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81. Introduction

The Dirichlet problem for boundaries which are S'-bundles over some compact manifolds.
In general relativity such boundaries often arise in gravitational thermodynamics. The classic
example is that of the trivial bundle Y = S! x $2. Manifolds with complete Ricci-flat metrics
[1] admitting such boundaries are known; they are the Euclidean’s Schwarzschild metric and
the flat metric with periodic identification. The Schwarzschild metric result by taking the limit
k — 0 and L — 0 while keeping r+ fixed:

2 o2m\ "
ds” = <1 - —m) dt? + (1 - —m) dr® 417 (d6° + sin® 0 dg?) (1)
r r

Here t €[0,00) and replaces the 1 coordinate in the previous two examples. The metric has a
bolt singularity at r = 2m which can be made regular by identifying the coordinate t with a
period of 8mm. The radial coordinate r has the range [2m,00) and constant r slices of the regular
metric have the trivial product topology of S* x S2. The four-metric therefore has the topology
of R! x S%. For a boundary .= S! x S2, the pair (a, 3) constitutes the canonical boundary
data with the interpretation that « represents the radius of a spherical cavity immersed in a
thermal bath with temperature T = ﬁ It is known that for such canonical boundary data,

apart from the obvious infilling flat-space solution with proper identification, there are in general

two black hole solutions distinguished by their masses which become degenerate at a certain
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value of the squashing, i.e., the ratio of the two radii g This can be seen in the following way.

First rewrite the Schwarzschild metric (1) in the following form:

2 2m\ !
ds® = (1 = —m> 64 72m>dt> + <1 - —m> dr® + 1% (d6? + sin? 0 dg?) 2)
r r

where t = 877 such that 7 has unit period. With this definition one can simply read off the
proper length — alternatively the radius — of the S'fibre and that of the S?base. They are

a? =r? (3)

and

2
32 = 16m> (1 - —m> (4)
r
It is easy to see that for a given (¢, (), r is uniquely determined whereas m is given by the

positive solutions of the following equation:

1 1
3_ L oo L oo
m” — sam —|—32aﬁ 0 (5)

By solving this equation for m, the two Schwarzschild infilling geometries are found3.
There are in general two positive roots of Eq.(5) provided g—z < ;—g. When the equality holds
the two solutions become degenerate and beyond this value of squashing they turn complex.
The remaining root of Eq.(5) is always negative. Therefore the two infilling solutions appear
and disappear in pairs as the boundary data is varied [1,12].

Next let us recall the concept of a metric in four-dimensions. Considering only flat space,

we have

ds* = da? + dy? + dz* — Adt? (6)

Now we see that ds? > 0,ds? = 0 and ds? < 0 correspond to space-like, null and time-like
geodesics, we note that massless particles, such as the photon, move on null geodesics. That
can be interpreted as saying that in 4-dimensional space, the photon does not move and that for
a photon, and time does not pass. Particularly intriguing is the mathematical possibility of a
negative metric. Now it is extremely interesting that there is a geometry in which two separated
points may still have a zero distance analogous to the corresponding to a null geodesic [7].

§2. Definitions and Background

(i) Let M and N be two smooth manifolds of dimensions m and n respectively. A map f :

M — N is said to be an isometric folding of M into N if and only if for every piecewise geodesic
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path v : J — M, the induced path fovy :J — N is a piecewise geodesic and of the same
length as v [13]. If f does not preserve the lengths, it is called topological folding. Many types
of foldings are discussed in [3,4,5,6,8,9]. Some applications are discussed in [2,10].
(7i) A subset A of a topological space X is called a retract of X, if there exists a continuous
map 7 : X — Asuch that([11])

(a) X is open

(b)r(a) =a,VaecA.
(#41) A subset A of a topological space X is said to be a deformation retract if there exists a
retraction r : X — A, and a homotopy f: X x I — X such that([11])

f(z,0)=zV zeX,

flz, 1) =r(z),VzeX,

fla,t)=a,Yae A tel0,1] .

83. Main Results
In this paper we discuss the deformation retract of the Schwarzschild space with metric:
2m

om\ L
ds?® = (1 — —) 64 w2m2dt® + (1 — _m) dr? +r? (d92 + sin? 9d¢2) .
r r

Then, the coordinate of Schwarzschild space are given by:

x] = :I:\/cl + (1 — 22)6472m?21t2

Ty = £1/co + 12 + dmr + 872 In(r — 2m)
x3 = +/cg + 1262
x4 = £/ cqa + 12 sin’ 0 2
where c¢1, co, c3 and ¢4 are the constant of integration. Now, by using the Lagrangian equations

ds " Ox ox;

=0, i=1,23,4,

find a geodesic which is a subspace of Schwarzschild space.

Since

1
T = §ds2

—1

1 2 2

T=3 {(1 _ —m> 64 2m2di® + (1 - —m> dr? + 12 (d6* + Sin29d¢2)}
T T

Then, the Lagrangian equations are

% (<1 - 277”) 647r2m2t’> =0 (7)
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(o)

(128 mem3dt? + deQ + 12 (d6* + sin* 0 d¢2)> =0 (8)
% (r*0') — r*sin20d¢* = 0 9)
% (r’sin®@ ¢') =0 (10)

From equation (7), we obtain

(1 - 27m> 64 7%m?t’ = § = constant,
if § = 0, we have two cases:
(i) t' =0, 0ort=constant = j3, if 3 = 0, we obtain the following coordinates:
r1 = £, /c1
T2 = £+/co + 12 + dmr + 872 In(r — 2m)

.Igzi\/m

x4 = £1/cq + 12 sin® 02

This is the geodesic hyper spacetime S; of the Schwarzchild spaceS, i.e. dS? = 0. This is
a retraction.

(4i) If m = 0, we obtain the following coordinates:
r1 = £, /c1

Ty = ++/ca + 12 + 872 In(r)

x3 = +\c3 + 262

x4 = £1/cq + 12 sin® 02

This is the geodesic hyper spacetime So of the Schwarzchild spaceS, i.e. dS? = 0. This is
a retraction.
From equation (8), we obtain
229 41
r“sin“ 0 ¢ = o = constant,
if « =0, we have two cases:

(a) If ¢’ =0, or ¢ = constant = ¢, if ( = 0, we obtain the following coordinates:

x] = :I:\/cl + (1 — 22)64m2m>2¢>

T2 = £+/ca + 12 + dmr + 872 In(r — 2m)
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$3=:|:\/m
x4 =+\/c5

This is the geodesic hyper spacetime S3 of the Schwarzchild spaceS, i.e. dS? = 0. This is

a retraction.

(b) If # = 0, , we obtain the following coordinates:

x] = :I:\/cl + (1 — 22)6472m?212

Ty = £y/ca + 12 + dmr + 872 In(r — 2m)

r3 = £, /c3

T4 =*/cq

If c3 = ¢4 = 0, then 2% + 23 + 2% — x3 > 0, which is the great circle Syin the Schwarzchild

spacetime geodesic. These geodesic is a retraction in Schwarzchild space.

Now, we are in a postion to formulate the following theorem.

Theorem 1 The retraction of Schwarzchild space are spacetime geodesic.

The deformation retract of the Schwarzchild space is defined by:¢ : S x I — S,where S is
the Schwarzchild space and I is the closed interval [0, 1]. The retraction of Schwarzchild spaceS
is given by:R : S — 51,52, 53, 54.

Then, the deformation retracts of the Schwarzchild spaceS into a hyper spacetime geodesic

S1 C S is given by:

2m

p(m,t) = (1- t){:l:\/cl +(1- 7)64772m2t2,

+\/co + 12 + 4mr + 872 In(r — 2m), £/ c3 + 1262,

+y/cq +r2sin?0 $2} +t {£/c1, 2/ o + 12 + dmr + 82 In(r — 2m),

++/c3 + 12602, 41/ cq + 125in? 0 92},

where ¢(m,0) = S and p(m, 1) = 5.
The deformation retracts of the Schwarzchild space S into a hyper spacetime geodesic

So C S is given by:

2
1- —m)64ﬂ'2m2t2,

olm,t) = (1- t){:l:\/cl +(

+\/co + 12 + dmr + 8n2In(r — 2m), £/c3 + 12602 + \/cq 4 r2sin? 0 ¢2}

+t {£/c1, £/ca + 72 + 872 ln(r),:l:\/03 + 7202 +1/cy +12sin? 6 @2},

The deformation retracts of the Schwarzchild space S into a hyper spacetime geodesic

Ss C S is given by
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2
1— y6an2mae2,

o(m,t) = (1—t){j:\/cl+(

+\/co + 12+ dmr + 82 In(r — 2m) , £1/c3 + 1262, £1/ ¢4 + 12 sin% 0 2}

2
+t {:I:\/cl +(1- —m)647r2m2t2, ++/co + 72 + 4mr + 872 In(r — 2m),
r

+v/c3 + 1202, +/ca}

The deformation retracts of the Schwarzchild space S into a spacetime geodesic Sy C S is

given by

2
1- —m)647r2m2t2,

olm,t) = (1- t){:l:\/cl +(

£1/ca + 2+ dmr + 872 In(r — 2m), £+/c3 + 1202, £/ ca + r2sin® 6 ¢2}

2
+t {:I:\/cl +(1- —m)64ﬂ'2m2t2 ,E/c2 + 72 + 4mr + 872 In(r — 2m),
r

+/3, £/}
Now, we are going to discuss the folding f of the Schwarzchild spaceS. Let f: S — S,

where f(z1, 22,23, 24) = (21|, 22, 3, 24).An isometric folding of the Schwarzchild spaceS into

itself may be defined by

2
f: {:I:\/cl +(1- —m)647r2m2t2, ++/co + 12 + dmr + 872 In(r — 2m),
r

++/c3 + 7202 £/ cq +r2sin® 0 ¢2} — {

+1/ca + 12 + dmr + 872 In(r — 2m), £/c3 + 1262, £1/ ¢4 + r2sin 0 $2}

)

2
:I:\/cl +(1- —m)647r2m2t2
r

The deformation retracts of the folded Schwarzchild spaceS into the folded hyper spacetime
geodesic S1 C S is

,£v/ca + 72 + dmr + 872 In(r — 2m),

2m
or:{ :I:\/cl + (1 — —)64m2m?2t2
T

2
+/c3 + 1202 £1/cq +r2sin® 0 ¢2} x T — { :I:\/Cl +(1- —m)64ﬂ'2m2t2
r

)

Vez + 12+ dmr +8n2 In(r — 2m), £+/c3 + 1202, £1/cq + 72 sin? 0 2}

with
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primt) = (1-t){ ;

2
:I:\/cl +(1- —m)647r27712t2

r

+V/co + 72 + dmr + 872 In(r — 2m), £V/c3 + 1262, 1/ ca + 12 sin® 0 ¢}
+t {|E£ver] , v/ co + 72 + dmr + 872 In(r — 2m), £/ ¢z + 1262,

+1/cs +r2sin? 60 $2}

The deformation retracts of the folded Schwarzchild space S into the folded hyper spacetime

geodesic So C S is

2
or:q :I:\/cl +(1- —m)647rzmzlf2 £/ co + 12 + dmr 4 872 In(r — 2m),
7

++/c3 + 71202 £ /ey +1r2sin? 0 ¢2} x T — {

+1/ca + 12 + dmr + 872 In(r — 2m), £/c3 + 1262, £1/ ¢4 + r2sin 0 $2}

)

2
:l:\/cl +(1- —m)647r2m2t2
r

with

2
:l:\/cl +(1- —m)647r2m21€2

r

prlm,t) = (1=t)f =

Vez + 72+ dmr + 872 In(r — 2m), +v/c3 + 72602, +\/cy + 2 5in? 0 »?}

+t {|£v/e| ,E/co + 12+ 8721n(r), £/ c3 + 1262, £1/cq + r2sin 0 $2}

The deformation retracts of the folded Schwarzchild space S into the folded hyper spacetime
geodesic S3 C S is

, £/ c2 + 72 + 4mr + 872 In(r — 2m),

2
or:{ :I:\/cl +(1- —m)64ﬂ'2m2t2
r

+/c3 + 1202, £4/cy +12sin? 0 $2} x I — { ,

2
:I:\/cl +(1 - y6anzmae
T

£v/eo + 12 +dmr + 872 In(r — 2m), /5 + 1262, £1/ cs + 12 5in” 0 ¢%}

with
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2
:I:\/cl +(1 - 6anzmae

prlmt) = (1-)f -

3

:l:\/CQ + 72 4+ 4dmr + 872 In(r — 2m), :I:\/C3 + 1202 41/ cq +1r2sin? 0 #?}

+t 4 £/ co + 12 + dmr 4 872 In(r — 2m),

+4/c3 + 1262, :E\/a}

The deformation retracts of the folded Schwarzchild space S into the folded hyper spacetime

2
:I:\/cl +(1- Tm)647r2m2t2

geodesic Sy C S is

2
o { :I:\/cl +(1- —m)647r2m2t2 ,£v/c2 + 72 + dmr + 872 In(r — 2m),
r

+/c3+ 1202 £/cg +12sin? 0 ¢2} x [ — {

co + 12 +dmr + 872 In(r — 2m), £/ c3 + 1202, 41/ c4 + 12 5in% 0 $2}

2
:I:\/cl +(1- —m)64ﬂ'2m2t2
r

)

with

prm,t) = (1—1t){ ,

2
:l:\/cl +(1- —m)647r2m21€2
r

+1/co + 12 + dmr + 872 In(r — 2m), £v/c3 + 1262,

2
+y/cs +r2sin? 0 $2} +t { j:\/cl +(1- —m)647r2m2t2
T

++/co + 72 4+ dmr + 82 In(r — 2m), +\/c3, £+/ca}
Then the following theorem has been proved.

Theorem 2 Under the defined folding, the deformation retract of the folded Schwarzchild
space into the folded hyper spacetime geodesic is different from the deformation retract of

Schwarzchild space into hyper spacetime geodesic.
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