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Abstract: Let G = (V, E) be a graph. A subset S of V is called a Smarandachely degree
equitable k-set for any integer k, 0 < k < A(G) if the degrees of any two vertices in S differ
by at most k. It is obvious that S = V(G) if k = A(G). A Smarandachely degree equitable
1-set is usually called a degree equitable set. The degree equitable number D.(G), the lower
degree equitable number d.(G), the independent degree equitable number D;.(G) and the
lower independent degree equitable number d;.(G) are defined by

D.(G) = max{|S] : S is a degree equitable set in G},

de(G) = min{|S| : S is a maximal degree equitable set in G},

D;.(G@) = max{|S| : S is an independent and degree equitable set in G} and

dic(G) = min{|S] : S is a maximal independent and degree equitable set in G}.

In this paper we initiate a study of these four parameters on Smarandachely degree equitable

1-sets.
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§1. Introduction

By a graph G = (V, E)) we mean a finite, undirected graph with neither loops nor multiple edges.
The order and size of G are denoted by n and m respectively. For graph theoretic terminology
we refer to Chartrand and Lesniak [1]. For any graph G, the set D(G) of all distinct degrees of
the vertices of G is called the degree set of G. In this paper we introduce four graph theoretic
parameters which just depend on the basic concept of vertex degrees. We need the following

definitions and theorems.

1Received May 7, 2009. Accepted Aug.16, 2009.
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Definition 1.1 Let G1 and Gy be two graphs of order ni and ns respectively. The corona
G4 0 Gy is defined to be the graph obtained by taking ni copies of Go and joining the ith vertex
of G1 to all the vertices of the i'" copy of G3.

Definition 1.2 A set S of vertices is said to be an independent set if no two vertices in S are
adjacent. The maximum number of vertices in an independent set of a graph G is called the

independence number of G and is denoted by Go(G).

Definition 1.3 A dominating set S of a graph G is called an independent dominating set of
G if S is independent in G. The independent domination number i(G) of a graph G is the

minimum cardinality of an independent dominating set.

Definition 1.4 Let F be a family of nonempty subsets of a set S. The intersection graph Q(F)
is the graph whose vertex set is F and two distinct elements A, B € F are adjacent in Q(F) if
AN B # 0.

Definition 1.5 A graph G is called a block graph if each block of G is a complete subgraph.

Definition 1.6 A split graph is a graph G = (V, E) whose vertices can be partitioned into two
sets V' and V", where the vertices in V' form a complete graph and the vertices in V" are

independent.

Definition 1.7 A clique in G is a complete subgraph of G. The mazximum order of a clique in

G is called the clique number of G and is denoted by w(G) or simply w.

Theorem 1.8([1], Page 59) Let T be a non-trivial tree with A(T) = k and let n; be the number
of vertices of degree i in T, 1 <i <k. Then ny =ns+2n4 +3ns +---+ (k — 2)ng + 2.

Theorem 1.9([1], Page 130) Let G be a mazimal planar graph of order n > 4 and let n;
denote the number of vertices of degree i in G, 3 < i < k = A(G). Then 3nz + 2n4 + ns =
ny 4+ 2ng + -+ (k — 6)ng + 12.

Theorem 1.10([2]) Given a graph G and a positive integer k < |V'|, the problem of determining
whether G contains an independent set of cardinality at least k is NP-complete even when G is

restricted to cubic planar graphs.

82. Degree Equitable Sets

In social network theory one studies the relationships that exist on the members of a group.
The people in such a group are called actors, relationships among the actors is usually defined
in terms of a dichotomous property. A social network graph is a graph in which the vertices
represent the actors and an edge between the two actors indicates the property under consid-
eration holds between the corresponding actors. In the social network graph the degree of a
vertex v gives a measure of influence the corresponding actor has within the group. Hence

identifying the maximum number of actors who have almost equal influence within the group
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is a significant problem. This motivates the following definition of degree equitable sets.

Definition 2.1 Let G = (V,E) be a graph. A subset S of V is called a degree equitable set if
the degrees of any two vertices in S differ by at most one. The maximum cardinality of a degree
equitable set in G is called the degree equitable number of G and is denoted by D.(G). The
minimum cardinality of a maximal degree equitable set in G is called the lower degree equitable
number of G and is denoted by d.(G).

Observation 2.2 If S is a degree equitable set in GG, then any subset of S is degree equitable, so
that degree equitableness is a hereditary property. Hence a degree equitable set S is maximal if
and only if S is 1-maximal, or equivalently SU{v} is not a degree equitable set for all v € V —S.
Thus a degree equitable set S is maximal if and only if for every v € V — S, there exists u € S
such that |deg u — deg v| > 2.

Example 2.3

1. For the complete bipartite graph K, s, we have

max{r, s if |[r —s| > 2
Do(Ko) = {r,s} r—s| >
r+s otherwise.
min{7, s if|r—s|>2
0 (K ) = {r,s} Ir—s| >

r+s otherwise.

2. For the wheel W,, on n-vertices, we have

n ifn=4o0rb
De(Wn) -
n—1 otherwise.
ifn=4o0rb
de(Wn) -
1 otherwise.

3. If G is any connected graph, then for the corona H = Go K1, |S1(H)| > |V(G)| = IV(QH)‘
and hence D.(H) = |S1(H)|.

Observation 2.4 If G; and G2 are two graphs with same degree sequence, then D.(G1) =
D.(G3) and d.(G1) = de(G2). Further a subset S of V' is degree equitable in G if and only if
it is degree equitable in the complement G and hence D.(G) = D.(G) and d.(G) = d.(G).

Observation 2.5 Clearly 1 < d.(G) < D.(G) < n and D.(G) = d.(G) = n if and only if
either D(G) = {k} or D(G) = {k,k + 1} for some non-negative integer k. Also D.(G) =1
if and only if G = K and d.(G) = 1 if and only if there exists a vertex u € V(@) such that
deg v =k and |deg u — deg v| > 2 for all v € V — {u}.

Observation 2.6 For any integer ¢ with § <i < A —1,let S;={v eV :degv=1iori+1}.
Clearly a nonempty subset A of V' is a maximal degree equitable set if and only if A = S; for
some i. Hence D(G) = max{|S;| : § <i <A —1} and de(G) = min{|S;| : § <i < A —1 and
S; # 0}. Since the degrees of the vertices of G and the sets S;, § < i < A—1, can be determined

in linear time, it follows that D.(G) and d.(G) can be computed in linear time.
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Observation 2.7 Let n and k be positive integers with £ < n. Then there exists a graph
G of order n with d.(G) = k. If k < %, we take G to be the graph obtained from the path
P = (v1,v2,...,vx) and the complete graph K,,_ by joining v; to a vertex of K,, . If k> &,
we take G to be the graph obtained from the cycle Cj by attaching exactly one leaf at n — k

vertices of Cj.

Theorem 2.8 Let G be a non-trivial graph on n vertices. Then 2 < D.(G) < n and D.(G) =2
if and only if G = Ky or Ks.

Proof The inequalities are trivial.

Suppose D.(G) = 2. Let D(G) = {d1,ds,...,dr}, where di < do < ... < di. Clearly
k < n —1 and there exist at most two vertices with degree d;,1 <1i < k. Let d;;, € D(G) be
such that exactly two vertices have degree d;,. Since D.(G) = 2, it follows that d;, —1,d;, +1 ¢
D(G) if i1 < k and dy, — 1 ¢ D(G) if i1 = k. Hence by Pigeonhole principle, there exists
d;, € D(G)—{d;, } such that exactly two vertices of G have degree d;,. Continuing this process
we get for each d; € D(G), there exist exactly two vertices with degree d; and |d; — d;| > 2
if ¢ # j. Hence the degree sequence of G is given by II; = (1,1,3,3,5,5,...,n— 1,n—1) or
Iy = (0,0,2,2,4,4,...,n —2,n —2). Hence it follows that n = 2 and G = K5 or K». O

Theorem 2.9 If a and b are positive integers with a < b, then there exists a graph G with
d.(G) = a and D.(G) = b, except when a =1 and b = 2.

Proof If a = b, then for any regular graph G of order a, we have d.(G) = D.(G) = a.
Hence we assume that a < b. If b > a + 2, then for the graph G consisting of a copy of K,
and a copy of K} along with a unique edge joining a vertex of K, to a vertex of K}, we have
de(G) =a and D.(G) =b. If b=a+ 1 and a > 3, then for the graph G consisting of the cycle
C, and the complete graph K}, with an edge joining a vertex of C, to a vertex of K}, we have
d.(G) = a and D.(G) = b. For the graphs G; and G given in Fig.1, we have d.(G1) = 3 and
D.(Gy) = 4 and d.(G2) = 2,D.(G2) = 3. Also it follows from Theorem 2.8 that there is no
graph G with d.(G) =1 and D.(G) = 2. O

Gl G2
Fig.1

Proposition 2.10 For a tree T, D.(T) = |S1(T)|=|{v € V : deg v =1 or 2}|.

Proof Let n; denote the number of vertices of degree i in T where 1 < ¢ < A. Clearly |\S;(T)|
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=mn; +n;41, where 1 <i¢ < A—1. By Theorem 1.8, ny = nsg+2n4+3ns+---+ (A —2)na +2.
Hence |S1(T)| > |S:;(T)| + 2, for all 4, 2 < i < A —1, so that D.(T) = |S1(T)]. O

Proposition 2.11 Let G be a maximal planar graph with 6(G) = 5. Then D.(G) = |S5(G)|.

Proof 1t follows from Theorem 1.9 that ns = ny + 2ng + 3ng + -+ - + (A — 6)na + 12 and
hence D.(G) = |S5(G)|. O

Proposition 2.12 For any unicyclic graph G with cycle C, D.(G) = |S1(G)|.

Proof If G= C, then D.(G) = |V(G)| = |S1(G)|. Suppose G # C. Let e = uv be any
edge of C and let T = G — e. It follows from Proposition 2.10 that, D.(T) = |S1(T)| and
|S1(T)| > |Si(T)| + 2, for all i =2,3,...,A—1.

Clearly, |S:(T)| —2 < |Si(G)| < |Si(T)| +2. 1t |$1(T)] = [$1(G)], then |S1(G)| = $1(T)| =
|S:(T)| +2 > |S:(G)], for all i =2,3,...,A — 1. Suppose |S1(G)| # |S1(T)|. Then the vertices
u and v have degree either 2 or 3 and at least one of the vertices have degree 3 in G. Let

deg uw = k1 and deg v = ka.
Case 1. ki =3 and kg = 2.

Then |S1(G)| = |S1(T)| — 1, |S2(G)| = |S2(T)| + 1, |S3(G)| = |S3(T)| + 1 and |S;(G)| =
|S:(T)|, for all ¢ > 4. Hence |S1(G)| = |S1(T)| =1 > |S:(T)|+2—1>|S:(T)|+ 1 > |S:(G)], for
alli=2,3,...,A—1.

Case 2. ki1 =ky =3.

Then |81 (G)] = [S1(T)] =2, |S2(G)| = [S2(T),[S5(G)] = [Sa(T)] +2 and [S,(G)| = |S:(T)],
for all ¢ > 4. We claim that |S1(G)| > |S:(G)| for all i = 2,3,...,A — 1. Since |S1(G)| =
[S1(T)|—2,|51(T)| > |S:i(T)|+2, foralli =2,3,...,A—1 and |S;(G)| = |S:(T)| for all ¢ # 3, it
follows that |S1(G)| > |S;(G)] if i # 3. We now prove that |S1(G)| > |S3(G)|. Let n; denote the
number of vertices of degree i in G, 1 < i < A. Since G is unicyclic, n1 +2no+3ns+---+Ana =
2n. Also nq1 + na2 + --- + na = n. Hence it follows that n; = ng + 2n4 + -+ + (A — 2)na.
Since |S3(G)| = n3 + ng it follows that ny > |S3(G)| and hence |S1(G)| > |S3(G)|. Thus
[S1(G)| = |S:(G)]| for all i =2,3,...,A — 1 and hence D.(G) = |51(G)|. O

The study of the effect of the removal of a vertex or an edge on any graph theoretic
parameter has interesting applications in the context of a network since the removal of a vertex
can be interpreted as a faulty component in the network, and the removal of an edge can be
interpreted as the failure of a link joining two elements of the network.

We now proceed to investigate the effect of the removal of a vertex on D.(G).

Observation 2.13 On the removal of a vertex, D.(G) may increase arbitrarily or decrease
arbitrarily or remain unaltered. For the complete bipartite graph G' = K, , 12 with bipartition
X ={z1,29,...;2:} and Y = {y1,y2, ..., Yrt2}, De(G) = r+ 2 and

2r +1 ifoeY
r+2 ifv e X.

D.(G—v)=
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Also for the graph G = K, ;41 with bipartition X = {z1,2z2,...,2,} andY = {y1,92, ..., Yr4+1},
D.(G)=2r+1and D.(G—v)=r+1foralveX.

Hence the vertex set of G can be partitioned into three sets (not necessarily nonempty) as
follows.

VO = {veV:D.(G) = Du(G —v)},
Vt={veV:D.G) < DG —v)} and
“={veV:D.(G) > D.(G— )}

Example 2.14

1. For any regular graph G, we have V. =V~ and V' = V+ = ).

2. There exist graphs for which all the sets VY,V and V~ are nonempty. For the graph
G given in Fig.2, D.(G) =6, V° = {6,5,3,2,1}, VT = {4} and V~ = {8,9,7}.

1 6

[ 1N

Fig.2 G

We now proceed to determine the sets V°, V* and V~ for trees and unicyclic graphs. We
need the following lemma.

Lemma 2.15 Let G be a disconnected graph in which every component is either a tree or a

unicyclic graph. Then D.(G) = max{|So(G)|, |51(G)|}.

Proof Let dy,d; and da denote respectively the number of vertices of degree zero, one and
two in G. Then |So(G)| = do + dy and [S1(G)] = dy + do. Hence [So(G)| = |51(G)] if do > da
and |So(G)| < |S1(G)] if dy < da. Also it follows from Proposition 2.10 and Proposition 2.12
that |S1(G)| > |S;(G)| for all i > 2. Hence D.(G) = max{|So(G)|,|S1(G)|}. O

Theorem 2.16 Let G be a tree or a unicyclic graph and letv € V(G). Let N(v) = {w1, w2, ..., wk}.
Let k1, ko and ks denote respectively the number of vertices in N(v) with degrees 1,2 and 3 re-

spectively. Let mo denote the number of vertices of degree 2 in G.
(a) If deg v =1, then v € V° if and only if deg w1 = 3 and v € V~ otherwise.

(b) If deg v =2, then v € VT if deg wy = deg way = 3, v € VO if deg wy = 2 and deg way = 3
or deg w1 = 3 and deg we > 4 and in all other cases v € V.

(c) If deg v > 3, then v € V™ if ma > ko and k1 > k3, v € VT if k3 > ki and in all other
cases v € V0.
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Proof We prove the theorem for a tree T. The proof for unicyclic graphs is similar.

a) Suppose deg v = 1. Then 77 =T — v is also a tree. Further,

|S1(T)| if deg w1 =3

151(Th)| =
|S1(T)| -1 otherwise

Hence it follows from Proposition 2.10 that v € V° if and only if deg wy = 3 and v € V~
otherwise.

b) Let deg v = 2. Then F =T — v is a forest with two components T7 and T5.

If deg w1 = deg wy = 3, then |S1(F)| = |S1(T)| + 1. Also by Lemma 2.15, D.(F) =
|S1(E)| > |S1(T)| = De(T'). Hence v € V.

If deg w1 = 2 and deg wy = 3 or deg w1 = 3 and deg wy > 4, then |S1(F)| = |S1(T)|.
Hence D (F) = |S1(F)| = |S1(T)| = D.(T), so that v € V°.

If deg wi = deg we = 1, then T = Kj 3 and hence D.(F) = 2 and D.(T) = 3. If
deg w1 = 1 and deg we = 2, then |So(F)| = k1 < [S1(T)| and |S1(F)| = [51(T)| — 2. Hence
D.(F) = max{|So(F)],|S1(F)|} < De(T). If deg wn = deg we = 2, then D.(F) = |S1(F)| =
[S1(T)| — 1. If deg w1 = 2 and deg wo > 4 or if deg w1 > 4 and deg wy > 4, then D.(F) =
|S1(F)| =|S1(T)| — 1 = De(T) — 1. Hence in all cases D.(F) < D.(T), so that v € V.

¢) Let deg v > 3.

In this case F is a forest with k components, where k = deg v. Then |Sy(F)| = |S1(T)| —
ma + ko and |S1(F)| = |S1(T)| — k1 + k3. Since mg > ko, we have |So(F)| < |S1(T)|. Now, if
ma > ko and k1 > ks then [So(F)| < [S1(T)| and |S1(F)| < |S1(T)|. Hence D (F) < D(T)
so that v € V7. If k1 < kg, then |S1(F)| > |S1(T)|. Hence D.(F) = max{|So(F)|,|S1(F)|} =
|S1(F)| > |S1(T)| > D(T),so that v € V. If my = ko and k1 > k3, then |So(F)| = |S1(T")] and
[S1(F)| < |S1(T)]. If k1 = k3 then |S1(F)| = |S1(T)|. Thus in both cases, D.(F) = |S1(T)| =
D.(T) and hence v € V°. O

We now proceed to investigate the effect of the removal of an edge on D.(G). Let e =
wv € E(G) and let H = G—e. Since dy(u) = dg(u)—1,dg (v) = dg(v)—1 and dg (w) = dg(w),
for all w € V — {u, v}, it follows that D.(G) — 2 < D.(G —e) < D.(G) + 2. Hence the edge set
of GG can be partitioned into five subsets as follows.

{e€ E:D.(G) = D.(G —e) + 2},
={e€ E:D.(G) =D.(G —e¢)+ 1},
E°={e€ E:D.(G)=D.(G —e)},
={e€ E:D.(G)=D.(G—¢e)—1} and
{e€ E:D.(G) =D.(G—e)—2}

The following examples illustrate that all five types of edges can exist.
Example 2.17

1. For the graph G; given in Fig.3, D.(G1) = 5,D.(G1 — e1) = 4,D.(G1 — e2) = 3 and
D.(G1 —e3) =5. Hence e3 € E,e; € E~1 and e3 € E~2.
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€1
€3

€2

Fig.3 Gl

2. For the graph G given in Fig.4, D.(G2) = 4 and D.(G2 — e) = 6, so that e € E2.

S

e
Fig.4 G2
3. For the graph G3 given in Fig.5, D.(G3) = 6 and D.(G3 —e) = 7, so that e € E*.

Fig.b

Theorem 2.18 Let T # Ky be a tree and let e = uv be an edge of T.
(a) If either u or v is a leaf, then e € EV if T has no vertex of degree 2 and e € E~1 otherwise.
(b) If deg u > 4 and deg v > 4, then e € E°.
(c) If deg u > 4 and deg v = 2, then e € E°.
(d) If deg u > 4 and deg v = 3, then e € E*.
(e) If deg u = deg v = 3, then e € E?.
(f) If deg u =3 and deg v =2, then e € E'.

(g9) If deg u = deg v = 2, then e € E°.
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Proof Let Ty=T — uv. Clearly T} is a forest with exactly two components. Suppose v is a
leaf. If deg u = 3 and T has no vertex of degree 2, then So(T1) C S1(T") and |S1(T1)|= |S1(T)|-
Hence D.(T1) = D.(T), so that e € EY. If T has a vertex of degree 2, then So(T1) € S1(T") and
|S1(T1)| = |S1(T)| — 1, so that De(T1) = De(T) —1 and e € E~ 1.

Now, suppose deg u > 2 and deg v > 2, so that |So(T1)| < |S1(T)|. Now if (b) or (c)
holds then |S1(T1)| = |S1(T)]. If (d) or (f) holds then |S1(T1)| = |S1(T)| + 1 and if (e) holds,
|S1(T1)| = |S1(T)| + 2. Hence the result follows. O

We now consider the effect of removal of a vertex or an edge on the lower degree equitable
number d.(G).

Observation 2.19 On the removal of a vertex, d.(G) may increase arbitrarily or decrease
arbitrarily or remain unaltered. For the complete bipartite graph G' = K, ;1o with bipartition
X ={z1,29,...,2.} and Y ={y1,y2, ..., Yrt2}, de(G) = r and

2r+1 ifveY
r—1 ifveX.

de(G —v) =

This shows that d.(G) may increase arbitrarily on vertex removal.

Also for the bistar G = B(ny,nz2) with [n; —na| =1, de(G) = 2 and d.(G — v) = 2, where
v is any leaf of G, so that d.(G) remains unaltered.

The following example shows that d.(G) may decrease arbitrarily on vertex removal. Let
G1 be a 4-regular graph on nj vertices and let G be a 6-regular graph on no vertices where
ni1 < ng. Let G3 be a ni + 1-regular graph on ng vertices where n3 > ny + no. Let G be the
graph obtained from G, G2 and G3 as follows.

Add a new vertex v and join it to all vertices of G;. Remove two disjoint edges z1y; and
z2y2 from (3 and remove an edge x3ys from G2 and add the edges vz, vy:, x3x2 and ysya.
Clearly D(G) = (5,6,n1 +1,n1 +2). Also |Ss5| = n1 + n2 and |Sp,+1| = ns. Since ng > ny + no
it follows that d.(G) = n1 4+ ne. Now, D(G — {v}) = {4,6,n1,n1 +1}. Also |S4| = n1,|Ss| = n2
and |Sp, | = nz. Hence d.(G — v) = ny.

Theorem 2.20 Given a positive integer k, there exist graphs G1 and Go such that d.(G1) —
do.(G1 —e) =k and do.(G2 — ) — d.(G2) = k.

Proof Let G1 = Piy3 = (v1,v2,...,0+3). Then d.(G1) = k+ 3 and d.(G1 — v1v2) = 3
and hence d.(G1) — de(G1 — €) = k. Let H be the complete bipartite graph, Kj44 r1+s with
bipartition X = {x1,z2,..., 214} and Y = {y1,y2,...,Yr+s}. Let G be the graph obtained
from H by adding the edges y1y2, y2u3, y3y4- Then d.(G2) = 4, d.(G2 —y2y3) = k+4 and hence
de(G2 —€) —de(G2) = k. O

Hence for d.(G) the vertex set V(G) and the edge set E(G) can be partitioned into subsets
Vo, Vi, V- and Ey, B, E_ as follows.

Vo ={veV:d(G) > d.(G—v)},
Vo = {U ev: de(G) = de(G - U)}7
Vi ={v €V :d(G) <de(G—)},
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E_={ecE:d.(G)>d.(G—e)},
Ey={e€ E:d.(G) =de(G—e)} and
Ei={e€ E:d.(G) <de(G—e)}.

Example 2.21

1. For the complete graph K,,, we have V =V_.

2

3.

For the corona of the cycle C,, o K1, we have V = V}.
For the graph G = K 3, we have V =V, and £ = E,.
For any regular graph G we have £ = Ej.

For the graph G given in Fig.6, we have d.(G) = 12 and d.(G —e) = 10 for every e € E(G)
and hence £ = E_.

Fig.6 G

The following are some interesting problems for further investigation.

Problem 2.22

N ok e

Characterize graphs for which V. =V_.
Characterize graphs for which V = Vj.
Characterize graphs for which V. = V,.
Characterize graphs for which E = E_.
Characterize graphs for which E = Ej.
Characterize graphs for which E = F..

Characterize vertices and edges in different classes.

§3. Independent Degree Equitable Sets

In this section we consider subsets which are both degree equitable and independent. We

introduce the concepts of independent degree equitable number and the lower independent

degree equitable number, and present some basic results on these parameters.
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Definition 3.1 The independent degree equitable number D;.(G) and the lower independent
degree equitable number d;.(G) of a graph G are defined by D;.(G) = max{|S|: S CV and
S is an independent and degree equitable set in G} and di.(G) = min{|S| : S is a mazimal

independent and degree equitable set in G}.

Example 3.2

1. For the complete bipartite graph K, ,,, we have D;c(K,, ) = max{m,n} and d;c(G) =

min{m,n}.

2. For the wheel W,, on n-vertices, we have D;.(W,,) = Bo(Cp—1) and d;e(W,,) = 1.

Observation 3.3 Let H; = (S;). Then D;.(G) = maz{B,(H;) : § < i < A — 1} and
die(G) =min{i(H;) : 6 <i < A—1}.

Observation 3.4 For any graph G, we have d;.(G) < D;(G) < Bo(G). Also, since D;e (K4 p) =
max{a, b} and d;.(K, ) = min{a, b}, the difference between the parameters D;.(G) and d;e(G)

can be made arbitrarily large.

Observation 3.5 For any regular graph, we have D;.(G) = [Bo(G). By Theorem 1.10 the
computation of Gy(G) is NP-complete even for cubic planar graphs. Hence it follows that the
computation of D;.(G) is NP-complete.

Observation 3.6 The difference between §y(G) and D;.(G) can also be made arbitrarily large.
IfG; = Koi11,i=1,2,...,k+1 and G is the graph obtained from G1,Gs,...,Gr4+1 by joining
a vertex of G; to a vertex of G41,where 1 <i < k, then D;.(G) =1 and 5o(G) = k + 1. Hence
Bo(G) — Die(G) = k.

Observation 3.7 For any connected graph G, D;.(G) =n — 1 if and only if G = K7 ,,_1.

Observation 3.8 Let G be a graph with 5y(G) = n—2. If A is any fy-set in G, then deg v = 1
or 2 for all v € A and hence D;.(G) = 5o(G) =n — 2.

Proposition 3.9 For any connected graph G, d;.(G) = 1 if and only if either A =n—1 or
for any two nonadjacent vertices u,v € V(G), |deg u — deg v| > 2.

Proof Suppose d;.(G) =1 and A(G) < n—1. Let v and v be any two nonadjacent vertices
in G. Since d;(G) = 1, {u, v} is not a degree equitable set and hence |deg u — deg v| > 2. The

converse is obvious. O

Proposition 3.10 For any connected graph G, D;c(G) = 1 if and only if G = K,, or for any
two nonadjacent vertices u,v € V(G), |deg u — deg v| > 2.

Proof Suppose D;.(G) = 1. It G # K, let u and v be any two nonadjacent vertices in
G. Since D;.(G) = 1, {u,v} is not a degree equitable set and hence |deg u — deg v| > 2. The

converse is obvious. O

Observation 3.11 Every independent set of a graph G is degree equitable if and only if for

any two nonadjacent vertices u and v, |deg u — deg v| < 1.
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Theorem 3.12 In a tree T every independent set is degree equitable if and only if T is a star

or a path.

Proof Let T be a tree. Suppose every independent set in 7" is degree equitable. If all the
vertices of T" are of degree 1 or 2 then T is a path. If there exists a vertex v with deg v > 2,

then all the leaves of T' are adjacent to v and hence T is a star. The converse is obvious. O

Theorem 3.13 Let G be a unicyclic graph with cycle C. Then every independent set of G is
degree equitable if and only if G = C or the graph obtained from the cycle C3 by attaching at
least one leaf at a vertex or the graph obtained from a cycle Cy,k > 4 by attaching exactly one

leaf at a vertex.

Proof Let G be a unicyclic graph with cycle C. Suppose every independent set in G is
degree equitable. If all the vertices of G are of degree 2, then G = C. Suppose there exists a
vertex v on C with deg v > 2. Then § = 1. If there exists a leaf w which is not adjacent to v,
then {w,v} is an independent set in G and is not degree equitable, which is a contradiction.
Thus every leaf of G is adjacent to v and hence all the vertices of C other than v are of degree
2. Also if the length of the cycle C is at least 4 and deg v > 4, then {v, 2} where z is any vertex
on C which is not adjacent to v is an independent set which is not degree equitable. Hence G
is isomorphic to one of the graphs given in the theorem. The converse is obvious. O

We now consider the effect of removal of a vertex or an edge on the independent degree
equitable number D;.(G) and the lower independent degree equitable number d;.(G).

Observation 3.14

1. For the complete graph K, D;c(K,) = die(K) = 1 and Dje (K, — v) = die (K, —v) =1
for all v € V(K,,).

2. For the wheel G = W,, on n vertices, we have d;.(G) = 1. Further if v is the central vertex
of G, then G — v is the cycle C,,—; and hence d;.(G — v) = L"T’lJ . This shows that the

lower independent degree equitable number may increase arbitrarily on vertex removal.

3. For the graph G obtained from a copy of K5 and a copy K by joining a vertex u of K5
with a vertex v of Kg, we have d;c(G) = D;e(G) = 2. Also d;e(G — w) = D;e(G —w) =1
for any w € V(K5) — {u}.

4. For the graph G obtained from a copy of K5 and a copy of K7 by joining a vertex u of K5
with a vertex v of K7, we have d;c(G) = D;.(G) = 1. Also D;e(G — w) = die (G — w) = 2
for any w € V(K7) — {v}.

Thus the independent degree equitable number D;.(G) and the lower independent degree
equitable number d;.(G) may increase or decrease or remain same on removal of a vertex. Hence

the vertex set V(G) can be partitioned into subsets as follows.
VE) = {0 eV :Die(G) > Die(G —v)},
VO ={y eV :Di(G) = Di(G —v)},
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V) ={v €V : Di(G) < Die(G —v)},

Viey ={v € V1 die(G) > die (G —v)},

Vioy ={v € V : die(G) = die (G — v)} and

Vig) ={v €V 1 die(G) < die (G =)}

The following theorem shows that on removal of an edge, D;c(G) can decrease by at most

1 and increase by at most 2.

Theorem 3.15 Let G be a graph. Let e = wv € E(G). Then Die(G) — 1 < D;e(G —e) <
D;c(G) + 2.

Proof Let S be an independent degree equitable set in G with |S| = D;.(G). Then at
most one of the vertices u, v belong to S. If uw ¢ S and v ¢ S, then S is an independent degree
equitable set in G —e and if u € S, v ¢ S, then S — {u} is an independent degree equitable set
in G —e. Hence D;.(G —¢) > D;(G) — 1.

Now, let S be an independent degree equitable set in G — e with |S| = D;.(G — e). If both
uw and v are in S, then S — {u,v} is an independent degree equitable set in G. If u € S and
v ¢ S, then S — {u} is an independent degree equitable set in G. If both u and v are not in S,
then S is an independent degree equitable set in G. Hence D;o(G) > D;e(G —¢) — 2. O

Observation 3.16

1. For the complete graph K, n > 3, we have D;.(G) = d;o(K,) =1 and D;o(K,, — €) = 2,
die (K, —e) =1 for any edge e € E(K,).

2. For the path P, = (vi,v2,...,v,) we have D;(P,) = die(Pn) = [%] . Also d;e (P, —
v1vg) = 3 and

if nis odd

—
N[3
-

Djc(Pp, — v1v2) =
[%w +1 if n is even.

3. For the corona G = K3 o Kj, we have d;.(G) = 1 and d;.(G — e) = 2 for any edge
e c E(Kg)

4. For the graph G given in Fig.7, D;.(G) = 6 and D;.(G —e) = 5.

o

Fig.7 G
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5. Let H be a split graph with split partition X,Y such that X is independent, (V) is
complete, |Y| > |X|+ 3 and D(X) = {|Y]| — 4,|Y| — 3} and at least two vertices in X
have degree |Y| — 3. Let G = H + uv where u,v € X and deg u = deg v = |Y| — 3. Then
Die(G) = |X| -2 and D;(G —wv) = D;e(H) = | X|.

Thus the independent degree equitable number D;.(G) and the lower independent degree
equitable number d;.(G) may increase or decrease or remain same on removal of an edge.
Hence for D;.(G) the edge set F(G) can be partitioned into 4 subsets as follows.

ECY ={e€ E: Dic(G—e) = Dic(G) — 1},
E® ={e€ E: Dic(G —¢) = Dic(G)},
EW ={e€c E:D;.(G—¢€)=D;(G)+1} and
E® ={e€ E:D;(G—e) = D;.(G) +2}.
Hence for d;.(G) the edge set E(G) can be partitioned into 3 subsets as follows.
E_y={e€ E:di(G) > dic(G —e)},
E) ={e € E :dic(G) = dic(G —¢)} and
Ey={e€ E:di(G) < dic(G —e)}.

Example 3.17

For the complete graph K, where n > 3, we have V = V() = VO and E = E -
For the complete graph K, we have E = E(4.

For any odd cycle Cop 1 where n > 2, we have E = ED.

- W =

For any even cycle Cay,, we have E = E(©),

Problem 3.18

1. Characterize graphs for which V =V (),
Characterize graphs for which V = V(q).
Characterize graphs for which E = E©).
Characterize graphs for which E = Eq).
Characterize graphs for which E = EM).
Characterize graphs for which E = E4.

N ok N

Characterize vertices and edges in different classes.

84. Degree Equitable Graphs

Given a graph G = (V, E), we define another graph G%¢ using the concept of degree equitableness

and present some basic results.
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Definition 4.1 Let G = (V, E) be a graph. The degree equitable graph of G, denoted by G is
defined as follows.

V(G9) = V(@) and two vertices u and v are adjacent in G if and only if |deg u — deg v| < 1.

Observation 4.2 For any maximal degree equitable set S; in G, the induced subgraph (S;) of
G is a clique in G% and hence it follows that the clique number w(G9€) is equal to the degree
equitable number D.(G).

A—1

Theorem 4.3 Let G be any graph. Then the number of edges in G is given by z_: (IS;‘) —
=9
A—1
S:NS;
;; (\ 5 +1\).

Proof Each (S;) is complete in G% and hence the subgraph (S;) has (ISQJ) edges. Also the

A—1
edges in the subgraph (S;41 N .S;) are counted twice in > (lsé‘) Hence the number of edges
=
A-1 A-1
in Gde = Z:é('z‘)—z:é(l ﬂ2 *1‘). O
= =

Theorem 4.4 Let G be any graph. Then the following are equivalent.
(i) G is connected.
(i) D(G) ={6,0 +1,...,A}.
(iii) The intersection graph H of the set of all mazimal degree equitable sets of G is a path.

Proof Suppose G% is connected. If there exists an integer i such that 4,7 + 2 € D(G) and
i+1¢ D(G), then S;N S;+; = 0 and no edge in G joins a vertex of S; and a vertex of S;.
Now, V; = S5USs541U---US; and Vo = S; 411 U---USA_1 forms a partition of V and no edge of
Gde joins a vertex of V; and a vertex of V5. Hence G is disconnected, which is a contradiction.
Hence D(G) = {0,0 + 1,...,A}, so that (i) implies (ii).

Now, if D(G) ={06,6 +1,...,A}, then S; N S;y1 # 0 and S; N S; =0 if |i — j| > 2. Hence
H is a path, so that (ii) implies (iii).

Now, suppose H is a path. Then S; N S; 41 # 0 and since (S;) is a complete graph in G,
it follows that G is connected. Thus (iii) implies (i). O

Theorem 4.5 Let G be a connected graph. Then G is a connected block graph if and only if
|Si N Sit1]| =1 for every i, 6 <i<A—1.

proof The induced subgraph (S;) of G4 is complete and each (S;) is a block in G9¢ if and
only if |Siﬂ5i+1| =1. [l

Definition 4.6 A graph H is called a degree equitable graph if there exists a graph G such that
H is isomorphic to G9.

Example 4.7 Any complete graph K, is a degree equitable graph, since K, = G% for any
regular graph G.
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Theorem 4.8 Any triangle free graph H is not a degree equitable graph.

Proof Suppose H = G for some graph G. Then D.(G) = 2. Hence it follows from
Theorem 2.8 that G = K5 or K», which is a contradiction. Hence any triangle free graph is not

a degree equitable graph. O
Problem 4.9 Characterize degree equitable graphs.

Conclusion and Scope. In this paper we have introduced the concept of degree equitable
sets. The concept of degree equitableness can be combined with any other graph theoretic
property concerning subsets of V. For example one can consider concepts such as degree equi-
table dominating sets or degree equitable connected sets and study the existence of such sets

in graphs.
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