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Abstract: The multi-laterality of WORLD implies multi-systems to be its best candidate
model for ones cognition on nature, which is also included in an ancient book of China,
TAO TEH KING written by Lao Zi, an ancient philosopher of China. Then how it works
to mathematics, not suspended in thought? This paper explains this action by mathematical
logic on mathematical systems generalized to Smarandache systems, or such systems with
combinatorial structures, i.e., combinatorial systems, and shows how to extend the homo-
morphism theorem in abstract algebra to multi-systems or combinatorial systems. All works
in this paper are motivated by a combinatorial speculation of mine which is reformed on

combinatorial systems and can be also applied to geometry.
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81. Introduction

The WORLD is a multi-lateral one. The entirely realization on WORLD is very difficult for
the limitation of mankind on the earth. In Fig.1.1, it is shown part of the WORLD by eyes of

a man on the earth.

Fig.1.1
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The multi-laterality of the WORLD implies multi-systems to be its best candidate model
for ones cognition on nature. This is also included in a well-known Chinese ancient book TAO
TEH KING written by LAO ZI. In this book, only with nearly 5000 words, we can find many
sentences for cognition of our world, such as those of the following (see [5] for details), each of
them is explained by a concrete figure.

SENTENCE 1. All things that we can acknowledge is determined by our eyes, or ears, or

nose, or tongue, or body or passions, i.e., these six organs. Such as those shown in Fig.1.2.
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known part

by ones six organs
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Fig.1.2
SENTENCE 2. The Tao gives birth to One. One gives birth to Two. Two gives birth to
Three. Three gives birth to all things. All things have their backs to the female and stand facing
the male. When male and female combine, all things achieve harmony. Shown in Fig.1.3.
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Fig.1.3

SENTENCE 3. Mankind follows the earth. Farth follows the universe. The universe follows
the Tao. The Tao follows only itself. Such as those shown in Fig.1.4
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Fig.1.4
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SENTENCE 4. Have and Not have exist jointly ahead of the birth of the earth and the sky.
This means that any thing have two sides. One is the positive. Another is the negative. We
can not say a thing existing or not just by our six organs because its existence independent on
our living.

What can we learn from these words? How can we apply them in mathematics of the 21st
century? All these sentences mean that our world is a multi-one. For characterizing its behavior,
We should construct a multi-system model for the WORLD, also called parallel universes ([23]),

such as those shown in Fig.1.5.

known part now

Fig.1.5

Whence, it is a Smarandache multi-system with a combinatorial structure G, i.e., a combina-

torial system %g.

In this paper, we will characterize such systems, and generalize the well-known homomor-
phism theorem in group theory to multi-systems, particularly, to multi-groups, multi-rings and
multi-modules (see [11] — [14] for details). In the remain part of this section, we recall some
terminologies in mathematical logic and define what is a mathematical system. These Smaran-
dache systems and combinatorial systems are introduced in Section 2. After that, we show how
to generalize the homomorphism theorem of groups to multi-systems in the following sections.
Terminologies and notations not defined here follow the reference [1], [18], [24] for algebra, [2], [3]
and [7] — [9] for graphs.

A proposition p on a set 3 is a declarative sentence on elements in ¥ that is either true or
false but not both. The statements it is not the case that p and it is the opposite case that p
are still propositions, called the negation or anti-proposition of p, denoted by non-p or anti-p,
respectively. Generally, non — p # anti — p. The structure of anti-p is very clear, but non-p is

not. An oppositive or negation of a proposition are shown in Fig.1.6(1) and (2).
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Fig.1.6
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A proposition and its non-proposition jointly exist in the world. Its truth or false can be
only decided by logic inference, independent on one knowing it or not.

A norm inference is called implication. An implication p — q, i.e., if p then q, is a propo-
sition that is false when p is true but ¢ false and true otherwise. There are three propositions
related with p — ¢, namely, ¢ — p, =¢ — —p and —p — —q, called the converse, contrapositive
and inverse of p — ¢. Two propositions are called equivalent if they have the same truth value.
It can be shown immediately that an implication and its contrapositive are equivalent. This
fact is commonly used in mathematical proofs, i.e., we can either prove the proposition p — ¢
or =g — —p in the proof of p — ¢, not the both.

A rule on a set X is a mapping

VXY X Y — Y
——————

n
for some integers n. A mathematical system is a pair (X;R), where ¥ is a set consisting
mathematical objects, infinite or finite and R is a collection of rules on ¥ by logic providing all
these resultants are still in 3, i.e., elements in X is closed under rules in R.

Two mathematical systems (31; R1) and (3o; R2) are isomorphic if there is a 1 —1 mapping
w : Y1 — Yo such that for elements a,b, -+ ,c € X,

w(Ri(a,b,--- ,¢)) = Ra(w(a),w(d), - ,w(c)) € La.

Generally, we do not distinguish isomorphic systems in mathematics. Examples for math-

ematical systems are shown in the following.

Example 1.1 A group (G;o) in classical algebra is a mathematical system (X¢g;R¢), where
Y¢ = G and
Ra = {R{; RS, RS},
with
RY: (zoy)oz=wxo0(yoz) for Va,y,z € G;
RS there is an element 1¢ € G such that z o 1 = x for Vz € G}
R§: for Vo € G, there is an element y,y € G, such that z oy = 1.

Then, the well-known homomorphism theorem of groups is restated in the next.

Homomorphism Theorem Let o : G — G’ be a homomorphism from groups G to G'. Then

G/Kero = G'.

O
Example 1.2 A ring (R;+,0) with two binary closed operations +, ois a mathematical system
(3;R), where ¥ = R and R = {Ry; R, R3, Ry} with
Ry: x+y,zoy € R forVo,y € R;
Rsy: (R;+) is a commutative group, i.e., z +y =y + z for Va,y € R;
R3: (R;o0) is a semigroup;
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Ry zo(y+z)=zoy+axozand (r+y)oz=z0z+yozforVo,y,z € R.

Example 1.3 An Euclidean geometry on the plane R? is a a mathematical system Xg;REe),
where ¥ = {points and lines on R?} and R = {Hilbert’s 21 axioms on Euclidean geometry}.

A mathematical (X;R) can be constructed dependent on the set ¥ or on rules R. The
former requires each rule in R closed in X. But the later requires that R(a,b, - - , ¢) in the final
set f), which means that 3 maybe an extended of the set ¥. In this case, we say S is generated
by ¥ under rules R, denoted by (X;R).

§2. Combinatorial System

By the view of LAO ZHI in Section 1, we should construct such mathematical systems (3; R)
for the WORLD in which a proposition with its non-proposition validated turn up in the set X,

or invalidated but in multiple ways in ¥, which is a Smarandache system defined in the next.

Definition 2.1 A rule in a mathematical system (3;R) is said to be Smarandachely denied if
it behaves in at least two different ways within the same set 3, i.e., validated and invalided, or
only invalided but in multiple distinct ways.

A Smarandache system (3;R) is a mathematical system which has at least one Smaran-

dachely denied rule in R.

Definition 2.2 For an integer m > 2, let (X1;R1), (Z2; Ra), -+, (Zm; Rm) be m mathematical

systems different two by two. A Smarandache multi-space is a pair (i, 7%) with
f}:UEZ—, and ﬁ:URZ
i=1 i=1

Certainly, we can construct Smarandache systems by applying Smarandache multi-spaces,
particularly, Smarandache geometries ([4], [7]-[17]).

These Smarandache systems (X;R) defined in Definition 2.1 consider the behavior of a
proposition and its non-proposition in the same set 3 without distinguishing the guises of these
non-propositions. In fact, there are many appearing ways for non-propositions of a proposition
in ¥. For describing their behavior, the combinatorial systems are needed.

Definition 2.3 A combinatorial system €¢ is a union of mathematical systems (X1; R1),(32; Ra),

ooy (B Rim) for an integer m, i.e.,

s
M

C
X

99”(;:(_

with an underlying connected graph structure G, where
V(G) = {Ela 225 e 7Em}7
B(G) ={ (5% | ZiNZ; #0,1 <i,j <m}.
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Unless its combinatorial G structure, these cardinalities |3; () X,|, called the coupling con-
stants in a combinatorial system % also determine its structure if 3; (X, # 0 for integers
1 <4,j < m. For emphasizing its coupling constants, we denote a combinatorial system 6 by
Cc(lij, 1 <i,j<m)ifl;; =8, %,| #0.

Let (fél) and CKC(T?) be two combinatorial systems with

@ = (st UrD). 6 = (s YR

i=1 i=1 1=1 i=1

A homomorphism w : CKC(T}) — (fc(f) is a mapping @ : |J 21(1) - U 252) and w :
j i=1

1=1 7

¥ R(l)) —

U REZ) such that
i=1
5, (aRVb) = @ 5 (R{)w

w

for Va, b € El(-l), 1 < i < m, where w|y, denotes the constraint mapping of w on the mathemat-

= (a)w

ical system (X;, R;). Further more, if w : ‘(o”él) — ‘Kg) is a 1 — 1 mapping, then we say these
%él) and %C(f) are isomorphic with an isomorphism w between them.

A homomorphism w : CKC(T}) — (fc(f) naturally induces a mappings w|g on the graph Gy
and Go by

wlg: V(G1) = w(V(Gy)) C V(G2) and
@le 1 (5,%5) € BE(G1) = (w(X:), w(X;)) € E(G2),1 <4,j <m.

With these notations, a criterion for isomorphic combinatorial systems is presented in the
following.
Theorem 2.1 Two combinatorial systems (fél) and (fg) are isomorphic if and only if there is
al—1 mapping w : %él) — (féf) such that

(1) @l is an isomorphism and @l (z) = @l (x) for Vo € EE”HE;”, 1<i,j<m;

i i 5

(i1) w|g : G1 — Ga is an isomorphism.

Proof If w : %él) — CKC(;Z) is an isomorphism, considering the constraint mappings of @ on
the mathematical system (3;, R;) for an integer i,1 < i < m and the graph Ggl), then we find

isomorphisms @|y,a1) and @|g.

Conversely, if these isomorphism w|2(_1),1 < i < m and w|g exist, we can construct a
mapping w : %él) — ‘(o”g) by l
w(a) =wl|s,(a) if a€X; and w(o) = wl|g, (o) if c€R;,1<i< m.
Then we know that
w5, (aR{"b) = s, ()]s, (R;")owl, (0)

for Va,b € 251)7 1 < i < m by definition. Whence, w : (fél) — (féz) is a homomorphism.

Similarly, we can know that w=" : (fg) — (fél) is also an homomorphism. Therefore, w is an
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isomorphism between %él) and ‘KC(;Q). O

For understanding well the multiple behavior of the WORLD, namely, its overlap and
hybrid, a combinatorial system should be constructed. Then what s its relation with classical
mathematical sciences? What is its developing way for mathematical sciences? 1 have presented
an idea of combinatorial notion in Chapter 5 of [7], then stated formally as the combinatorial
conjecture for mathematics in [10] and [16], the last was reported at the 2nd Conference on
Combinatorics and Graph Theory of China in 2006.

Combinatorial Conjecture Any mathematical system (3;R) is a combinatorial system
Cfg(lij,l S i,j S m)

This conjecture is not just like an open problem, but more like a deeply thought, which
opens a entirely way for advancing the modern mathematics. Here, we need further clarification

for this conjecture. In fact, it indeed means combinatorial notions following for researchers.
(1) There is a combinatorial structure and finite rules for a classical mathematical system,
which means one can make combinatorialization for all classical mathematical subjects.

(2) One can generalizes a classical mathematical system by this combinatorial notion such

that it is a particular case in this generalization.
(3) One can make one combination of different branches in mathematics and find new

results after then.

Whence, a mathematical system can not be ended if it has not been combinatorialization
and all mathematical systems can not be ended if its combinatorialization has not completed
yet. The reader can applies this combinatorial notion to all of his research work, and then finds

his combinatorial fields.

83. Algebraic Systems

Let (27 0) be an algebraic system and B C &7, if (%; o) is still an algebraic system, then we call
it an algebraic sub-system of (&f;0), denoted by & < &/. Similarly, an algebraic sub-system is
called a subgroup if it is group itself.

Let (7;0) be an algebraic system and # < «/. For Va € &7, define a coset a o Z of £ in
o by

aoB=1{aoblVbe A}.
Define a quotient set & = </ /9 consists of all cosets of # in &7 and let R be a minimal set
with & = {r o B|r € R}, called a representation of &. Then
Theorem 3.1 If (%;0) is a subgroup of an associative system (<;0), then
(i) forVa,be o, (aocB)N(boRB) =0 oraoB =bo R, i.c, & is a partition of &7 ;

(it) define an operation e on & by
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(aoPB)e(boRB)=(aoch)o A,

then (S;e) is an associative algebraic system, called a quotient system of </ to AB. Particularly,
if there is a representation R whose each element has an inverse in (&;0) with unit 1., then

(6;e) is a group, called a quotient group of & to AB.

Proof For (i), notice that if

(aoB)N(boB)#D

for a,b € o7, then there are elements c1,co € Z such that aoc; = bocy. By assumption,
(%;0) is a subgroup of (47;0), we know that there exists an inverse element ¢;* € %, i.e.,

a=Dbocyocy'. Therefore, we get that

aoB = (bocyocy')oR

= {(bocgoci)oclVe € B}
{boc|Vc € B}
bo%

by the associative law and (%;o0) is a group gain, i.e., (a0 B)N(boB) =0 or ao B =bo B.
By definition of e on & and (i), we know that (&; e) is an algebraic system. For Va,b, ¢ € &7,
by the associative laws in (&7;0), we find that

(a0 B)e(boB))e(coB) = (aob)o%’)o(co%’)
(@ob)oc)oB =(ao(boc))oR
a )o((boc)o%)

) ((bo B) e (coB)).

[¢]

(
=
(
(aoB)e

Now if there is a representation R whose each element has an inverse in («7;0) with unit
1., then it is easy to know that 1, o 2 is the unit and a~' o Z the inverse element of a o %
in 6. Whence, (&;e) is a group. O

Corollary 3.1 For a subgroup (%;0) of a group (&;0), (&;e) is a group.
Corollary 3.2(Lagrange theorem) For a subgroup (%;0) of a group (4/;0),
B | |].
Proof Since a o ¢y = a o ¢y implies that ¢; = ¢o in this case, we know that

a0 B = | B

for Va € 7. Applying Theorem 2.2.4(i), we find that
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|| = |ro | = |R||#,

reR
for a representation R, i.e., | %] | |<|. O
Although the operation e in & is introduced by the operation o in &7, it may be e # o.

Now if e = o, i.e.,
(a0 B)o0(boB) = (aob) o2, (3-1)

the subgroup (%;0) is called a normal subgroup of (%;0), denoted by £ < &/. In this case, if

there exist inverses of a, b, we know that

PBoboAB=boR

by product a~! from the left on both side of (3 — 1). Now since (%;0) is a subgroup, we get
that

b loZBob= 2,

which is the usually definition for a normal subgroup of a group. Certainly, we can also get

bo#B=RBob

by this equality, which can be used to define a normal subgroup of a algebraic system with or
without inverse element for an element in this system.
Now let w : @ — &% be a homomorphism from an algebraic system (7 ;01) with unit

1o, to (@h;09) with unit 1.,. Define the inverse set w1(az) for an element ay € </ by

wil(ag) = {a1 S ,5A/1|w(a1) = ag}.

Particularly, if ag = 1,,, the inverse set @~ 1(1,,) is important in algebra and called the kernel
of w and denoted by Ker(w), which is a normal subgroup of («7;01) if it is associative and
each element in Ker(w) has inverse element in (<7 ;01). In fact, by definition, for Va,b, c € @4,

we know that

(1) (aob)oc=uao(boc) e Ker(w) for w((aob)oc)=w(ao(boc)) = 1lg;

(2) 1o, € Ker(w) for w(le,) = lay;

(3) a=! € Ker(w) for Va € Ker(w) if a~! exists in (&;01) since w(a 1) = w1 (a) = 1u;
(4) aoXKer(w) = Ker(w) o a for

w(aoKer(w)) = w(Ker(w) oa) = w (w(a))

by definition. Whence, Ker(w) is a normal subgroup of (& ;01).

Theorem 3.2 Let w : o) — o be an onto homomorphism from associative systems (<1;01)
to (ta;09) with units 1oy, 1o,. Then
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oy [Ker(w) =2 (afa;09)
if each element of Ker(w) has an inverse in (/i;01).

Proof We have known that Ker(w) is a subgroup of (&#4;01). Whence % /Ker(w) is a
quotient system. Define a mapping ¢ : @4 /Ker(w) — % by
¢(a o1 Ker(w)) = w(a).

We prove this mapping is an isomorphism. Notice that ¢ is onto by that w is an onto homo-
morphism. Now if a o; Ker(w) # b oy Ker(w), then w(a) # w(b). Otherwise, we find that
a oy Ker(w) = boy Ker(w), a contradiction. Whence, ¢(a o1 Ker(w)) # ¢(b oy Ker(w)), i.e., ¢ is
a bijection from 7 /Ker(w) to <.

Since w is a homomorphism, we get that

¢((a oy Ker(w)) o1 (boy Ker(w)))
= ¢(a o1 Ker(w)) o ¢(b oy Ker(w))

= w(a) o2 w(b),
ie., ¢ is an isomorphism from @7 /Ker(w) to (2;02). O

Corollary 3.3 Let w : o) — oy be an onto homomorphism from groups (@/1;01) to (9f;02).
Then

oy [Ker(w) =2 (afh;09).

84. Multi-Operation Systems

A multi-operation system is a pair (J; 5) with a set 7 and an operation set
O={o;|1<i<l}

on J# such that each pair (J#;0;) is an algebraic system. A multi-operation system (JZ; 6) is
associative if for Va,b,c € F, Yoq,09 € O, there is

(ao1b)ogc=uao; (bogc).

Such a system is called an associative multi-operation system. A multi-operation system (7 6)
is distributive if O = 01 U O with O1 N Oy = 0 such that

aoy (bogc)=(ao1b)oy(aorc)and (bogc)oya=(boya)os(coya)

for Ya,b,c € 5 and Vo; € Oy, oy € Os. Denoted such a system by (J; 01 — Os).

Let (47, 6) be a multi-operation system and ¥ C J7, C~2 cO. If (%,@) is itself a
multi-operation system, we call (%,@) a multi-operation subsystem of (%,5)), denoted by
(%;Q) < (#,0). In those of subsystems, the (¢;0) is taking over an important position in
the following.
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Assume (¢;0) < (A, 0). For Ya € s and o; € O, where 1 < i < I, define a coset a 0; 4

by
a0;9 ={ao;b| for Vbe 4},
and let
H = U ao¥.
a€R,0ePCO

Then the set

2={ao%acRoecPcO}

is called a quotient set of & in F with a representation pair (R, ﬁ), denoted by §|(R.15)'

Two multi-operation systems (J7; 51) and (7%; 62) are called homomorphic if there is a
mapping w : JA4 — A5 with w : O; — O3 such that for a;,b; € J4 and oy € Oy, there exists

an operation oy = w(o7) € O enables that

w(ay o1 b1) = w(ay) oz w(by).

Similarly, if w is a bijection, (J4; O1) and (%; O,) are called isomorphic, and if 4 = s = A,

w is called an automorphism on J.

Theorem 4.1 Let (7, 6) be an associative multi-operation system with a unit 1, for Yo & 9]
and G C .

(1) If 4 is closed for operations in O and forVa e ¥, o€ 6, there exists an inverse element

ast in (9;0), then there is a representation pair (R, ﬁ) such that the quotient set gk}%ﬁ) is

a partition of A, i.e., for a,b € I ,Noy, 09 € O, (ao19)N(bos¥) =0 orao; 4 =boy¥.

(ii) For Yo € O, define an operation o on %|(R,1~3) by

(ao19)o(bog¥)=(aob)o1 9.

Then (%|(R.f3); 6)~ZS an associative mulﬁz’—opemtz'on system. Particularly, if there is a repre-
sentation pair (R, P) such that for o’ € P, any element in R has an inverse in (;0"), then
(%k}%,ﬁ)’o/) is a group.

Proof For a,b € A, if there are operations o, 09 € O with (ao1 4)N (boy¥) # (), then

there must exist g1,92 € ¢ such that a o1 g1 = b oy go. By assumption, there is an inverse
element ¢, ! in the system (¢;01). We find that

ao19 = (boggao cfl)olg
= bOQ(QQOlcl_lolg):bOQg

by the associative law. This implies that %k R,P) is a partition of 7.
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Notice that §|( R.P) is closed under operations in P by definition. It is a multi-operation

system. For Va,b,c € R and operations o;, 05,013,002 € P we know that

(@01 9) 0! (02 @) (cosd) = ((ao'b)o1¥)o” (cos®)
— ((@o'D)o? )01 ¥

and

(@01 9)o! ((bog9)0® (co3¥)) = (ao19)or((bo?c)ory¥)
= (ao'(bo%c) 01 9.

by definition. Since (7, 0) is associative, we have (a ol b) 02 ¢ = a o' (bo? ¢). Whence, we get
that

((ao19) ol (bor9))0® (coz ) = (a019) o' ((boa¥) 0? (c03 %)),

ie., (§|(R713); O) is an associative multi-operation system.
If any element in R has an inverse in (J#;0’), then we know that ¢ is a unit and a=! o’ ¢

is the inverse element of a o’ ¢ in the system (%|(R_Ig), o’), namely, it is a group again. O

Let Z(O) be the set of all units 1,,0 € O in a multi-operation system (#; ). Define a
multi-kernel Kerw of a homomorphism w : (J7; 61) — (S, 62) by

Kerw = { a € 74 | w(a) = 1, € Z(0s) }.
Then we know the homomorphism theorem for multi-operation systems in the following.
Theorem 4.2 Let w be an onto homomorphism from associative systems (H4;01) to (Hs; Oy)
with (Z(02); O2) an algebraic system with unit 15— for Yo~ € Oy and inverse z= for Ya €

(Z(Oy) in ((Z(Oy);07). Then there are representation pairs (Ry, Py) and (Ry, Py), where Py C
5, 162 C 52 such that

(/4;01) PR (#4;02) .
(Ketw; O1) 7 7 (Z(0q);0,) 1)
if each element of Kerw has an inverse in (A5 0) foro € O;.
Proof Notice that Kerw is an associative subsystem of (.77 ; 61) In fact, for Vkq, ko € Kerw
and Yo € 61, there is an operation o~ € 62 such that
w(ky o k) = w(ky) o~ w(ks) € Z(O)

since Z (52) is an algebraic system. Whence, Kerw is an associative subsystem of (74; 61) By
assumption, for any operation o € O; each element a € Kerw has an inverse a~! in (J4;0).
Let w: (JA4;0) — (J4;07). We know that
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w(ao a_l) =w(a)o” w(a_l) =1,

ie., wla™!) = wla)"! in (HB;07). Because Z(Os) is an algebraic system with an inverse 2!

for Yz € Z(0y) in ((Z(O3);07), we find that w(a~') € Z(Os), namely, a~! € Kerw.
(#1:0,) (A2;05)

Define a mapping o : N |(R1,151) = Too8s |(R21]32) by

o(aoKerw) = o(a) o~ 1(52)

for Va € Ry,0 € Py, where w : (J;0) — (#4;0™). We prove ¢ is an isomorphism. Notice that
o is onto by that w is an onto homomorphism. Now if a0y Kerw # bos Ker(w) for a,b € Ry and
01,09 € Py, then w(a)o; Z(Os) ;é w(b) oy Z(02). Otherwise, we find that ao; Kerw = bos Kerw,
a contradiction. Whence, o(ao; Kerw) # o(bogKerw), i.e., o is a bijection from (gﬁT’o&le )

(% 0s)
to (Z(032);02) |(Rz Py

Since w is a homomorphism, we get that

o((aoy I/—(\e/rw) o (bog If(a"w)) = o(aoy If(a"w) o~ oa(bog I/—(\e/rw)

(w(a) oy Z(02)) o~ (w(b) 03 Z(02))
o((a 0y Kerw) o~ o(b oy Kerw),

_(A4:01) (H3:05)

(Kerw;O1) |(R1 Pr) to (Z(02); 02)| Ra,Py)’ 0

i.e., o is an isomorphism from
Corollary 4.1 Let (%”1, 01), (#; O4) be multi-operation systems with groups (3; 01), (H;03)
for Yoy € 01 Yoq € 02 and w : (J4; 51) (%’é, 02) a homomorphism. Then there are repre-
sentation pairs (Rl,Pl) and (Ra, ﬁg) where Py C Ol, Py C Oy such that

~

(44;01) T (#3;02) |
(Kerw;él) (R1,P1) ( (O ) 02) (R2,P2)

Particularly, if (J%; 62) is a group, we get an interesting result following.
Corollary 4.2 Let (#;0) be a multi-operation system and w : (#;0) — (o/;0) a onto

homomorphism from (;0) to a group («;0). Then there are representation pairs (R, P),
P C O such that

(#;0) ~ (o
(Kerwr 0) P = (75°)

§85. Multi-Rings

An associative multi-operation system (J#; O; — Oz) is said to be a multi-group if (J;0) is a
group for Yo € Oy UOq, a multi-ring (or multi-field) if O1 = {1 <i <1}, Oy = {+4|1 <i <}
with rings (or multi-field) (J7;+;,-;) for 1 < ¢ < [. We call them [-group, I-ring or I-field
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for abbreviation. It is obvious that a multi-group is a group if |O; U Oz = 1 and a ring or
field if |O1| = |O3] = 1 in classical algebra. Likewise, We also denote these units of a l-ring
(A;01 — O3) by 1., and 04, in the ring (7;+,+;). Notice that for Va € ., by these
distribute laws we find that

a~ib:a-i (b—FlOJ”):CLZb—l—lCLZOJ“,
b-ia:(b+i0+i)-ia=b-ia+i0+i G a
for Vb € 2. Whence,

a - OJ”. = OJ”. and OJ”. G a = OJ”..

Similarly, a multi-operation subsystem of (J7; O; — Os) is said a multi-subgroup, multi-
subring or multi-subfield if it is a multi-group, multi-ring or multi-field itself.
Now let (J2; 01 — O2) be an associative multi-operation system. We find these criterions

for multi-subgroups and multi-subrings of (#77; O; — O3) in the following.

Theorem 5.1 Let (5; 01 — O be a multi-group, H C . Then (H; O1 — Os) is a

(i) multi-subgroup if and only if for Va,b € H, o € O1UOs, ao bt € H;

(ii) multi-subring if and only if forVa,b € H, -; € O1 and V+; € O2), a-; b, a+; bfml €H,
particularly, a multi-field if a -; b;l, a+; b_T_} € H, where, O1 = {-|]1 < i <1}, Oy = {+;]1 <
1 <1}

Proof The necessity of conditions (i) and (i7) is obvious. Now we consider their sufficiency.

For (i), we only need to prove that (H;o) is a group for Vo € O; U Os. In fact, it is
associative by the definition of multi-groups. For Va € H, we get that 1, = aoa;! € H and
looagst € H. Whence, (H;0) is a group.

Similarly for (ii), the conditions a -; b, a +; bjrl € H imply that (H;+;) is a group and
closed in operation -; € O7. These associative or distributive laws are hold by (; +;, ;) being
a ring for any integer 4,1 < < [. Particularly, a -; b ' € H imply that (H;-;) is also a group.
Whence, (J;+;,+;) is a field for any integer 7,1 < ¢ <[ in this case. O

A multi-ring (501 — Os) with O1 = {+|1 < i <1}, Oy = {+]1 <@ <} is integral if
for Ya,b € 5 and an integer i, 1 <i <[, a0,b=0bo;a, 1o, # 04; and ao; b = 04, implies that
a =04, or b=04,. If | =1, an integral I-ring is the integral ring by definition. For the case
of multi-rings with finite elements, an integral multi-ring is nothing but a multi-field. See the

next result.

Theorem 5.2 A finitely integral multi-ring is a multi-field.

Proof Let (J;01 — O3) be a finitely integral multi-ring with 2 = {a1,as--- ,an},
where 07 = {j|]1 <@ <1}, O2 = {+;|1 <i <!}. For any integer i, 1 < ¢ <[, choose an element
a € and a # 04,. Then

@05 a1, A0;A2, ", @O;0n

are n elements. If ao; as = ao; at, i.e., ao; (as +; a;l) = 04,. By definition, we know that
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as +; a;l = 04;, namely, a; = a;. That is, these ao; a1, ao; as, -, ao; a, are different two

by two. Whence,

H ={aoc;a1, aojaz, -+, ao;ay }.

1

Now assume a o; as = 1.,, then a=" = a,, i.e., each element of .7 has an inverse in

(A;-;), which implies it is a commutative group. Therefore, (J;+;,+;) is a field for any
integer 7,1 < i < [. O

Corollary 5.1 Any finitely integral ring is a field.

Let (5501 — O3), (#;0% — 03%) be multi-rings with OF = {¥]1 < i < [}, Of =
{+F1 < i < Iy} for k = 1,2 and g : (H;0f — O)) — (H#;0% — O3) a homomorphism.
Define a zero kernel Kerp of ¢ by

Kerpp = {a € Hlo(a) = 042,1 < i <o}

Then, for Vh € 77 and a € K&BQ, o(a-th) =04,0(:)h =04, ,ie,ah € I/{E}Bg. Similarly,
h-ia€e I/{\e_r/og. These properties imply the conception of multi-ideals of a multi-ring introduced
following.

Choose a subset Z C 7. For Vh € 5, a € Z, if there are

ho,a€Z and ao; h € H,

then 7 is said a multi-ideal. Previous discussion shows that the zero kernel @gg of a homo-
morphism g on a multi-ring is a multi-ideal. Now let Z be a multi-ideal of (J; 01 — O,).

According to Corollary 4.1, we know that there is a representation pair (Rg, P2) such that
f:{cH—iI | a € Ry, +; EPQ}

is a commutative multi-group. By the distributive laws, we find that

(a+ZI)J(b+kZ) = ajb‘i-kCLJZ—Fle—'—kZJZ
= a~jb+kI.

Similarly, we also know these associative and distributive laws follow in (f ;01 — Oa).
Whence, (i, 01 — 0y) is also a multi-ring, called the quotient multi-ring of (H; 01 — Oa),
denoted by (7 : T).

Define a mapping ¢ : (#; 01 — O3) — (H : I) by p(a) = a+;T forVa € # ifa € a+;T.
Then it can be checked immediately that it is a homomorphism with

Kergo = T.

Therefore, we conclude that any multi-ideal is a zero kernel of a homomorphism on a

multi-ring. The following result is a special case of Theorem 4.2.
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Theorem 5.3 Let (54; 01 — O3) and (5; 0% — O3) be multi-rings and w : (54;0%) —
(5 O3) be an onto homomorphism with (Z(03); O3) be a multi-operation system, where Z(O3)
denotes all units in (H#%;03). Then there exist representation pairs (Ry, P1), (R, P5) such that

, . (01 — O3)
K Dlnpy = “ 707707 P

Particularly, if (J%; 0?2 — O3) is a ring, we get an interesting result following.

Corollary 5.2 Let (57; 01 — O3) be a multi-ring, (R;+,) a ring and w : (A;03) — (R;+)
be an onto homomorphism. Then there exists a representation pair (R, 16) such that

(%:I”(Rj:) = (Ry+,-).

86. Finite Dimensional Multi-Modules

Let O ={+; |1 <i<m}, O ={4]1 <i<m}and Oy = {+;]1 <i < m} be operation sets,
(A ; O) a commutative m-group with units 04, and (#; 01 — O2) a multi-ring with a unit 1.
for V- € Op. For any integer 7, 1 < i < m, define a binary operation x; : Z x .# — # by
a xX;x fora € Z, v € A such that for Va,b € Z, Vx,y € 4, conditions following hold:

(1) ax;(x4;y)=ax;x+;a%X;y;

(ZZ) (a—hb) X, T =aX; T +;bx;x;

(#i7) (a - b) x; ¢ = a x; (b x; x);

(iv) 1., x;2 = =x.
Then (#;0) is said an algebraic multi-module over (%; 01 — Oz) abbreviated to an m-
module and denoted by Mod(.Z(0) : Z(O1 — Oz)). In the case of m = 1, It is obvious
that Mod(Z(O) : Z(01 — O3)) is a module, particularly, if (#Z; 01 — Oa) is a field, then
Mod (4 (O) : Z(O1 — O3)) is a linear space in classical algebra.

For any integer k, a; € Z and z; € 4, where 1 < i, k < s, equalities following are hold

by induction on the definition of m-modules.

aXp (X1 +r T2 +p - FETs) =a X &1 +5 QX To Fp - +k a5 Xp T,

(a14rao+r - Fras) Xp & = a1 X T +g a2 X T +p - +g Qs X T,

(@1 ag k- pas) Xpx =a1 X (a2 Xp - X (as Xp ) -+)
and
1"L1 Xy (1'1'2 Xig 0 Xig_y (1“ Xis ‘T)) =z
for integers i1,i9, - ,is € {1,2,--+ ,m}.

Notice that for Va,x € ., 1 <1i < m,

ax;r=ax;(x+;04,)=ax;x+;ax;04,,

we find that a x; 04, = 04,. Similarly, 0, x; a =04,. Applying this fact, we know that
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a X; T+ aj” X T = (a—i—ia;) xix =03 Xx;z =04,
and

axX;r+iax;ry, =ax;(x+;r])=ax;0p, =0q,.
We know that

(ax;x)y, =a7

I xix:axix_h_.

Notice that a x; x = 04, does not always mean a = 0; or z = 04, in an m-module
Mod(#(O) : (01 — Os)) unless a7 s existing in (B;+i, ) if © # 04,

Now choose Mod(#1(01) : #1(0} — O3)) an m-module with operation sets 07 =
{+]1<i<m} O = {1 <i<m} O = {+11|1 < i < m} and Mod(#(0s) :
H2(02 — 03)) an n-module with operation sets Oy = { +/ | 1 <i <n}, O? = {3|1 <i < n},
03 = {+12|1 < i < n}. They are said homomorphic if there is a mapping ¢ : .#1 — .#> such
that for any integer i,1 < i < m,

(1) oz +iy) =ulx)+" uly) for Va,y € A4, where o(+]) = +" € Oq;

(11) tla x; x) =a x; 1(x) for Vo € A, .

If ¢ is a bijection, these modules Mod(.#1(01) : % (01 — O1)) and Mod(#(Os) :
Ho (02 — 03)) are said to be isomorphic, denoted by

MOd(.//l(Ol) 2%1 (O% — O%)) = MOd(%Q(OQ) %Q(O% — O%))

Let Mod(#(0) : Z(0; — Oz)) be an m-module. For a multi-subgroup (A47;0O) of
(A;0), if for any integer i, 1 <i <m, a X,z € A for Va € #Z and x € ./, then by definition
it is itself an m-module, called a multi-submodule of Mod(.Z (O) : Z(O1 — O2)).

Now if Mod (A4 (0) : Z(01 — O3)) is a multi-submodule of Mod(.#Z (0) : Z(0y — (92))
by Theorem 4.2, we can get a quotient multi-group A/| r,p) With a representation pair (R, P)

under operations

(a+i )+ (b+; )= (a+b)+; N
for Va,b € R,+ € O. For convenience, we denote elements x +; ./ in %|<R_Ig) by (@ . For an
integer 7,1 < i < m and Va € Z, define
ax; 20 = (a x; )@,
Then it can be shown immediately that

’L) a X; (17(1)4— y(l))—ax'm‘i‘iaX'W;
i) (atib) x; 2 = a x; 20 44 b x; 20;
iii) (a3 b) x; 20 = a x; (b x; 20);

iv) 1, xmzm,

(
(
(
(
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i.e.,(%“RJ;) : #) is also an m-module, called a quotient module of Mod(.#(O) : Z(01 —
03)) to Mod (A (0) : Z(O1 — O2)). Denoted by Mod (4 /.N").

The result on homomorphisms of m-modules following is an immediately consequence of
Theorem 4.2.

Theorem 6.1 Let Mod(.#1(01) : #1(0F — 03)), Mod(#(Os) : #2(0? — O3)) be multi-
modules with O1 = { +, |1 <i<m}, O = { +/ |1 <i<n}, O = {}1 <i < m},
0} = {—|—11|1 <i<m}, O? ={3}1<i<n}, 05 = {+f|1 < i< n} and: Mod(A (0) :
P, (01 — 0)) — Mod(#>(02) : #2(0F — 03)) be a onto homomorphism with (Z(Oz); O2)
a multi-group, where Z(O3) denotes all units in the commutative multi-group (Ma; Oz). Then

there exist representation pairs (Ry, ﬁl), (Ra, 152) such that

Mod(A | N )| g, 5,y = Mod(#a(02)/T(O2))| (g,

where A = Kere is the kernel of . Particularly, if (Z(Oz); O2) is trivial, i.e., |Z(O2)| = 1,
then

Mod(////e/V)|(leal) > Mod(.#2(Os) : Bo(OF — O%))|(R21]32).

Proof Notice that (Z(O3); Oz) is a commutative multi-group. We can certainly construct
a quotient module Mod(.#5(02)/Z(02)). Applying Theorem 2.3.6, we find that

Mod (A [N )| (g, By = Mod(#2(02)/Z(02))| g, p,)-
Notice that Mod(.#2(03)/Z(O2)) = Mod(Mo(Os) : #2(0? — 03)) in the case of
|Z(O2)| = 1. We get the isomorphism as desired. O

Corollary 6.1 Let Mod(.Z(0O) : Z(01 — O2)) be an m-module with O = { +; | 1 <i <
m}, O1 = {41 < i < m}, Oz = {+i]1 < i < m}, M a module on a ring (R;+,-) and
¢ : Mod(#1(01) : %,(0} — OF)) — M a onto homomorphism with Ker. = 4. Then there

exists a representation pair (R', P) such that

Mod (A | N)| (g 5y = M,
particularly, if Mod (. (O) : Z(O1 — Os)) is a module A, then

M|N = M.

For constructing multi-submodules of an m-module Mod(.#Z(O) : Z(O1 — O3)) with
O={+;|1<i<m}, 01 ={4]1 <i<m}, Oy = {+;|]1 <i<m}, a general way is described
in the following.

Let S C .# with |S| = n. Define its linearly spanning set <§|%> in Mod(.#(0) : #(0 —
03)) to be

<§|e@> = {ééai]‘ X xij' Qi Ee@,l'ij € § },

i=1 j=1
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where
m n
@@aij Xij Ty = @11 X1211 +1 - +101n X1 Z1n
i=1 j=1
+(1)a21 Xg To1 +2 -+ +2 Q2 X2 XTop
_|_(2) ........................... _|_(3)
m1 Xm Tml +m e +m Amn Xm Tmn
m
with +1), +@) +G) ¢ © and particularly, if +1 = 49 = --- = +,,, it is denoted by S a; as

=1

usual. It can be checked easily that <§|%> is a multi-submodule of Mod(.Z(0) : Z(0O1 —

0,)), call it generated by S in Mod(.#(O) : #(Oy — Oy)). If § is finite, we also say that
<§|,%’> is finitely generated. Particularly, if § = {z}, then <§ |%’> is called a cyclic multi-
submodule of Mod (. (O) : Z(01 — Oz)), denoted by Zx. Notice that

Rr ={Paixiz|aicR}

i=1

by definition. For any finite set S , if for any integer 5,1 < s < m,

m S
DD xizy =04

i=1 j=1
implies that a;; = 0; for 1 <7 <m,1 < j < n, then we say that {zi]l1 <i<m,1<j<n}
is independent and S a basis of the multi-module Mod(.#(0) : Z(O1 — Os)), denoted by
<§|@> — Mod(4(0) : Z(O) — O)).

For a multi-ring (#; O1 — O3) with a unit 1. for V- € Oy, where O; = {-;|1 <i < m} and
Oy = {+]1 <i <m}, let

B™ = {(21, 29, ,xn)| 2 € B,1 <i<n}.

Define operations

(171, T2, Jn) +i (y1, Y2, ,yn) = ($1-i—iy17$2—i-iy2, ce ,l“n-i-iyn)

and

axi(fl,l“m"' 7$n):(a'i171,a'i332,"' ,a'ﬂ?n)

for Ya € % and integers 1 < i < m. Then it can be immediately known that 2™ is a multi-
module Mod(Z™ : %(0; — 05)). We construct a basis of this special multi-module in the
following.

For any integer k,1 < k <n, let

€ = (1.k,0+k,--- ,Ojrk);
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Notice that

(T1, 22, - ,Tp) = T1 X €1 +1 T2 X €2 +f -+ -+ Tn X €.
We find that each element in #Z(™ is generated by e, e, -- ,e,. Now since
($1,$2,' o ,J/'n) = (0+k70+k7 : 7O+k)
implies that z; = 04, for any integer i,1 < i < n. Whence, {ej, ez, -+ ,e,} is a basis of

Theorem 6.2 Let Mod (4 (O) : Z(01 — O3)) = <§|@> be a finitely generated multi-module
with S = {uy,u2, -+ ,un}. Then

Mod(.#(0) : Z(01 — 03)) = Mod(Z"™ : Z#(0; — Os)).

Proof Define a mapping 9 : .#(0) — Z™ by 9(u;) = e;, ¥(a xj u;) = a x; e; and
V(u; +x uj) = €; +, e; for any integers i, j, k, where 1 <4, j, k < n. Then we know that

0(@@@@‘ X ul) = @@ai]‘ X €;.

=1 j=1 i=1 j=1
Whence, 9 is a homomorphism. Notice that it is also 1 — 1 and onto. We know that ¢ is an
isomorphism between Mod(.Z (O) : Z(01 — 03)) and Mod(Z™ : Z(01 — 05)). O

§7. Combinatorially Algebraic Systems

An algebraic multi-system is a pair (.12?75) with

. m - m
o =) and 0 =|]0;
i=1 i=1
such that for any integer i,1 < i < m, (J%;O;) is a multi-operation system. For an algebraic
multi-operation system (JZ?T&) and an integer i,1 < i < m, a homomorphism p; : (JﬁN) —
(A; O;) is called a sectional projection, which is useful in multi-systems.

Two multi-systems (,53?;, o), (4%, 05), where o = U #£* and 0y = U OF fork=1, 2

i=1 =1
are homomorphic if there is a mapping o : @/ — o such that op; is a homomorphism for any
integer i, 1 < i < m. By this definition, we know the existent conditions for homomorphisms

on algebraic multi-systems following.

Theorem 7.1 There exists a homomorphism from an algebraic multi-system (,QZ 51) to

(szf; 52), where o, = U 2% and Op = U OF for k = 1, 2 if and only if there are ho-
i=1 i=1
momorphisms 11,12, -+, on (J4'501), (H5503), -+, (5, O5,) such that
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77i|9fi1mfjl = 77j|yfilmfjl
for any integer 1 <i,j < m.

Proof By definition, if there is a homomorphism o : (.;z?;, 51) — (.;z?;, 52), then op; is a
homomorphism on (J#; O}) for any integer i,1 < i < m.

On the other hand, if there are homomorphisms 11,12, - -+ , 7, on (JG; OF), (541 03), - - -,
(), 0L), define a mapping o : (.12?1/, o)) — (@Z, 0>) by o(a) = ni(a) if a € Y. Then it can
be checked immediately that o is a homomorphism. 0

Let o : (Jz?;, 0y) — (,Q;;, 05) be a homomorphism with a unit 1, for each operation o € 0.

Similar to the case of multi-operation systems, we define the multi-kernel I/{\e/r(o) by

Ker(o) ={ a € & | o(a) = 1, for Yo € 03 }.
Then we have the homomorphism theorem on algebraic multi-systems following.

Theorem 7.2 Let (JZZ/, 51), (szf; 52) be algebraic multi-systems, where A = U sk, O =

i=1

U OF for k = 1,2 and o : (JZZ/, 51) — (szf; 52) a onto homomorphism with a multi-group
i=1

(Z%;,02) for any integer i,1 < i < m. Then there are representation pairs (Ry, Py) and (R, P,)
such that

(A:0) | (i)
(Ker(0);01) ™)~ (F(02);0) P+

where (f((')z); 0s) = G (Z7;07).
i=1

Proof By definition, we know that o, : (J1;0}) — (%21), o Z)) is also an onto
homomorphism for any integer ¢,1 < i < m. Applying Theorem 4.2 and Corollary 4.1, we can
find representation pairs (R}, P!) and (R2, P2) such that

2 . 2
(A0} . i 9ow)

-1 = 2 .2
(KGI‘(OL%? )7 Oi ) (Rivﬁil) (Zo(i)v Oo(z)> (R! . O(l))

Notice that

1=1 L

for kK =1,2 and

Ker U Ker (0| 1)

=1

We finally get that
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(; O1) PR (eta; On) P
(Ker(0);0y) M) (7(0,); 05) (21
with
Ry =|J R and P, =[P}
=1 =1
for k=1 or 2. O

Let (A;0) be an algebraic system with operation o. We associate a labeled graph GT[A]
with (A4;0) by

V(GHA]) = A,
E(GF[A]) = {(a,c) with label ob |if aob = c for Va,b,c € A},

as shown in Fig.7.1.

o

Fig.7.1

The advantage of this diagram on systems is that we can find aob = ¢ for any edge in
GT[A], if its vertices are a,c with a label ob and vice versa immediately. For example, the
labeled graph GY[Z,] of an Abelian group Zy is shown in Fig.7.2.

w0 o 1 1) +0

+3

12 2\ /ABT +l

- 43
42
o
w0\ 3 +1 2 o0
Fig.7.2

Some structure properties on these diagrams GL[A] of systems are shown in the following.

Property 1. The labeled graph G*[A] is connected if and only if there are no partition A =
A1 |J Az such that for Vay € Ay, Yag € As, there are no definition for aj o ag in (A;o).

If GL[A] is disconnected, we choose one component C' and let A; = V(C). Define Ay =
V(GE[A])\ V(C). Then we get a partition A = Ay |J A2 and for Va; € Ay, Yas € As, there are
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no definition for aq o as in (A;0), a contradiction.

Property 2. If there is a unit 14 in (A;o), then there exists a verter 14 in GE[A] such that
the label on the edge (14,x) is ox.

For a multiple 2-edge (a,b) in a directed graph, if two orientations on edges are both to a
or both to b, then we say it a parallel multiple 2-edge. If one orientation is to a and another is

to b, then we say it an opposite multiple 2-edge.

Property 3. For Va € A, if a;! emists, then there is an opposite multiple 2-edge (14,a) in
GT[A] with labels oa and oaZ ', respectively.

Property 4. ForVa,b € A if aob = boa, then there are edges (a,z) and (b,x), x € A in
(A;0) with labels w(a,x) = ob and w(b, ) = oa in G[A], respectively.

Property 5. If the cancellation law holds in (A;0), i.e., for Va,b,c € A, if aob = aoc then
b = ¢, then there are no parallel multiple 2-edges in G*[A].

These properties 2 — 5 are gotten by definition. Each of these cases is shown in (1), (2), (3)
and (4) in Fig.7.3.

a
a b A

ob ob oa

1 r b

A

oa

14
(1) (2) (3) (4)

Fig.7.3

Now we consider the diagrams of algebraic multi-systems. Let (JZZ ﬁN) be an algebraic
multi-system with

o =\ and 6=]0;
i=1 i=1

such that (J%; O;) is a multi-operation system for any integer ¢,1 < ¢ < m, where the operation
set O; = {0;;]1 < j < n;}. Define a labeled graph G*[«/] associated with («/; &) by

m  n;

¢l = U 6 1500,

where GL[(; 0,5)] is the associated labeled graph of (% 0;;) for 1 <i <m, 1 < j < n;;. The

importance of G¥[«7] is displayed in the next result.
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Theorem 7.3 Let (.12?1/, o), (@Z, 05) be two algebraic multi-systems. Then

(@h; 01) = (sh; 00)
if and only if

GHlen] = GFlah).

Proof If (,QZ, ﬁNl) = (.12?2/, 52), by definition, there is a 1 — 1 mapping w : 4&%/—> ,%with
w : Oy — Oy such that for Va,b € &) and oy € 01, there exists an operation oy € 05 with the
equality following hold,

w(a oy b) =w(a) oy w(b).

Not loss of generality, assume a o1 b = ¢ in (,Q;;7 01). Then for an edge (a,c) with a label o1b

in G4 ], there is an edge (w(a),w(c)) with a label ogw(b) in G¥[aA)], i.e., w is an equivalence

from GF[aA] to GL[a). Therefore, GL[at] = GY[a).

Conversely, if GF[eA] = GE[ah], let @ be a such equivalence from G*[a] to GF |,

then for an edge (a, c) with a label o1b in GF[#4], by definition we know that (w(a),w(c)) with

a label w(o1)w(b) is an edge in GL[eh]. Whence,

w(a o1 b) = w(aw(or)w(d),
i.e., w: a4 — ah is an isomorphism from (Jz?;, 01) to (,Q;;, 0s). O

Generally, let (.12?1/, 51), (,QZ ; 52) be two algebraic multi-systems associated with labeled
graphs GL[aA], GF[ah). A homomorphism o : GF[e] — GL[a)] is a mapping ¢« : V(GE[a4]) —
V(GE[ah)]) and o : Oy — O such that u(a,c) = (u(a),(c)) with a label t(o)u(b) for ¥(a,c) €

E(G'[47]) with a label ob. We get a result on homomorphisms of labeled graphs following.

Theorem 7.4 Let (JZ?;, 51), (JZ?;, 52) be algebraic multi-systems, where o, = U sk, Oy =
i=1

U OF for k=1,2 and ¢ : (JZZ, 51) — (;zg, ﬁNQ) a homomorphism. Then there is a homomor-
i=1
phism 1 : G — GE|ah)] from GL[oA] to GF ot induced by t.

Proof By definition, we know that o : V(GE[#4]) — V(GL[e4]). Now if (a,c) € E(GE[a4])
with a label ob, then there must be aob = cin (JZZ/, 51) Hence, t(a)e(0)e(b) = ¢(c) in (sz{; 52),
where (o) € 0 by definition. Whence, (¢(a), (c)) € E(GE[«4]) with a label 1(0)(b) in G [],
i.e., ¢ is a homomorphism between G¥[@] and G¥ [/ )3]. Therefore, « induced a homomorphism
from GLa] to G| O

Notice that an algebraic multi-system (JZ}T % ) is a combinatorial system %1 with an under-

lying graph I', called a I'-multi-system, where

V(D) = {1 < i < ml,

ET) = {(#,75)|3a € H,b € H; with (a,b) € E(GF[o/]) for 1 <i,5 <m}.
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We obtain conditions for an algebraic multi-system with a graphical structure in the fol-

lowing.

Theorem 7.5 Let (.Q?,/ﬁ) be an algebraic multi-system. Then it is

(1) a circuit multi-system if and only if there is arrangement 7,1 < i < m for 4,55, - , I,
such that

A, (i, # 0, A, (A, #0

for any integer i(mod m), 1 <i<m but

A, (A, =0

for integers j # i — 1,i,i+ 1(mod m);
(it) a star multi-system if and only if there is arrangement 5€,,1 < i < m for 4,56, - , I,
such that

A, (A, #0 but A (A, =0

for integers 1 < i,j < m,i# j.
(#i1) a tree multi-system if and only if any subset of < is not a circwit multi-system under

operations in O .

Proof By definition, these conditions really ensure a circuit, star, or a tree multi-system.

Conversely, a circuit, star, or a tree multi-system constrains these conditions, respectively. [

Now if an associative system («/;0) has a unit and inverse element aj! for any element
a € o/, i.e., a group, then for any elements x,y € <7, there is an edge (z,y) € E(GF[</]). In
fact, by definition, there is an element z € 7 such that z;! oy = z. Whence, z 0z = y. By
definition, there is an edge (z,y) with a label oz in G¥[«7], and an edge (y, ) with label 25 L.
Thereafter, the diagram of a group is a complete graph attached with a loop at each vertex,
denoted by K[«;0]. As a by-product, the diagram GZ[G] of a m-group G is a union of m
complete graphs with the same vertices, each attached with m loops.

Summarizing previous discussion, we can sketch the diagram of a multi-group as follows.

Theorem 7.6 Let (.12?75) be a multi-group with o = U 7, 0 = U Oi, O; ={0;5,1<j <
i=1 i=1
n;} and (A;0i5) a group for integers i,j, 1 <1 <m,1 <i<mn;. Then its diagram Gl is

m  n;

GHar] = | | K[#; 045].

i=1j=1

Corollary 7.1 The diagram of a field (H;+,0) is a union of two complete graphs attached

with 2 loops at each vertex.

Corollary 7.2 Let (4&7, 5) be a multi-group. Then G*[<7] is hamiltonian if and only if €r is

hamiltonian.
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Proof Notice that %t is an resultant graph in G'[«/] shrinking each U K|[H;044] to a
j=1

vertex .7 for 1 < i < m by definition. Whence, 4t is hamiltonian if G¥[/] is hamiltonian.
Conversely, if ¢ is hamiltonian, we can easily find a hamiltonian circuit in G'[</] by
applying Theorem 7.6. O

§8. Remarks

8.1 These conceptions of multi-group, multi-ring, multi-field and multi-vector space are first
presented in [11]-[14] introduced by Smarandache multi-spaces. In Sections 4 — 5, we consider
their general case, i.e., multi-operation systems and extend the homomorphism theorem to this
multi-system. Section 6 is a generalization of works in [13] to multi-modules. There are many
trends or topics in multi-systems should be researched, such as extending those of results in

groups, rings or linear spaces to multi-systems.

8.2 The topic discussed in Section 7 can be seen as an application of combinatorial spec-
ulation([16]) to classical algebra. In fact, there are many research trends in combinatorially
algebraic systems, in algebra or combinatorics. For example, given an underlying combinatorial
structure G, what can we say about its algebraic behavior? Similarly, what can we know on its
graphical structure, such as in what condition it has a hamiltonian circuit, or a 1-factor? When

it 1s reqular? -- - etc..
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