x) > k for each v € V(G), where N(v) is the open neighborhood of v, then f is a
€N (v)
Smarandachely complementary k-signed dominating function on G. The weight of f is defined
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asw(f) = > ,cy f(v) and the Smarandachely complementary k-signed domination number of G
is defined as 5. (G) = min{w(f) : f is a minimal complementary signed dominating function of
G}. Particularly, if k = 1, a Smarandachely complementary 1-signed dominating function is a
function f : V' — {+1, -1} such that > .y, f(u) = 1 for every v € V on G with abbreviated
notation 72,(G) = 7es(G) = min{w(f) : f is a minimal complementary signed dominating
function of G}, the Smarandachely complementary 1-signed domination number of G. Signed
dominating function is defined in [1].

Definition 1.1 A caterpillar is a tree T' for which removal of all pendent vertices leaves a path.

Definition 1.2 The wheel W, is defined to be the graph K1 + Cp—1 for n > 4.

82. Main Results
Definition 2.1 A function f : V — {4+1,—1} is called a complementary signed dominating
function of G if ZH¢N[U] f(u) > 1 for every v € V with deg(v) # n — 1. The weight of a

complementary signed dominating function f is defined as w(f) =3, oy f(v).

The complementary signed domination number of G is defined as

Yes(G) = min{w(f) : f is a minimal complementary signed dominating function of G}.

Example 2.2 Consider the graph G given in Fig 2.1

U3
U1 V2
V4
(%3 (%
Fig.2.1

Define f: V(G) — {+1,—1} by f(v1) = f(vs) = f(va) = f(vg) = 1 and f(ve) = f(vs) = —1. It
is easy to observe that f is a minimal complementary signed dominating function with minimum
weight and so v.5(G) = 2.

Theorem 2.3 Let T, be a caterpillar on 2n vertices obtained from a path vi,va,...,v, on n
vertices by adding n new vertices ui,usg,...,u, and joining u; to v; with an edge for each 1.

Then ~es(Ty) = 4.

Proof The proof is divided into cases following.
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U1 V2 U3 V4

U1 U2 us Uy Un—2 Un—1 Unp

Fig.2.2

Case i n is even.

Define f: V(T},) — {+1,—1} as follows :

+1 if 1 <i<nandiisodd,
flvi) = fu;) =

—1 if2<i<nandiiseven.

f(vn) = f(un) = 4+1. We claim that f is a complementary signed dominating function.
For odd ¢ with 1 <17 < n,

Y fw)y=-n-2)+[n-2) -2 +4=2.
wWEN [u;]
Also,
Yo fw)=—-(n-2)+[n-2)-2+4=2

w¢N[“n]
For even ¢ with 2 <17 < n,
> fw)=-[n-2) -2+ (n—-2)+4=6.
wWEN [u]
For2<i<n-—2,

Y fw)=-[n-2)-2]+n-2) -2+4=4,

wéN[vi]

Y fw)=-[n-2)—1]+[n-2) -2/ +4=3,

wéN[v1]

Yo fw)=-[n-2)-1]+n-2)+4-3=2,

WEN [V, —1]

Yo fw)=—[n-2)-2+n-2)-1+4-1=4,

w¢N['Un72]
Z flwy=—-Mn-2)+n—-2)+4-3=1.
wWEN [vy]
Therefore f is a complementary signed dominating function. Since ngz Nion] f(w) =1, the

labeling is minimum with respect to the vertices v1,vs, ..., Vn—2 and w1, Uz, ..., Un_1.
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If uy, 1 is given value —1, then 3= o v, 1 f(u) = 0. It is easy to observe that 3, 7 1 f(v) =
4 is minimum for this particular complementary signed dominating function. Hence 7.5(75,) = 4

if n is even.
Case ii n is odd.

Define f : V(T},) — {+1,—1} as follows :

4+1 for1<i<n-—2andiis odd,
f(vi) =

—1 for2<i<n-—3andiiseven.

and f(v,—1) = f(vn) = +1.

4+1 if 1 <i<nandiisodd,

fui) = , , .
—1 if2<i<n-1andiiseven.
+1 -1 +1 -1 -1 +1 +1 +1
U1 V2 U3 V4 Un—3 Un—2 Un—1 Un
U1 U2 us3 U4 Un—3 .un—2 Un—1 Un
+1 -1 +1 -1 -1 +1 -1 +1

Fig.2.3

We claim that f is a complementary signed dominating function.

For odd ¢ with 1 <i¢ < n —4,

Y fw)=—[n-3)+1+[n-3)+1-2]+4=2

wEN[u]
For even ¢ with 2 < i <n — 3,

S fw)=—-[n-3)+1-2+(n-3)+1+4=6.

we Nlu,]
Also
Y fw)=—[n-3)+1+(n-3)+1+4-2=2,
w%N[un,g]
Y fw)=—[n-3)+1-1+[n-3)+1-1]+4=4
w¢N[un71]
and

Y fw)=—[n-3)+1]+[n-3)+1]+4-2=2,
wEN[un]
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For 2 <i<n—4,

Y fw)=—[n-3)+1-2+[n-3)+1-2]+4=4,

wgNv:]
Y fw)y=—[n-3)+1-1+[n—3)+1-2/+4=3,
w¢N[v1]

Y fw) =—[n=3)+1-2/+[n—-3)+1-1]+4—-1=4,
wgN[vn—a]

Yo fw)=—[n=3)+1-1+[n-3)+1-1]+4-2=2,
w&N[v, 2]

Yo fw) =—[n=-3)+1-1]+[n-3)+1-1]+4-2=2,
wgN[vn-1]

Y fw)==[n=3)+1+[(n-3)+1-1]+4-2=1.
wgNvn]

Therefore f is a complementary signed dominating function. Since ngz Nion] f(w) =1, the

labeling is minimum with respect to the vertices vy, v, ..., vy—2 and uy, ug, ..., Up—1.

If wp—o is given value —1, then ngN[vnﬂ] f(w) = 0.1t is easy to observe that EUEV[Tn] flw) =
4 is minimum for this particular complementary signed dominating function. Hence v.5(T,,) = 4
if n is odd. Therefore .s(7},) = 4 for all n. O

Theorem 2.4 Let P, be a path on n wvertices and each vertexr of P, is a support which is
adjacent to exactly two pendent vertices. Such a graph is called a caterpillar and denoted by T'.
Then

3 ifnisodd, n>3
’YCS(T) =

4 if nis even, n > 4.

Proof Let the vertices of the path P, be vy, vs,...,v, and let each vertex v; be adjacent

to exactly two pendent vertices namely u; and w;.

Case i nis odd.

Define f: V(T) — {+1,—1} as follows :

+1 if 7 is odd,
fi) =

—1 if 7 is even.

f(u;) = +1 for all i and

+1 ifi=1,
-1 if2<i<n.

fw;) =



Complementary Signed Domination Number of Certain Graphs 39

+1

U1
U w1\ U2 w2\ U3 w3\ Ug —3 \Wn-3

4141 -1 41 -1 +1 -1 +1 -

Fig.2.4

We claim that f is a complementary signed dominating function. We have,

-1 -1
> fw ( >—|—1—1—(nT>+2—1+(n—1)—(n—1)—1.
wEN[u1]
For even ¢ with 2 <i<n—1,

-1 -1
> fw ( )+1—K"2 )—1}+2+(n—1)—1—(n—1):3.
w& N [u;)

For odd ¢ with 3 <1i < mn,

wg%m]f ("_1>+1—1—<”;1>+2+(n—1)—1—(n—1)_1,
> sw= (") -1 () sty -e-n =1,

we¢ N [w1]
For even ¢ with 2 <i<n—1,
-1 —1
> fw ( >+1—K”2 )—1]+2+(n—1)—[(n—1)—1]—5.
wE N [w;]
For odd ¢ with 3 <17 <n,

> f(w)=(";1)+1—1—(";1>+2+(n—1)—[(n—1)—1]=3,

wN[w]

> fw ("_1)+1—1—[—1+(”;1)]+2—2+(n—1)—(n—1)=1.

w¢N[v1]

For even ¢ with 2 <i<n—1,
-1 -1
Z f(w)—<n2 >+1_2_[<n2 >—1}+2—|—(n—1)—1—[(n—1)—1]—2.
wEN[vi]
For odd ¢ with 3 <17 < n,

> fw ( 1)+1—1—[";1—2]+2+(n—1)—1—[(n—1)—1]=4,

wé N [v;]

> fw (n_1)+1—1—K”;l)—1]+2+(n—1)—1—[(n—1)—1]=3.

wgN[vn]
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Therefore f is a complementary signed dominating function. Since ngz N{wi] f(w) =1, the
labeling is minimum with respect to the vertices va, vs, ..., v, and wo, w3, . .., Wy, U1, U2, . . . , Up.

If wy is given value —1, then ngN[vi] f(w) = 0 for even 7 with 2 < i < n—1. It is
easy to observe that ZUGV(T) f(v) = 3 is minimum for this particular complementary signed
dominating function. Therefore .s(T) = 3 if n is odd and n > 3.

Case ii n is even.
Define f : V(T) — {+1,—1} as follows :
+1 forl1<i<4andb5<i<n,iisodd,

fvi) =

—1 for 6 < i< nand 7 is even.

flu))=+1for1 <i<nand f(w;))=—-1for 1 <i<n

+1 +1 +1 +1 +1 -1 +1 -1
U1 V2 U3 V4 Us U6 -2 Un—1 Un
upf wi\ue [ we\us [ wz) 4] wy\ us | ws\ us | we Up—2 \Wn—o [Un—1\w,_1 Ju, \w,
1 -1 +1 -1

+1 -1 41 -1 41 -1 41 -1 41 -1 41 -1 41 -1  +

Fig.2.5
We claim that f is a complementary signed dominating function.
—4 —4
S fw)=4-2+ (”2 >— (”2 >+(n—1)—(n—1)—2.
wEN[v1]
For i =2, 3,

> f(w)=4—3+(n;4) —(n_4)+(n—1)—(n—1):1,

wgN[v;]

2
> sw-a-2+ () -1- () s-n -0 -1,
|

wWEN [v4]
—4
3 f(w)_4_1+<” )—1_
w¢ N [vs]
For odd ¢ with 7<i<n-—1,

> f(w)=4+(";4) —1- [";4—2} +(n—1)—(n—1)=5.

wgN[v;]

[\)

For even ¢ with 6 <17 < n,

> w1+ () 2= (15 -1 s - n-m-n -

wgN[v;]

> f(w)=4+(n;4) —1- Kn;l) —1} fn—1)—(n—1)=4.

wgN[vn]
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For 1 <i <4,

S _4_1+<n;4) - (n;4>+(n_1)_n_2'

w&N [u;]
For odd ¢ with 5 <i<n-—1,

> fw <”g4>—1—(”;4>+(n—1)—n_2.

we N [u;]

For even i with 6 < i < n,

S fw (n;4>—[n;4—1]+(n—1)—n:4.

w& N [u;)

For 1 <4 <4,

> f(w)—(4—1)+ng4—<n;4)+n—(n—1) 4,

wéN[w;]
For odd ¢ with 5 <i<n-—1,

> f(w)=4+(n;4> —1- (n;4)+n—[n—1]:4.

wéN[w]

For even ¢ with 6 <17 < n,

o= (35 [(5) ] n-ove

we N [w;]

Therefore f is a complementary signed dominating function. Since >, ¢N{vs] (w) = 1, the
labeling is minimum with respect to the vertices v4, vs, ..., vpn, U1, U3, .. ., U, and wi, W3, . .., Wy.

If vy is given value —1, then 3 o y(,,) f(w) = 0. It is easy to observe that }°, v () f(v) =
4 is minimum for this particular complementary signed dominating function. Therefore v.s(T") =

4 if n is even and n > 4. O
Theorem 2.5 For a bipartite graph K, »,

5 if exactly one of m, n is odd,
Yes Kmn) = 6 if both m and n are odd,

4 if both m and n are even,
where 2 < m < n.

Proof Let (V1,V32) be the partition of K,, , with |Vi| = m and |V2| = n. Let the vertices of
V1 be v, va, ..., v and let the vertices of V2 be uy, usg, ..., uy,. Define f: V(K,, ) — {+1,-1}
as follows :

)
1 if 1§i§m2 ,

fv;) =

.o m=2
+1 if <1< m,
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when m is even and

-3
1 if 1§i§m2 ,
fvi) =
+1 if <1< m,
when m is odd )
1 if 1§z§”g ,
11 if <i<n,
2
when n is even and
—1 if 1<i<—2,
flug) = n—3
+1 if — <i<n,

when n is odd.

Case i m is even.

Let v; be a vertex with f(v;) = —1. Then

> sw= 0|22 ] e (252)

u@N[v;]

=—(m-2)+1+m=3
Let v; be a vertex with f(v;) = 4+1. Then

R ] e R e

ug N [v;]

=—(m-2)+m—-1=1

Case ii m is odd.

Let v; be a vertex with f(v;) = —1. Then

> ]f(u) = (-1 KmT_?’) _1] e (mT_g>

ué Nv;

=—(m-3)+14+m=4

Let v; be a vertex with f(v;) = +1. Then

> s =0 () rm (25) -1

ug N [v;]

Case iii n is even.

The proof is similar to case (i) replacing m and v; by n and w;.

Case iv n is odd.
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The proof is similar to case (ii) replacing m and v; by n and w;.
If the number of vertices with function —1 is increased by 1, a vertex with function value
+1 will not satisfy the condition necessary for a complementary signed dominating function.

Therefore f is a complementary signed dominating function.

Case I Exactly one of m or n is odd.

When m is even and n is odd, then

Yes(Km,n) = Z f)

vEV(Km,n)

() () e (55 (55

=—-(m-2)4m—-(n—-3)+n=>5

When m is odd and n is even

Yes (Km,n) = Z f()

'UEV(Knl,n)

= (") e (7)) - ()

=—(m-3)+m—-—(n—-2)+n=>5

Case II Both m and n are even.

et = () o () () o ()

=—(m-2)+m—-—(n—-2)+n=4

Case III Both m and n are odd.

et = (1) o (52) - (457 o ()

Remark 2.6 ~es(Kmn) = vs(Km,n) for m,n > 3.

We observe that ves(Ws) = 3, 7es(Ws) = 4, Yes(W7) = 1, 7es(Ws) = 4, ves(Wy) = 3 and
Yes(W1o) = 2. We determine ~.,(W,) for n > 11.
Theorem 2.7 For the Wheel W), = K1 + C,,_1,

4 if nis even

Yes(Wn) = . .
3 ifnis odd
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Proof Let vi,vs,...,vn_1,v be the vertices of W,,, where v is the center of the Wheel.

Case i nis even.

Define f : V(W,) — {41, —1} by f(v1) = f(v2) = f(v3) = f(va) = f(vs

for 6 <i<n-—1,
—1 if i is even,

flvi) = o
+1 if 71is odd

and f(v) = —1. We claim that f is a complementary signed dominating function.

2w ) )= (57) =

Fori=2, 3, 4

ug¢ N [v;]
o (550 [(150) -] -+
P o R (G RUE

If i is odd and 7 < i < n — 3, then

g -ae (257) 1 [(559) - -oorenme

u@ N [v;]

If iis even and 8 < i < n — 1, then

£ o= (5) -+ [(559) 1)

u@N(v;]

R O RS COR

Also

) =

+1 and

Therefore f is a complementary signed dominating function. Since .  f(u) = 2, the labeling

ug N[vg]
is minimum with respect to the vertices vy, va, vg,..., vp—1. If f(v1) = —1, then

0. It is easy to observe that

o))

ueV (Wy)

is minimum. Hence ~y.4(W,,) = 4 if n is even.

Case ii n is odd.

> flu) =

ugN[vs]
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Define f : V(W,) — {+1, —1} by f(v1) = f(v2) = f(v3) = f(va) = +1 and for
5<i<n—1,

—1 if ¢ is even,

fvi) = o
+1 if ¢is odd
and f(v) = —1. We claim that f is a complementary signed dominating function.
n—>5 n—>5
}:(ﬂw—4—2+< 5 )—{< 5 )—1]_3

u@N[v1]

For:=2, 3

3 ﬂw=4—3+(";5)—<”;5>=L

ugNvi
n—>5 n—>5
ﬂm_4—2+< )—1—( >—L
%f;[w] 2 2
}:(ﬂm_4—1+(";5)—1—{<”;5)—1}_3
ugNvs]

If i is even and 6 < ¢ < n — 3, then

E o=er (230)-5-[(259) >

ug N [v;]

If 7is odd and 5 < i < mn — 1, then

o= (252) - [(259) -

ué N [v;

£ et (559) - (25) )

u@N[vn 1]

Therefore f is a complementary signed dominating function. Since .  f(u) = 1, the labeling

ugN(v2]
is minimum with respect to the vertices vy, vs,..., vp—1. If f(vs) = —1,then > f(u) <O.
uéN[us]
It is easy to observe that Y. f(u) = 3 is minimum. Hence ~.5(W,,) = 3 if n is odd. O

ueV(Wy)
Theorem 2.8 For the wheel W,, = K1 + Cr—1, > 4,7.s(Wy) = Yes(Cr—1) — 1.

Proof Let vi,vs,...,v,,v be the vertices of W,,. Now,

n—1
Yes(Wn) = Z f(vi) + f(v)
=1

- '-ch(cnfl) -1

Hence Yes (W) = Yes (C1) — 1. =
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