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Abstract: In the present paper, the following result of Ramanujan [2] is shown to be
contained as special case of a matrix identity in two parameters [3]: If a, b, ¢, d are real

numbers such that a d — bc¢ = 0, then
(a+b+e)’+0b+c+d*+(@—d? = (c+d+a)’ +(d+a+0b>+ (b-c

a+b+e)'+0b+c+d*" +(@—-d)" =(c+d+a) +d+a+0b"+ Ob-c)"
Combinatorial properties of the two pairs of Brahmagupta polynomials defined by the matrix

identities in one and two parameters are also described.
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81. Introduction

E.R. Suryanarayan [4] has described the following matrix identity:

n

ITn  Yn r oy
= (1)
tYn Tn ty =
with g = 1, yo = 0, n=0,1,2,---. The identity (1) is the starting point to define a pair

of homogeneous polynomials {z, (x, y;t), yn(z,y;t)} of degree n in two real variables z,y and a
real parameter t # 0 such that 22 — ty? # 0 called Brahmagupta Polynomials. An extensive
list of properties of Brahmagupta polynomials is given in [4].

R.Rangarajan, Rangaswamy and E.R. Suryanarayan [3] have extended the matrix identity
(1) in the following way: Let B() denote the set of matrices of the form

p=| " 7 (2)

ty x+ sy
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where ¢t and s are two parameters and x and y are two real variables subjected to the condition
that 22 + sy —ty? # 0. Define B to be the extended matrix in two parameters. It is easy
to check that in B(*% the commutative law for multiplication holds. As a result,the following

extended matrix identity in two parameters holds:

n

X y _ xn(xayu‘S?t) y’ﬂ(x7y787t) (3)

ty =+ sy tyn(x,y,8,t)  xn(x,y,s,t) + syn(z,y,s,t)

It is very interesting to note that, if s =¢t =y =1 and x = 0, then (3) takes the form:

n

0 1 F.., F,

(%) -(57)

The extended matrix identity (3) defines the pair (z,(z,y,s,t) , yn(x,y,s,t)) of Brahmagupta

where F,, is the n” Fibonacci number

1
Fp=
V5

polynomials in two parameters. An extensive list of properties of Brahmagupta polynomials in
two parameters is given in [3].

In [1] an innovative matrix identity wherein each matrix has a determinant of the form
22 + y2 + 22 is proposed to view Ramanujan result in the power 2. But the identity does not
work in the power 4. However, the paper provided us a good motivation to seek an appropriate

matrix identity in two parameters to view both the results of Ramanujan.

§2. A pair of results of Ramanujan

One of the remarkable results of Ramanujan, appearing on the page 385 of his note books [2]
is stated as follows: If a, b, ¢, d are real numbers such that ad = be, then

(a+b+e)?+(b+c+d?+(a—d)?=(c+d+a)*+ (d+a+Db)*+ (b—c)? (5)

(a+b+e)+(b+ct+d) +(a—d)*=(c+d+a)* + (d+a+b)*+ (b—c) (6)

For example, if a = 6,b = 3,¢ = 2 and d = 1, then 112 4+ 62 + 52 = 92 + 102 + 12 and
11 4+ 6% + 5% = 9% 4 10* + 1%, Writing

r1=a+b+c, 1 =b+c+d, z1=c+d+a, wvi=d+a+b
the results (5) and (6) become
ol +yi + (21— y1)? = 21 +wi + (21— w1)? (7)

i+l 4 (o1 — )t =2 +wl + (21 —wr)? (8)
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where x1,y1, 21, w1 are real numbers such that x% + y% — Ty = z% + w% — Z1Wq.
It is straightforward to workout

1 2 1 1
a= 3 T1—3 y1+§ 21+§ w1,
b= 1&614-1 yl—gzl—i—l w1

3 3 3 3 ’

1 1 1 2
€= 3 $1+§ y1+§ 2L g W

2 1 1 1
d=—§ Tty ity atg ow

and hence ad = bc is equivalent to
2 2 2 2
TI+ YL — Ty = 2 T W — 21wy

Now, it is very easy to verify the Ramanujan results because on expanding the last terms and
simplifying both the sides of (7) and (8) one obtains:

2(z1 +yi — x1yn) = 2(27 + wi — z1w1) (9)
2(21 + i — 2an)? = 22 + wi — 21wn)? (10)
By varying the choices for a, b, ¢, d one obtains infinitely many solutions of (5) and (6).
The main purpose of this paper is to generate infinite quadruple sequences of solutions {z,, yn, 2n, Wy },n =
1,2,3,--- to (7) and (8) starting from just one set {x1, y1, 21, w1} of positive integers such that
22 +y2 — xpyn = 22 + w2 — zuw, # 0, using a suitable extended matrix in two parameters (2)
wherein each matrix has a determinant of the form

1
3+ Yyl — 2y = 5(55% + 5+ (1 —1)?).

This new idea enables us to construct a pair of two variable homogeneous polynomials of degree
n which are useful to evaluate {2, Yn, 2n, wn},n=1,2,3,---.

The required extended matrix identity in two parameters: In order to achieve our
objective, we shall consider the set of all the matrices appearing in the identity (3) with s =
t=—-1:

T Y
A(z,y) = (11)

-y r=y
where x and y are any two real numbers such that 22 +y* — xy # 0. Clearly A(x,y) € GL2(R)
, general linear group of all 2 by 2 invertible matrices. Let A(, ,) be the set of all matrices of
the form (11) where x and y are any two real numbers such that 2% + y2 — xy # 0.
Let A(z1,y1) and A(x2,y2) be any two matrices in A(, ). Then we shall show that A(x3,y3) =
A(z1,y1)A(z2,y2) is also in A, ).

T1 'A% €2 Y2
A($37y3) =
—Y1 T1— W —Y2 X2 — Y2
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(T172 — y1y2) (T1y2 + Y1702 — Y1Y2)
—(z1y2 + Y172 —y1y2)  (Z1m2 — Y1y2) — (T1Y2 + Y122 — Y1Y2)

where r3 = 2172 —11y2 and y3 = (1y2+y172—y1y2) are again real numbers and 23 +y3 —z3y3 =
(22 + 32 — z191) (23 + y3 — 22y2) # 0. Moreover,

A(z1,y1)A(z2,y2) = A(z2,y2) A1, 91).

Hence A, ;) is a commutative matrix subgroup of GL2(R). In this matrix subgroup, Ramanujan
result deduced in (9) and (10) can be restated as follows:

2det[A(x1,y1)] =2 det[A(z1,w1)] (12)

2{det[A(z1,y1)]}? =2 {det[A(z1,w1)]}> (13)

Now, the infinite quadruple solutions {x.,Yn, 2n, wn},n = 1,2,3,--- can be computed as fol-
lows:

Az, yn) = [A(z1,y1)]" (14)

A(zn, wy) = [A(z1, w)]" (15)

Using the standard theorem on product of determinants, it is straight forward to workout
2 det[A(zn,yn)] =2 det[A(zp, wy)] (16)

2 {det[A(zn, yn)]}* = 2 {det[A(zn, wn)]}? (17)

In order to workout (14) and (15), we shall use the following eigen relations:

n n
T Y 1 1 1 T+ wy 0 wr o -1
-y T—y w—w \y W2 0 z + w?y —w 1
where w = e is the cube root of unity. As a result, {xn, yn, zn, wn},n =1,2,3, - have the

following binet forms:
—w?(x1 + wyr)" + w(z + w?y)"

. 18
T I (18)
z1 +wyr)" — (21 + wlyr)"

w—w

- —w?(z1 + wwy)™ + ;}(zl + w?wy)" (20)
w—-w

- bt~ oty o
w—w

Also, it is interesting to workout the following binary recurrence relations for {,, yn, 2n, wn },n =
1,2,3,---:

Tnt1 = (221 — 1) Tp — (x% + y% —x1y1) Tp—1,%0 =1, 21 =a+b+c (22)

Ynt1 = 221 — Y1) Yo — (27 + U5 —2191) Yn—1.¥0=0,41 =b+c+d (23)
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Zni1 = (221 —w1) zn — (22 +wl —2zyw1) zn1,20=1,21=c+d+a (24)
Wpt1 = (221 —w1) w, — (212 + wf —z1w1) Wp—1,wo =0, w1 =d+a+b (25)
where a, b, ¢, d are any four real numbers such that ad = bc.

A pair of evaluating polynomials: The binet forms (18) — (21) define a Pair of Evaluating
Polynomials,namely, P,(x,y) and Q,(z,y) given by

—w¥(z +wy)" + w(z +wy)"

Pala.y) - )t (20
Quay) = EH ) (27)

So that one can evaluate
Po(x1,y1) = Ty Qu(®1,y1) = Yn, Pr(21,w1) = 20, Qn(21, w1) = wy.

It is also a quite convenient method for computing (P, (z,y), @n(x,y)) using the following
extended matrix identity:

n

Po(z,y) Qn(z,y) Ty
_Qn(xvy) Pﬂ(xvy)_Qn(xvy) -y Ty

§3. Combinatorial properties of Brahmagupta Polynomials
The Brahmagupta polynomials in one parameter exhibit the following combinatorial properties:

Theorem 1([4]) The Brahmagupta polynomials in one parameter have the following binet

forms :
1 n n
o= 5@+ VD + @ = V)]
(28)
1
= —= (@ + yVO)" — (z — \/f"}
y Wi [( yv)" — (z — yvit)
They satisfy the following three -term recurrences :
Tp =2z, — (22 — ty)axp1, 20 =1, 1 = 2
+1 ( y°) 1 0 1 (29)

Ynt1 = 22 yn — (@ — W) Y1, Y0 = 0, y1 = y

The Brahmagupta polynomials in two parameters exhibit the following similar combina-

torial properties:
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Theorem 2([3]) (xn + gyn) and y, have the following binet forms:

(‘Tn + %yn) = % [(‘T + )\+y)n + (z+ )‘—y)n]
(30)

1 n n
Yn = s Tenn [(+Ay)" — (@ + A-y)"]

s 52
here Ay = = + 4/ — +1t.
where At 5 4—|—

As a consequence, the Brahmagupta polynomials in two parameters satisfy the following three

-term recurrences:

Tny1 = (22 + sy)z, — (22 + szy —ty?) ap_1,20 =1, 31 =2
(31)

Yni1 = (22 + 5y)yn — (2% + s2y — ty?) Yn—1,50 = 0,51 =y

The first few Brahmagupta polynomials in two parameters are:
zo=1, x1=2x, To = 2>+ tyz, x3 =a> + 3ta:y2 + sty?’,
xy = x + dstady + 6ta®y® + stey® + (t + 5Pyt
Yo =0, y1 =y, y2 = 2xy + sy, ys = 32’y + sz’ + (t + 57)y°,
ys = 4Py + 6s22y* + 4t + s%)wy® + (2t + Pyt - -

In [4], as a consequence of Theorem 1. it is shown that Brahmagupta polynomials are polyno-
mial solutions of ¢t — Cauchy’s - Reimann equations:

0rn  Oyn
or oy
(32)
I
dy Ay "

As a further consequence, x,, and y, are shown to satisfy the wave equation:
0? 1 92
— — —-— |U=0. 33
(83:2 t 8y2> (33)
The corresponding extended result is the following theorem :

Theorem 3 The polynomials x,(x,y,s,t) and y,(x,y, s,t) satisfy the following second order

linear partial differential equations :

9? s 07 1 02
<W + 9wy za—yz> U=0. (34)
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Proof Partial differentiation of (30) yields,

0 s s 0 0 s
% (xn + _yn) = (___ + _) Yn =1 (xn—l + _yn—l)

2 20x Oy 2
2 (at gun) =[5 (racs+ Gwaa) (5 ) ]
Oyn

8—x = NYn—1

So we may simplify the above as follows-

Orn _ (0 0
or “0x dy Yn

2
Orn _ 80yn 8 ( 80yn  Oyn\ (8" )\ Oyn _ O
dy 20y 2 2 Ox dy 4 Ox Ox

They naturally lead to
t82yn + g s 3 - 2 =0
0x? Oy ox Oy n =

which is same as
0? 45 0? 1 62 ~0
0r2 t Oz 0y t Oy? n =
Also, the Partial differential equation for x,, may be derived as follows-
Oz | 50Tn _ Oyn
dr t oy Oy
L0zn _ Oyn
t oy  Ox
As a direct consequence, x, satisfies the following Partial differential equation-

8,8 & 18N
0r2 t Oxdy t Oy? =

References

63

[1] R.Beauregard and E.R. Suryanarayan , A Ramanujan Result Viewed From Matrix Algebra,

The College Mathematics Journal, 33.3 212-214 (2002).

[2] S. Ramanujan ,” Note Books (2 Volumes)”, Tata Institute of Fundamental Research, Mum-

bai 1957.

[3] R. Rangarajan , Rangaswamy and E.R. Suryanarayan, Properties of Brahmagupta Poly-

nomials with two Parameters, Proceedings of the Third Annual Conference of the Society
For Special Functions and their Applications, BHU, Varanasi March 4-6, 2002. Editors
R.S.Pathak, A.K. Agarwal and M.A. Pathan. Society For Special Functions and their

Applications, 57-69 (2003).

[4] E.R. Suryanarayan, The Brahmagupta polynomials, Fibbonacci Quaterly, 34.1 30-39 (1996).



