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Abstract: Classifying objects needs permutation groups in mathematics. Similarly, con-
sideration should be also done for actions of multi-groups, i.e., permutation multi-groups.
In this paper, we consider the action of multi-groups on a finite multi-set, its orbits, multi-
transitive, primitive, etc. By choosing an element p in or not in a permutation group I, define
a new operation o, enables us to finding permutation multi-groups. Considering such per-
mutation multi-groups, some interesting results in finite permutation groups are generalized

to permutation multi-groups.
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81. Introduction

A bijection f: X — X is called a permutation of X. In the case of finite, there is a useful way

for representing a permutation 7 on X, |X| =n by a 2 x n table following,

Il I2 ... In
Yi Y2 - Yn,
where, x;,y; € X and z; # x5, y; # y; if i # j for 1 < 4,5 < n. For three sets X,Y and Z,
let f: X - Y and h : Y — Z be mapping. Define a mapping ho f : X — Z, called the
composition of f and h by
ho f(x) = h(f(x))

for Vo € X. For example, let

Tr1 X2 Tn
T = b)
Yyr Y2 0 Yn,
and
yl y2 oo yn
g =
21 RZ2 o Zn,
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Then

1 X2 - Tp Yy Y2 - Yn €Ty T2 . In

Yyr Y2 o Yn, 21 22t Zn, 21 22 o Zn,

It is well-known that all permutations form a group II(X) under the composition operation.
For Vp € II(X), define an operation o, : II(X) x II(X) — II(X) by

oo,s=ops, forVo,sell(X).
Then we have
Theorem 1.1 (II(X);0,) is a group.

Proof We check these conditions for a group hold in (II(X); 0,). In fact, for Vr, o, € II(X),

(Topo)ops = (Tpo) o, < = Tpops

= 7p(00ops) =T o0y (00p6).

The unit in (II(X);0,) is 1o, = p~*. In fact, for VO € II(X), we have that p~' o, § =

Op
Go,p~t=0.
For an element o € II(X), ao_pl =plo~lp~t = (pop)~!. In fact,
g op(pop) "t =opp~toTlpT =pT = 1,
(pop) topo=ptoTpTipo =p Tt = Lo,
By definition, we know that (II(X);0,) is a group. O

Notice that if p = 1x, the operation o, is just the composition operation and (II(X);o0p)
is the symmetric group Sym(X) on X. Furthermore, Theorem 1.1 opens a general way for
constructing multi-groups on permutations, which enables us to find the next result.

Theorem 1.2 LetT be a permutation group on X, i.e., I' < Sim(X). For given m permutations
P1,P2, s Dm € I, (T;0p) with Op = {o,,p € P}, P = {p;,1 < i < m} is a permutation
multi-group, denoted by 9.

Proof First, we check that (I';{op,,1 < ¢ < m}) is an associative system. Actually, for
Vo,¢,7 € 4 and p,q € {p1,p2, - ,Pm}, we know that

(Topa)ogs = (Tpo)ogs =Tpogs

= 7p(004¢) =To0p(0046).
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Similar to the proof of Theorem 1.1, we know that (I';o,,) is a group for any integer
i,1 <i<m. In fact, 15, = p; * and oo_pl_ = (piop;)~tin (4;0,,). O

82. Multi-permutation Representations

The construction for permutation multi-groups shown in Theorems 1.1 — 1.2 can be also trans-

ferred to permutations on vector as follows, which is useful in some circumstances.

Choose m permutations p1,pa, -+ ,pm on X. An m-permutation on x € X is defined by

Ptz — (pu(2), p2(a), (),

1.e., an m-vector on x.

Denoted by II(*) (X) all such s-vectors p("™). Let o be an operation on X. Define a bullet

operation of two m-permutations

P(m) = (p17p27' o 7pm)7
Q(sm) - (Q1aQ27 e 7Qm)

on o by

PP eQ® = (p1og,p2oqe,  ,Pm O Gm)
Whence, if there are l-operations o;, 1 < i < [ on X, we obtain an s-permutation system I1(*)(X)
under these [ bullet operations e;,1 < i < [, denoted by (II¢*)(X); ®}), where ©} = {e;]1 <i <

1.

Theorem 2.1 Any s-operation system (I, 6) on J with units 1o, for each operation o;,1 <
i < s in O is isomorphic to an s-permutation system (II®) (F); ©F).

Proof For a € #, define an s-permutation o, € I1(8)(#) by

oa(x) = (@01 x,a002, -+ ,a04x)
for Vo € J7.
Now let 7 : # — 11(*)(J#) be determined by 7(a) = o) for Va € . Since

Ua(loi) = (a 01 1oi7 T, Q041 1oi;a7aoi+l 1oi; T, Q0 loi)a

we know that for a,b € 7, o4, # op if a # b. Hence, 7 is a 1 — 1 and onto mapping. For
Vi, 1 <i<sand Vax € 7, we find that

r(a0 (&) = Gaon(a)
= (ao;boymw,ao;bogx, -+ ,a0;bosx)
= (aolx,a02x,--- ,GOS.’I]).Z' (bol xubOQ‘Tu"' 7bOS:I:)

= 0u(@) s on(x) = 7(a) & 7(B)(2).
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Therefore, 7(a o; b) = w(a) e; w(b), which implies that 7 is an isomorphism from (3, O)
to (1) (); ©5). O

According to Theorem 2.1, these algebraic multi-systems are the same as permutation
multi-systems, particularly for multi-groups.

Corollary 2.1 Any s-group (I, 6) with O = {0:]1 < i < s} is isomorphic to an s-permutation
multi-group (TI) (£); ©3).

Proof Tt can be shown easily that (TI*)(#); ®%) is a multi-group if (7, 0) is a multi-
group. 0
For the special case of s = 1 in Corollary 2.1, we get the well-known Cayley result on

groups.

Corollary 2.2(Cayley) A group G is isomorphic to a permutation group.

As shown in Theorem 1.2, many operations can be defined on a permutation group G,
which enables it to be a permutation multi-group, and generally, these operations o;,1 < i <5
on permutations in Theorem 2.1 need not to be the composition of permutations. If we choose
all 0;,1 <14 < s to be just the composition of permutation, then all bullet operations in ®f is
the same, denoted by ®. We find an interesting result following which also implies the Cayley’s
result on groups, i.e., Corollary 2.2.

(n!)!
(n!—s)!"

Theorem 2.2 (II®)(J7);®) is a group of order
Proof By definition, we know that

PE)(2) © QW () = (P1Q1(x), PQa(x), -, PsQs(x))

for VP®) Q) € TI®)(#) and Vo € . Whence, (1,1,---,1) (I entries 1) is the unit and
(P=6)y = (P, Pyt P71 the inverse of P®) = (Py, Py, ---, Py) in (II*®) (J#); ®). There-
fore, (II¢*) (#); ®) is a group.

Calculation shows that the order of TI®) (J7) is

which completes the proof. O
83. Action of Multi-group

Let (&?:5) be a multi-group, where &/ = U 7, 0= U O;, and X = |J X; a multi-set. An
i=1 i=1 i=1

action ¢ of (,Q{N7 ﬁ~) on X is defined to be a homomorphism

o (:0) = 9,
i=1
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for sets Py, Pa,- -+, P, > 1 of permutations, i.e., for Vh € 7, 1 < i < m, there is a permutation
@(h) :  — 2" with conditions following hold,

@(hog)=w(h)p(o)p(g), for h,ge H#; and o € O;.

Whence, we only need to consider the action of permutation multi-groups on multi-sets.
Let = (&7; 0) be a multi-group action on a multi-set X, denoted by ¢. For a subset A C X,
x € A, we define

¥ ={29|Vge¥} and 4, ={g |29 =x,9€ Y},

called the orbit and stabilizer of x under the action of ¢4 and sets

Grn={g|a9=x,9g€9 for Ve e A},

Gay={g| A=A, gc¥ for Vxec A},
respectively. Then we know the result following.
Theorem 3.1 Let I' be a permutation group action on X and ff; a permutation multi-group
(T'; Op) with P = {p1,p2, - ,pm} and p; € T for integers 1 < i < m. Then
(i) 98] = (@F)alla?%|, Vo € X;
(ii) for VA C X, (9F)a,Op) is a permutation multi-group if and only if p; € P for

1<i<m.

Proof By definition, we know that

(%), =T, and 2% = of

for z € X and A C X. Assume that 2¥ = {x1, 29, -+ ,2;} with 29 = x;. Then we must have

l
r={JgT..
i=1

In fact, for Vh € T, let 2" = 2,1 < k < m. Then 2" = 29 ie., 2"9% = z. Whence, we get
that hg,;1 € I'y, namely, h € g;1';.
For integers ¢, 7,1 # j, there are must be ¢;I',Ng; T, = 0. Otherwise, there exist hy,hy € T,
such that g;h1 = gjho. We get that z; = 29 = xgiheht = 95 — x;, a contradiction.
Therefore, we find that

P
9% = |T| = ITala"] = [(F%)all27% .

This is the assertion (7). For (ii), notice that (4£)a = 'a and I'a is itself a permutation
group. Applying Theorem 1.2, we find it. g
Particularly, for a permutation group I' action on €, i.e., all p; = 1x for 1 < i < m, we

get a consequence of Theorem 3.1.



116 Linfan Mao

Corollary 3.1 Let T be a permutation group action on ). Then
(i) |TI=Talla™], Vo € O
(ii) for YA C Q, I'a is a permutation group.

Theorem 3.2 Let I' be a permutation group action on X and 9% a permutation multi-group
(T; Op) with P = {p1,p2,- -+ sDm}, pi € T for integers 1 < i < m and Orb(X) the orbital sets
of 9% action on X. Then

|Orb(X Z 1D (p

peGE

where ®(p) is the fixed set of p, i.e., P(p) = {x € X|2P = x}.

Proof Consider a set E = {(p,z) € 9% x X|2P = z}. Then we know that E(p,*) = ®(p)
and E(*,z) = (4¥),. Counting these elements in F, we find that

Yo e =D (%)

pEYE zeX
Now let 2;,1 < i < |Orb(X)| be representations of different orbits in Orb(X). For an
element y in x?;‘), let y = 27 for an element g € 9f. Now if h € (9%),, ie., y" =y,
then we find that (27)" = 7. Whence z9h9” " = 2;. We obtain that ghg™! € (9%).,, namely,
he gil(%};)m g. Therefore, (9%), C g~ (9L),,g. Similarly, we get that (4£),, C g(gp)yg L
ie., (9%), = g Y(9E) ., 9. We know that (L), = (9E)z,| for any element in x; 9% ,1<i <
|Orb(X)]. ThlS enables us to obtain that

Y@l = D (@)

peg)l(’ xeX
|Orb(X)|
- X 2 l#0.
yEwi
[orb(x)
= > @
i=1
|Orb(X)]
= > 1951 =0rb(X)||95|
i=1
by applying Theorem 3.1. This completes the proof. O

For a permutation group I' action on €, i.e., all p; = 1x for 1 < i < m, we get the famous

Burnside’s Lemma by Theorem 3.2.

Corollary 3.2(Burnside’s Lemma) Let I" be a permutation group action on Q. Then

|Orb($2 |®(g
S Z

gel
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84. Transitive Multi-groups

A permutation multi-group 47 is transitive on X if |Orb(X)| = 1, i.e., for any elements z,y € X,
there is an element g € ¥¥ such that #9 = y. In this case, we know formulae following by
Theorems 3.1 and 3.2.

| = 1X1(X)a] and 9] = D |2(p)l
pedE
Similarly, a permutation multi-group 9% is k-transitive on X if for any two k-tuples
(21,29, -+ ,x) and (y1,y2, - ,yk), there is an element g € %}(D such that 2? = y; for any
integer 7,1 < ¢ < k. It is well-known that Sym/(X) is | X|-transitive on a finite set X.

Theorem 4.1 Let I' be a transitive group action on X and ff; a permutation multi-group
(T'; Op) with P = {p1,p2, - ,pm} and p; € T for integers 1 < i < m. Then for an integer k,

(1) (T;X) is k-transitive if and only if (Ty; X \ {x}) is (k — 1)-transitive;
(ii) 9G¥ is k-transitive on X if and only if (9%). is (k — 1)-transitive on X \ {z}.

Proof If T' is k-transitive on X, it is obvious that I' is (k — 1)-transitive on X itself.
Conversely, if T'; is (k — 1)-transitive on X \ {z}, then for two k-tuples (z1,z2, -+ ,xx) and
(y1,Y2, - ,Yk), there are elements g1, g2 € I' and h € T',, such that

g1 __ g2 __ giyh _ , 92
of' =z, y? = and (2]')" = y;

for any integer 7,2 < i < k. Therefore,

grhgy .
x =y, 1<i<k.

K2

We know that T is ‘k-transitive on X. This is the assertion of ().

By definition, 4% is k-transitive on X if and only if I is k-transitive, i.e., (9%), is (k—1)-
transitive on X \ {z} by (7), which is the assertion of (7). O

Applying Theorems 3.1 and 4.1 repeatedly, we get an interesting consequence for k-

transitive multi-groups.

Theorem 4.2 Let 9% be a k-transitive multi-group and A C X with |A| = k. Then
L] = [XI(1X] = 1) (IX] = k + 1](Z) al-

Particularly, a k-transitive multi-group 4% with |9F| = | X|(|X| = 1)--- (| X| — k + 1] is
called a sharply k-transitive multi-group. For example, choose T' = Sym(X) with |X| = n,
i.e., the symmetric group S, and permutations p; € S,, 1 < i < m, we get an n-transitive
multi-group (S,; Op) with P = {p1,pa2, -+ ,Dm }-

Let ' be a transitive group action on X and 4£ a permutation multi-group (I'; Op) with
P = {p1,p2, -+ ,pm},pi € T for integers 1 < i < m. An equivalent relation R on X is
9G¥ _admissible if for ¥(z,y) € R, there is (29,y9) € R for Vg € 4¥. For a given set X and

permutation multi-group 47, it can be shown easily by definition that
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R=XxX or R={(z,x)x e X}

are ¥ -admissible, called trivially 9% -admissible relations. A transitive multi-group 9% is
primitive if there are no 9% -admissible relations R on X unless R = X x X or R = {(z,z)|z €

X}, i.e., the trivially relations. The next result shows the existence of primitive multi-groups.

Theorem 4.3 Every k-transitive multi-group 9% is primitive if k > 2.

Proof Otherwise, there is a ¥¥-admissible relations R on X such that R # X x X and
R # {(x,z)|z € X}. Whence, there must exists (x,y) € R, z,y € X and z # y. By assumption,
4P is k-transitive on X, k > 2. For Vz € X, there is an element g € 4% such that 29 = z
and y9 = z. This fact implies that (z,z) € R for Vz € X by definition. Notice that R is an
equivalence relation on X. For Vz1, 20 € X, we get (21, x), (x, 22) € R. Thereafter, (21, 22) € R,
namely, R = X x X, a contradiction. O

There is a simple criterion for determining which permutation multi-group is primitive by

maximal stabilizers following.

Theorem 4.4 A transitive multi-group 9% is primitive if and only if there is an element v € X
such that p € ({f};)x for ¥p € P and if there is a permutation multi-group (H; Op) enabling
(GE); Op) < (H; Op) = 9L, then (H; Op) = (9%)s; Op) or 9%

Proof If (H;0p) be a multi-group with ((9£).;0p) < (H;Op) < 9% for an element
g X X

x € X, define a relation

R={(2%2%") |ge9{, heH }.

for a chosen operation o € Op. Then R is a %)Ig—admissible equivalent relation. In fact, it
is ¥f-admissible, reflexive and symmetric by definition. For its transitiveness, let (s,t) € R,
(t,u) € R. Then there are elements g1, g2 € %}; and hq, ho € 'H such that

5= a9, t:IQIOhl, t = x92, u = gp92°h2

Hence, g9z o910k — x, i.e., g2_1 ogiohy € H. Whence, 92_1 ogi, 91_1 o0gs € H. Let g* = g1,
h* = gl_1 0 gy 0 hy. We find that s = 29, u = 29 °*". Therefore, (s,u) € R. This concludes
that R is an equivalent relation.

Now if ¥¥ is primitive, then R = {(z,7)|]z € X} or R = X x X by definition. Assume
R = {(z,z)|r € X}. Then s = 29 and t = 29°" implies that s = t for Vg € 9% and h € H.
Particularly, for g = 1o, we find that 2" = z for Vh € H, i.e., (H; Op) = (9%)s; Op).

If R =X x X, then (x,27) € R for Vf € 4£. In this case, there must exist ¢ € ¥ and
h € H such that z = 29,2/ = 29°". Whence, g € ((9£).;0p) < (H;Op) and gt oh™to f €
(9E)2; Op) < (H; Op). Therefore, f € H and (H; Op) = (9%); Op).

Conversely, assume R to be a ¢¥-admissible equivalent relation and there is an element
x € X such that p € (9F), for Vp € P, (9£).; Op) < (H; Op) < 9¥ implies that (H; Op) =
(9E).: 0p) o1 (91); Op). Define

H={hec9f | (x,2")€R}.
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Then (H; Op) is multi-subgroup of 4% which contains a multi-subgroup ((¢%).; Op) by defi-
nition. Whence, (H; 0p) = ((9%); Op) or 9E.

If (H;0p) = ((9%)s; Op), then x is only equivalent to itself. Since ¥¥ is transitive on X,
we know that R = {(z,z)|x € X}.

If (H;0p) = 9%, by the transitiveness of ¥ on X again, we find that R = X x X.
Combining these discussions, we conclude that 54}; is primitive. 0

Choose p = 1x for each p € P in Theorem 4.4, we get a well-known result in classical

permutation groups following.

Corollary 4.1 A transitive group I is primitive if and only if there is an element x € X such
that a subgroup H with 'y < H < T hold implies that H =T, or T.

85. Extended Permutation Multi-groups

Let T be a permutation group action on a set X and P C II(X). We have shown in Theorem
1.2 that (I'; Op) is a multi-group if P C I'. Then what can we say if not all p € P are in I'? For
this case, we introduce a new multi-group (f, Op) on X, the permutation multi-group generated
by P in I' by

T={g10p 20p ~0p g1 | g €0, €P, 1 <i<I+1,1<j <1},

denoted by <I‘§>. This multi-group has good behavior like £, also a kind way of extending a
group to a multi-group. For convenience, a group generated by a set S with the operation in I"
is denoted by (S)r.

Theorem 5.1 Let I' be a permutation group action on a set X and P C II(X). Then
(i) (TX) = (TUP)p, particularly, (LX) = 4L if and only if P C T;
(ii) for any subgroup A of T, there exists a subset P C T' such that

(Afiom) = (1%).
Proof By definition, for Va,b € I" and p € P, we know that

aopb = apb.

Choosing a = b = 1p, we find that

ao,b = p,

ie., I' C r. Whence,

(TuP). C(TX).

Now for Vg; e 'and p; € P, 1 <i <[+1,1<j <[, we know that
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g1 9p; 92 Opy *** Op; Gi4+1 = g1P192P2 * = * Pigi+1,

which means that

(T%) c (TU P)y..

Therefore,

<P§>:<FUP>F'

Now if <1"§> =9¥ ie., (T'U P)p. = T, there must be P C I". According to Theorem 1.2,
this concludes the assertion (i).
For the assertion (ii), notice that if P =T\ A, we get that

(A%)y=(aUr) =t

by (7). Whence, there always exists a subset P C I" such that

(Ax:0p) = (Tk).
O

Theorem 5.2 Let I" be a permutation group action on a set X. For an integer k > 1, there is
a set P € TI(X) with |P| < k such that (TX) is k-transitive.

Proof Notice that the symmetric group Sym/(X) is | X|-transitive for any finite set X. If
T is k-transitive on X, choose P = {) enabling the conclusion true. Otherwise, assume these
orbits of T action on X to be O1,04,---,0s, where s = |Orb(X)|. Construct a permutation
p € II(X) by

p = ((El,fEQ,"' ,.’I]S),
where z; € O;, 1 <i < sand let P = {p} C Sym(X). Applying Theorem 5.1, we know that
(T'%) = (DU P)y. is transitive on X with |P| = 1.
Now for an integer k, if <1"§1> is k-transitive with |P1| < k, let O1,0%,---,0; be these

orbits of the stabilizer <1"§1> action on X \ {y1,y2, - ,yx}. Construct a permutation
Y12 Yk

q = (217227"' 7Zl)7
where z; € O}, 1 < i <1l and let P, = P, U{q}. Applying Theorem 5.1 again, we find that
<F§2> is transitive on X \ {y1,y2, - ,yr}, where |P2| < |Pi| + 1. Therefore, <F§2> is
Y1y2--Yk

(k + 1)-transitive on X with |P;| < k + 1 by Theorem 2.5.7.
Applying the induction principle, we get the conclusion. 0

Notice that any k-transitive multi-group is primitive if & > 2 by Theorem 4.3. We have a
corollary following by Theorem 5.2.
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Corollary 5.1 LetT be a permutation group action on a set X. There is a set P € TI(X) such
that (%) is primitive.
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