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Abstract: A circulant graph is a Cayley graph constructed out of a finite cyclic group I’
and a generating set A is a subset of I'. In this paper, we attempt to find upper bounds for
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number for circulant graphs. Exact values are also determined in certain cases.
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81. Introduction

Let T" be a finite group with e as the identity. A gemerating set of the group I' is a subset A
such that every element of I' can be expressed as the product of finitely many elements of A.
Assume that e ¢ A and a € A implies a=! € A. The Cayley graph G = (V, E), where V(G) =T
and E(G) = {(z,za)|xz € V(G),a € A} and it is denoted by Cay(T", A). The exclusion of e from
A eliminates the possibility of loops in the graph. When I" = Z,,, the Cayley graph Cay(T, A)
is called as circulant graph and denoted by Cir(n, A).

Suppose G = (V, E) is a graph, the open neighbourhood N (v) of a vertex v € V(G) consists
of the set of vertices adjacent to v. The closed neighbourhood of v is N[v] = N(v)U{v}. For a set

D C V, the open neighbourhood N (D) is defined to be |J N(v), and the closed neighbourhood
veD
of Dis N[D] = N(D)UD. Let u,v € V(G), then d(u,v) is the length of the shortest uv—path.

For any v € V(G), N9(v) = {u € V(G) : d(u,v) < g} and N9[v] = N9(v) U {v}. Aset DCV,
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of vertices in G is called a dominating set if every vertex v € V is either an element of D or is
adjacent to an element of D. That is N[D] = V(G). The domination number v(G) of G is the
minimum cardinality among all the dominating sets in G and the corresponding dominating
set is called a y-set. A set D C V, of vertices in G is called a distance-g dominating set if
NY9[D] = V(G). The distance—g domination number 49(G) of G is the minimum cardinality
among all the distance—g dominating sets in GG and the corresponding distance—g dominating

set is called a y9-set.

Let G be a graph, D, U, V C V(G) with UV = V(G), UNV =0, g > 1 an integer
and (D). having graphical property &. If d(u,D) < g for w € U — D but d(v,D) > g for
v € V=D, such a vertex subset D is called a Smarandachely distance-g paired-(U, V') dominating
P-set. Particularly, if U = V(G), V = 0 and P=perfect matching, i.e., a Smarandachely
distance-g paired-(V(G), ) dominating &?-set D is called a distance-g paired dominating set.
The minimum cardinality among all the distance-g paired dominating sets for graph G is the
distance-g paired domination number, denoted by 7J(G). A set S C V, of vertices in G is called
a distance-g total dominating set if N9(S) = V(G). The distance—g total domination number
~vZ(G) of G is the minimum cardinality among all the distance —g total dominating sets in G
and the corresponding distance—g total dominating set is called a v/-set. A set D C V, of
vertices in G is said to be distance-g connected dominating set if every vertex in V(G) — D
is within distance g of a vertex in D and the induced subgraph < D > is g— connected (If
x € Nyly] for all z,y € D, then = and y are g—connected). The minimum cardinality of a
distance —¢g connected dominating set for a graph G is the distance —g connected domination
number, denoted by 79(G). A set D C V is called a distance-g efficient dominating set if for
every vertex v € V, |[N9v] N D| = 1.

The concept of domination for circulant graphs has been studied by various authors and
one can refer to [1,6-8] and Rani [9-11] obtained the various domination numbers including
total, connected and independent domination numbers for Cayley graphs on Z,. Paired domi-
nation was introduced by Haynes and Slater. In 2008, Joanna Raczek [2] generalized the paired
domination and investigated properties of the distance paired domination number of a path,
cycle and some non-trivial trees. Raczek also proved that distance—g paired domination prob-
lem is NP-complete. Haoli Wang et al. [3] obtained distance—g paired domination number of
circulant graphs for a particular kind of generating set. In this paper, we attempt to find the
sharp upper bounds for distance—g paired domination number for circulant graphs for a general
generating set. The distance version of domination have a strong background of applications.
For instance, efficient construction of distance—g dominating sets can be applied in the context
of distributed data structure, where it is proposed that distance—g dominating sets can be
selected for locating copies of a distributed directory. Also it is useful for efficient selection of
network centers for server placement.

n

Throughout this paper, n is a fixed positive integer, I' = Z,, m = L§J, k is an integer
such that 1 < k < m and g is a fixed positive integer such that 1 < g < m. Let A =
{a1,az,...,ak,n — ag,m — ag—1,...,n —ar} C Zy, with 1 < a1 < as < ... <ap <m, Ay =

{a1,a2,...,ar}. Let dy = a1,d; = a; —a;—1 for 2<i<kand d = 1n<m<xk{di}.
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§2. Distance-g Domination

In this section, we obtain upper bounds for the distance—g domination number and distance—g

efficient domination number. Also whenever the equality occurs we give the corresponding sets.

Theorem 2.1 Let n(> 3) be a positive integer, m = LEJ, k is an integer such that 1 <k <m
and g is a fized positive integer such that 1 < g < m. Let A = {a1,aq2,...,a5,n — ag,n
-1y —a1} CZy withl <ay <az <...<ap<m, and G = Cir(n,A). If d; = a1,d; =
a; —a;—1 for2<i<k,d= 1721(1§:Ek{di}, then v9(G) < dfm].

Proof Let x = 2gay+d and £ = [2]. Consider the set D = {0,1,...,d—1,z,z+1,..., 2+
d—1,2z,2¢+1,...,2z+d—-1,...,({— 1)z, {—1)x+1,...,({—1)z+d—1}. Note that |D| = d¢
and ra; € N9a;], for 1 <r < g. Let v € V(G). By division algorithm, one can write v = ix + j
for some ¢ with 0 <i</—1and 0 <j <x— 1. We have the following cases:

Case i Suppose 0<i</—1and 0<j <gar+d—1.
SubCase i When 0 < j < ay, then by the definition of d, v € D C N9[D].

SubCase ii When a; < j < gap + d — 1, one can write j = ra,, + t, for some integers r,m,t
withl1 <r<g, 1<m<kand0<t<d-1andsov=ixr+t+ra, where as iz +1t € D.
Since ram, € N9ay], we get v € N9[{iz,ix +1,...,iz+ (d —1)}] C NI[D].

Case ii Suppose 0 < i < {—2 and gar +d < j < 2gax + d — 1. Choose an integer h with
1 < h < gay, such that v+ h = (i + 1)x. One can write h = ra,, — t, for some integers r, m,t
with 1 <r<g,1<m<kand0<t<d-—1 and hence v+ ra,, = (i + 1)z + ¢, which means
that v € N9[{(i + D)z, (i + Dz +1,...,(i+ 1)z + (d—1)}] € N9[D].

Case iii Suppose i = ¢ — 1 and gax +d < j < 2gar + d — 1. As mentioned earlier, one can
choose an integer h with 1 < h < gay such that v+ h = 0. Write h = ra,,, —t with 1 <r <m,
1<m<kand0<t<d-—1, which means that v € N9[{0,1,2,...,d — 1}] C N9[D]. Thus D
is a distance—g dominating set of G. O

Theorem 2.2 Let n(> 3) be a positive integer, m = LEJ, k s an integer such that 1 <k <m
and g is a fized positive integer such that 1 < g <m. Let A={d,2d,... , kd,n —kd,n — (k —

1)d,...,n —d} and G = Cir(n,A). If d(1 + 2gk) divides n, then v9(G) = 1+n2 = In this
g

case, Cir(n, A) has a distance-g efficient dominating set.

Proof In the notation of the Theorem 2.1, a; = id for all 1 < ¢ < k and so d; =

d. By Theorem 2.1, D = {0,1,...,d — Lz, +1,...,2 + (d — 1),2z,2z + 1,...,2z + (d —
) (E - 1)3:, —-1x+1,..., =)z + (d —1)} is a distance-g dominating set and hence
= . Let n = £(d(1 4 2gk)). Si N9 = 2gk + 1, for all

v € V( ) |D| = ¢d and |N9u] N N9v]| = () for any two distinct vertices u,v € D, we have

V(G) =
in G.

15 29k From this, one can conclude that D is a distance-g efficient dominating set
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§3. Distance-g Paired Domination, Distance-g Connected Domination

and Distance-g Total Domination

In this section, we obtain upper bounds for the distance—g paired domination number, distance—g
connected domination number and distance—g total domination number. Also whenever the

equality occurs we give the corresponding sets.

Theorem 3.1 Let n(> 3) be a positive integer, m = LEJ, k is an integer such that 1 <
k < m and g is a fized positive integer such that 1 < g < m. Let A = {a1,aq,...,ar,n —
Ay — A1y .oyt — a1} C Ly with 1 < a1 < a2 < ... < ap <m, and G = Cir(n, A). Let
dy = a1,di = a; —a;_1 for2 < i <k, d= 1n<11a<xk{dl} If (29 4+ 1)ay, + d divides n, then

79(G) < 2d(m)~

Proof Let x = (294 1)ay +d, £ =% and D, = {0,1,...,d = 1,ar,ax + 1,...,ax + (d —
D,z,z4+1,...,2+(d—-1),ar +z,ap+2x+1,...;ap+2+d—-1),...,d = Dz,(¢{ — 1a +
L...,0=Dz+({d-1),ap+ (¢l —Dz,ap+ (¢ —1)z+1,...,ap+ (¢ — 1)z + (d — 1)}. Note that
|Dp| = 2d¢ and ra; € N9[a;] for 1 <r < g. Let v € V(G). By division algorithm, one can write
v =1z + j for some 4,j with 0 <7</ —1and 0 < j <z — 1. We have the following cases:

Case i Suppose 0 <i<¢—1and0<j <gap+ (d—1).
SubCase i If 0 < j < a; then by the definition of d, v € N9[D,].

SubCase ii When a; < j < gap +d — 1, one can write j =ra,, +t,for 1 <r<g, 1 <m <k
and 0 <t <d-—1, then v =iz +ra, +tand sov € N9[{iz,iz+1,...,ix+ (d—1)}] C N9[D,].

Case ii Suppose 0 < i </ —1and gax +d < j < gap +ar +d — 1. In this case v can be
written as v = iz + gag + h where d < h < ai + (d — 1). By the property of vertex transitivity
and by case(i), we have v € N9[{iz + ag, iz +ar +1,... iz + ap + (d — 1)}] C N9[D,].

Case iii Suppose 0 <i</{¢—1and gar +ar+d <j<2gar+ar+d—1.

SubCase i Suppose 0 < i < £—2. In this case v can be written as v = (i+1)x+(j—x) for some
i,7 such that 0 <i </¢{—2and —gay < j—x < 0. Thusv+(z—j) = (i+1)z and 0 < x—j < gag.
Hence by case (i), we have v € N9[{(i + 1)z, (i + L)z +1,..., (i + 1)z + (d — 1)}] C N9[D,].

SubCase ii Suppose i = £ — 1. Then v € N9[{0,1,...,d —1}] C N9D,]. Thus D, is a
distance-g dominating set of G. let D’ = {0,1,...,d — L,z,za + 1,...,.2 4+ (d —1),...,(£ —
Da,(l — 1)z +1,...,(¢ — 1)z + (d — 1)}. It is note that D’ C D, and for all u € D', there
exists v = u+ay € D), such that v and v are adjacent in < D, >. Hence < D,, > has a perfect

matching and D, is a distance-g paired dominating set. O

Lemma 3.2 let n(> 3) be a positive integer, m = LEJ, k is an integer such that 1 < k < m and
y IV —

a1} CZp withl <aj <as <...<ar <m and G = Cir(n, A). Let dy = a1,d; = a; — a;—1 for

<i< = i} J(G) <2d] ——— .
2<i<k,d 172?§,’Ek{d1} Then v{ (G) < 26”(29—1- e +d]

g is a fized positive integer such that 1 < g <m. Let A = {a1,az,...,ak,n—a,n—ak_1,. ..
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n
PTOOf Let ¢ = [m

0 <j <x—1. Asin the proof of Theorem 2.1, one can prove that D; = {0,1,...,d—1,ax,ar +
L,..,a,+d-1),z,x2+1,....,204(d—1),ap + z,ar +z+1,...;ap +x+(d—1),..., (£ —
Da,l—1)z+1,...,¢=1)z+(d-1),a+(l—1)z,ap+ (¢ —Dz+1,...,ap+({—1Dz+(d—1)},
is a distance-g dominating set. Also note that, for every z € D; there exists another adjacent

1 and let © = d+ (29 +1)ag. Then n = (¢ —1)z+ j for some

vertex z 4+ ap or z — ay € D;. Thus Dy is a distance-g total dominating set. [l

Now we obtain some equality for the distance g-paired domination number in certain classes
of circulant graphs.
Corollary 3.3 Let n(> 3) be a positive integer, m = Lg], k is an integer such that 1 <k <m
and g is a fized positive integer such that 1 < g <m. Let A={1,2,...,k,n—k,...,n—1} C Z,
n
dG=Cli A). Th I(G) =2(———).
and G = Cir(n, 4). Then 14(G) = 2 g—y)
Proof Take aj, = k in the statement of Theorem 3.1. As d = 1 and by Theorem 3.1, one can
easily prove D = {0,k,z, 2+ k,...,({ — 1)z, ({ —1)x + k} is a distance-g paired dominating set

and hence 74(G) < 2( ). Also,since any two adjacent vertices in D can dominate

29+ 1)k +1
n
t t (2 1)k + 1 distinct ti fG,7(G) > 2(——————). g
at most (2g + 1)k + 1 distinct vertices of G, 73 (G) > ((29+1)k+1)
Remark 3.4 Joanna Raczek [2] has proved vJ(C,) = 2[2L+2L for n > 3. This can be
g

obtained by taking ay = 1 and d = 1 in Theorem 3.1. Also, Haoli Wang et al. [3] have obtained
the distance-g paired domination number for Cir(n, A = {1,k}) for k = 2,3 and 4.

Remark 3.5 The upper bound obtained for distance-g paired domination number matches
n

(29 + 1ay +d
Cir(n, A), the distance-g paired domination number is not equal to distance-g total domination,

with the distance-g total domination number. i.e., 7/(G) < 2d[ 1. In general, for

for all g.

n
Lemma 3.6 Let n(> 3) be a positive integer, m = | = |, k is an integer such that 1 < k < m and
g is a fized positive integer such that 1 < g < m. Let A = {a1,a2,...,ak, n—ak, N—Ak_1,...,N—
a1} CZy withl <a; <as <...<ar <m, and G = Cir(n,A). Let d; = a1,d; = a; — a;—1 for

' n — (d + 2gag)
i<k d— . 9(G) < — )
2<i<k d= mag {d;}, then 1¢(G) < d(1+] d—1) + gar D

—d+2
Proof Let { = (H} and D, = {0,1,...,d—1,d—1+gay, d—1+gax+1,...,d—

1+gap+d—1,d—142gag,d—1+2gap+1,...,d—14+2gar+d—1,...,2(d—14+gax),2(d— 1+
gar)+1,...,0(d—14gar)+d—1,4(d—1+gak),b(d—1+gar)+1,....£(d—1+gax)+d—1}.
As in the proof of Theorem 2.1, we can prove D, is a distance —g dominating set. Since 1 € A
and ra; € N9Ja;] for 1 <r <g,0+j,d—1+gar +5,2(d—14+gar)+7,...,L(d—1+gag)+
are —g connected in the induced subgraph < D, > for each j with 0 < j < d— 1. Thus D, is
n— (d+2gak)]). 0

a distance —g connected dominating set for G with |D.| = d(1 + [ T
- gak

Remark 3.7 From the above lemma, by replacing g = 1, we get the usual connected domination
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n— (d+2ay)

number. i.e., when g =1, 7.(G) < d(1+ | -0+
_ ar

1)-
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