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Abstract: Classifying objects needs permutation groups in mathematics. Similarly, con-

sideration should be also done for actions of multi-groups, i.e., permutation multi-groups.

In this paper, we consider the action of multi-groups on a finite multi-set, its orbits, multi-

transitive, primitive, etc. By choosing an element p in or not in a permutation group Γ, define

a new operation ◦p enables us to finding permutation multi-groups. Considering such per-

mutation multi-groups, some interesting results in finite permutation groups are generalized

to permutation multi-groups.
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§1. Introduction

A bijection f : X → X is called a permutation of X . In the case of finite, there is a useful way

for representing a permutation τ on X , |X | = n by a 2 × n table following,

τ =


 x1 x2 · · · xn

y1 y2 · · · yn,


 ,

where, xi, yi ∈ X and xi 6= xj , yi 6= yj if i 6= j for 1 ≤ i, j ≤ n. For three sets X,Y and Z,

let f : X → Y and h : Y → Z be mapping. Define a mapping h ◦ f : X → Z, called the

composition of f and h by

h ◦ f(x) = h(f(x))

for ∀x ∈ X . For example, let

τ =


 x1 x2 · · · xn

y1 y2 · · · yn,


 ,

and

ς =


 y1 y2 · · · yn

z1 z2 · · · zn,


 .
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Then

σ =


 x1 x2 · · · xn

y1 y2 · · · yn,




 y1 y2 · · · yn

z1 z2 · · · zn,


 =


 x1 x2 · · · xn

z1 z2 · · · zn,


 .

It is well-known that all permutations form a group Π(X) under the composition operation.

For ∀p ∈ Π(X), define an operation ◦p : Π(X) × Π(X) → Π(X) by

σ ◦p ς = σpς, for ∀σ, ς ∈ Π(X).

Then we have

Theorem 1.1 (Π(X); ◦p) is a group.

Proof We check these conditions for a group hold in (Π(X); ◦p). In fact, for ∀τ, σ, ς ∈ Π(X),

(τ ◦p σ) ◦p ς = (τpσ) ◦p ς = τpσpς

= τp(σ ◦p ς) = τ ◦p (σ ◦p ς).

The unit in (Π(X); ◦p) is 1◦p
= p−1. In fact, for ∀θ ∈ Π(X), we have that p−1 ◦p θ =

θ ◦p p−1 = θ.

For an element σ ∈ Π(X), σ−1
◦p

= p−1σ−1p−1 = (pσp)−1. In fact,

σ ◦p (pσp)−1 = σpp−1σ−1p−1 = p−1 = 1◦p
,

(pσp)−1 ◦p σ = p−1σ−1p−1pσ = p−1 = 1◦p
.

By definition, we know that (Π(X); ◦p) is a group. �

Notice that if p = 1X , the operation ◦p is just the composition operation and (Π(X); ◦p)
is the symmetric group Sym(X) on X . Furthermore, Theorem 1.1 opens a general way for

constructing multi-groups on permutations, which enables us to find the next result.

Theorem 1.2 Let Γ be a permutation group on X, i.e., Γ ≺ Sim(X). For given m permutations

p1, p2, · · · , pm ∈ Γ, (Γ;OP ) with OP = {◦p, p ∈ P}, P = {pi, 1 ≤ i ≤ m} is a permutation

multi-group, denoted by G P
X .

Proof First, we check that (Γ; {◦pi
, 1 ≤ i ≤ m}) is an associative system. Actually, for

∀σ, ς, τ ∈ G and p, q ∈ {p1, p2, · · · , pm}, we know that

(τ ◦p σ) ◦q ς = (τpσ) ◦q ς = τpσqς

= τp(σ ◦q ς) = τ ◦p (σ ◦q ς).
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Similar to the proof of Theorem 1.1, we know that (Γ; ◦pi
) is a group for any integer

i, 1 ≤ i ≤ m. In fact, 1◦pi
= p−1

i and σ−1
◦pi

= (piσpi)
−1 in (G ; ◦pi

). �

§2. Multi-permutation Representations

The construction for permutation multi-groups shown in Theorems 1.1− 1.2 can be also trans-

ferred to permutations on vector as follows, which is useful in some circumstances.

Choose m permutations p1, p2, · · · , pm on X. An m-permutation on x ∈ X is defined by

p(m) : x→ (p1(x), p2(x), · · · , pm(x)),

i.e., an m-vector on x.

Denoted by Π(s)(X) all such s-vectors p(m). Let ◦ be an operation on X . Define a bullet

operation of two m-permutations

P (m) = (p1, p2, · · · , pm),

Q(sm) = (q1, q2, · · · , qm)

on ◦ by

P (s) •Q(s) = (p1 ◦ q1, p2 ◦ q2, · · · , pm ◦ qm).

Whence, if there are l-operations ◦i, 1 ≤ i ≤ l onX , we obtain an s-permutation system Π(s)(X)

under these l bullet operations •i, 1 ≤ i ≤ l, denoted by (Π(s)(X);⊙l1), where ⊙l1 = {•i|1 ≤ i ≤
l}.

Theorem 2.1 Any s-operation system (H , Õ) on H with units 1◦i
for each operation ◦i, 1 ≤

i ≤ s in Õ is isomorphic to an s-permutation system (Π(s)(H );⊙s1).

Proof For a ∈ H , define an s-permutation σa ∈ Π(s)(H ) by

σa(x) = (a ◦1 x, a ◦2 x, · · · , a ◦s x)
for ∀x ∈ H .

Now let π : H → Π(s)(H ) be determined by π(a) = σ
(s)
a for ∀a ∈ H . Since

σa(1◦i
) = (a ◦1 1◦i

, · · · , a ◦i−1 1◦i
, a, a ◦i+1 1◦i

, · · · , a ◦s 1◦i
),

we know that for a, b ∈ H , σa 6= σb if a 6= b. Hence, π is a 1 − 1 and onto mapping. For

∀i, 1 ≤ i ≤ s and ∀x ∈ H , we find that

π(a ◦i b)(x) = σa◦ib(x)

= (a ◦i b ◦1 x, a ◦i b ◦2 x, · · · , a ◦i b ◦s x)
= (a ◦1 x, a ◦2 x, · · · , a ◦s x) •i (b ◦1 x, b ◦2 x, · · · , b ◦s x)
= σa(x) •i σb(x) = π(a) •i π(b)(x).
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Therefore, π(a ◦i b) = π(a) •i π(b), which implies that π is an isomorphism from (H , Õ)

to (Π(s)(H );⊙s1). �

According to Theorem 2.1, these algebraic multi-systems are the same as permutation

multi-systems, particularly for multi-groups.

Corollary 2.1 Any s-group (H , Õ) with Õ = {◦i|1 ≤ i ≤ s} is isomorphic to an s-permutation

multi-group (Π(s)(H );⊙s1).

Proof It can be shown easily that (Π(s)(H );⊙s1) is a multi-group if (H , Õ) is a multi-

group. �

For the special case of s = 1 in Corollary 2.1, we get the well-known Cayley result on

groups.

Corollary 2.2(Cayley) A group G is isomorphic to a permutation group.

As shown in Theorem 1.2, many operations can be defined on a permutation group G,

which enables it to be a permutation multi-group, and generally, these operations ◦i, 1 ≤ i ≤ s

on permutations in Theorem 2.1 need not to be the composition of permutations. If we choose

all ◦i, 1 ≤ i ≤ s to be just the composition of permutation, then all bullet operations in ⊙s1 is

the same, denoted by ⊙. We find an interesting result following which also implies the Cayley’s

result on groups, i.e., Corollary 2.2.

Theorem 2.2 (Π(s)(H );⊙) is a group of order (n!)!
(n!−s)! .

Proof By definition, we know that

P (s)(x) ⊙Q(s)(x) = (P1Q1(x), P2Q2(x), · · · , PsQs(x))

for ∀P (s), Q(s) ∈ Π(s)(H ) and ∀x ∈ H . Whence, (1, 1, · · · , 1) (l entries 1) is the unit and

(P−(s)) = (P−1
1 , P−1

2 , · · · , P−1
s ) the inverse of P (s) = (P1, P2, · · · , Ps) in (Π(s)(H );⊙). There-

fore, (Π(s)(H );⊙) is a group.

Calculation shows that the order of Π(s)(H ) is


 n!

s


 s! =

(n!)!

(n! − s)!
,

which completes the proof. �

§3. Action of Multi-group

Let (Ã ; Õ) be a multi-group, where Ã =
m⋃
i=1

Hi, Õ =
m⋃
i=1

Oi, and X̃ =
m⋃
i=1

Xi a multi-set. An

action ϕ of (Ã ; Õ) on X̃ is defined to be a homomorphism

ϕ : (Ã ; Õ) →
m⋃

i=1

G
Pi

Xi
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for sets P1, P2, · · · , Pm ≥ 1 of permutations, i.e., for ∀h ∈ Hi, 1 ≤ i ≤ m, there is a permutation

ϕ(h) : x→ xh with conditions following hold,

ϕ(h ◦ g) = ϕ(h)ϕ(◦)ϕ(g), for h, g ∈ Hi and ◦ ∈ Oi.

Whence, we only need to consider the action of permutation multi-groups on multi-sets.

Let = (Ã ; Õ) be a multi-group action on a multi-set X̃, denoted by G . For a subset ∆ ⊂ X̃,

x ∈ ∆, we define

xG = { xg | ∀g ∈ G } and Gx = { g | xg = x, g ∈ G },

called the orbit and stabilizer of x under the action of G and sets

G∆ = { g | xg = x, g ∈ G for ∀x ∈ ∆},

G(∆) = { g | ∆g = ∆, g ∈ G for ∀x ∈ ∆},

respectively. Then we know the result following.

Theorem 3.1 Let Γ be a permutation group action on X and G P
X a permutation multi-group

(Γ; OP ) with P = {p1, p2, · · · , pm} and pi ∈ Γ for integers 1 ≤ i ≤ m. Then

(i) |G P
X | = |(G P

X )x||xG
P
X |, ∀x ∈ X ;

(ii) for ∀∆ ⊂ X, ((G P
X )∆,OP ) is a permutation multi-group if and only if pi ∈ P for

1 6 i ≤ m.

Proof By definition, we know that

(G P
X )x = Γx, and xG

P
X = xΓ

for x ∈ X and ∆ ⊂ X . Assume that xΓ = {x1, x2, · · · , xl} with xgi = xi. Then we must have

Γ =

l⋃

i=1

giΓx.

In fact, for ∀h ∈ Γ, let xh = xk, 1 ≤ k ≤ m. Then xh = xgk , i.e., xhg
−1
k = x. Whence, we get

that hg−1
k ∈ Γx, namely, h ∈ gkΓx.

For integers i, j, i 6= j, there are must be giΓx∩gjΓx = ∅. Otherwise, there exist h1, h2 ∈ Γx

such that gih1 = gjh2. We get that xi = xgi = xgjh2h
−1
1 = xgj = xj , a contradiction.

Therefore, we find that

|G P
X | = |Γ| = |Γx||xΓ| = |(G P

X )x||xG
P
X |.

This is the assertion (i). For (ii), notice that (G P
X )∆ = Γ∆ and Γ∆ is itself a permutation

group. Applying Theorem 1.2, we find it. �

Particularly, for a permutation group Γ action on Ω, i.e., all pi = 1X for 1 ≤ i ≤ m, we

get a consequence of Theorem 3.1.
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Corollary 3.1 Let Γ be a permutation group action on Ω. Then

(i) |Γ| = |Γx||xΓ|, ∀x ∈ Ω;

(ii) for ∀∆ ⊂ Ω, Γ∆ is a permutation group.

Theorem 3.2 Let Γ be a permutation group action on X and G P
X a permutation multi-group

(Γ; OP ) with P = {p1, p2, · · · , pm}, pi ∈ Γ for integers 1 ≤ i ≤ m and Orb(X) the orbital sets

of G P
X action on X. Then

|Orb(X)| =
1

|G P
X |

∑

p∈G P
X

|Φ(p)|,

where Φ(p) is the fixed set of p, i.e., Φ(p) = {x ∈ X |xp = x}.

Proof Consider a set E = {(p, x) ∈ G P
X ×X |xp = x}. Then we know that E(p, ∗) = Φ(p)

and E(∗, x) = (G P
X )x. Counting these elements in E, we find that

∑

p∈G P
X

|Φ(p)| =
∑

x∈X

(G P
X )x.

Now let xi, 1 ≤ i ≤ |Orb(X)| be representations of different orbits in Orb(X). For an

element y in x
G

P
X

i , let y = xgi for an element g ∈ G P
X . Now if h ∈ (G P

X )y , i.e., yh = y,

then we find that (xgi )
h = xgi . Whence, xghg

−1

i = xi. We obtain that ghg−1 ∈ (G P
X )xi

, namely,

h ∈ g−1(G P
X )xi

g. Therefore, (G P
X )y ⊂ g−1(G P

X )xi
g. Similarly, we get that (G P

X )xi
⊂ g(G P

X )yg
−1,

i.e., (G P
X )y = g−1(G P

X )xi
g. We know that |(G P

X )y| = |(G P
X )xi

| for any element in x
G

P
X

i , 1 ≤ i ≤
|Orb(X)|. This enables us to obtain that

∑

p∈G P
X

|Φ(p)| =
∑

x∈X

(G P
X )x

=

|Orb(X)|∑

i=1

∑

y∈x
GP

X
i

|(G P
X )xi

|

=

|Orb(X)|∑

i=1

|xG
P
X

i ||(G P
X )xi

|

=

|Orb(X)|∑

i=1

|G P
X | = |Orb(X)||G P

X |

by applying Theorem 3.1. This completes the proof. �

For a permutation group Γ action on Ω, i.e., all pi = 1X for 1 ≤ i ≤ m, we get the famous

Burnside’s Lemma by Theorem 3.2.

Corollary 3.2(Burnside’s Lemma) Let Γ be a permutation group action on Ω. Then

|Orb(Ω)| =
1

|Γ|
∑

g∈Γ

|Φ(g)|.
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§4. Transitive Multi-groups

A permutation multi-group G P
X is transitive onX if |Orb(X)| = 1, i.e., for any elements x, y ∈ X ,

there is an element g ∈ G P
X such that xg = y. In this case, we know formulae following by

Theorems 3.1 and 3.2.

|G P
X | = |X ||(G P

X )x| and |G P
X | =

∑

p∈G P
X

|Φ(p)|

Similarly, a permutation multi-group G P
X is k-transitive on X if for any two k-tuples

(x1, x2, · · · , xk) and (y1, y2, · · · , yk), there is an element g ∈ G P
X such that xgi = yi for any

integer i, 1 ≤ i ≤ k. It is well-known that Sym(X) is |X |-transitive on a finite set X .

Theorem 4.1 Let Γ be a transitive group action on X and G P
X a permutation multi-group

(Γ; OP ) with P = {p1, p2, · · · , pm} and pi ∈ Γ for integers 1 ≤ i ≤ m. Then for an integer k,

(i) (Γ;X) is k-transitive if and only if (Γx;X \ {x}) is (k − 1)-transitive;

(ii) G P
X is k-transitive on X if and only if (G P

X )x is (k − 1)-transitive on X \ {x}.

Proof If Γ is k-transitive on X , it is obvious that Γ is (k − 1)-transitive on X itself.

Conversely, if Γx is (k − 1)-transitive on X \ {x}, then for two k-tuples (x1, x2, · · · , xk) and

(y1, y2, · · · , yk), there are elements g1, g2 ∈ Γ and h ∈ Γx such that

xg11 = x, yg21 = x and (xg1i )h = yg2i

for any integer i, 2 ≤ i ≤ k. Therefore,

x
g1hg

−1
2

i = yi, 1 ≤ i ≤ k.

We know that Γ is ‘k-transitive on X . This is the assertion of (i).

By definition, G P
X is k-transitive on X if and only if Γ is k-transitive, i.e., (G P

X )x is (k− 1)-

transitive on X \ {x} by (i), which is the assertion of (ii). �

Applying Theorems 3.1 and 4.1 repeatedly, we get an interesting consequence for k-

transitive multi-groups.

Theorem 4.2 Let G P
X be a k-transitive multi-group and ∆ ⊂ X with |∆| = k. Then

|G P
X | = |X |(|X | − 1) · · · (|X | − k + 1|(G P

X )∆|.

Particularly, a k-transitive multi-group G P
X with |G P

X | = |X |(|X | − 1) · · · (|X | − k + 1| is

called a sharply k-transitive multi-group. For example, choose Γ = Sym(X) with |X | = n,

i.e., the symmetric group Sn and permutations pi ∈ Sn, 1 ≤ i ≤ m, we get an n-transitive

multi-group (Sn; OP ) with P = {p1, p2, · · · , pm}.
Let Γ be a transitive group action on X and G P

X a permutation multi-group (Γ;OP ) with

P = {p1, p2, · · · , pm}, pi ∈ Γ for integers 1 ≤ i ≤ m. An equivalent relation R on X is

G P
X -admissible if for ∀(x, y) ∈ R, there is (xg, yg) ∈ R for ∀g ∈ G P

X . For a given set X and

permutation multi-group G P
X , it can be shown easily by definition that
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R = X ×X or R = {(x, x)|x ∈ X}

are G P
X -admissible, called trivially G P

X -admissible relations. A transitive multi-group G P
X is

primitive if there are no G P
X -admissible relations R on X unless R = X ×X or R = {(x, x)|x ∈

X}, i.e., the trivially relations. The next result shows the existence of primitive multi-groups.

Theorem 4.3 Every k-transitive multi-group G P
X is primitive if k ≥ 2.

Proof Otherwise, there is a G P
X -admissible relations R on X such that R 6= X ×X and

R 6= {(x, x)|x ∈ X}. Whence, there must exists (x, y) ∈ R, x, y ∈ X and x 6= y. By assumption,

G P
X is k-transitive on X , k ≥ 2. For ∀z ∈ X , there is an element g ∈ G P

X such that xg = x

and yg = z. This fact implies that (x, z) ∈ R for ∀z ∈ X by definition. Notice that R is an

equivalence relation on X . For ∀z1, z2 ∈ X , we get (z1, x), (x, z2) ∈ R. Thereafter, (z1, z2) ∈ R,

namely, R = X ×X , a contradiction. �

There is a simple criterion for determining which permutation multi-group is primitive by

maximal stabilizers following.

Theorem 4.4 A transitive multi-group G P
X is primitive if and only if there is an element x ∈ X

such that p ∈ (G P
X )x for ∀p ∈ P and if there is a permutation multi-group (H; OP ) enabling

((G P
X )x; OP ) ≺ (H; OP ) ≺ G P

X , then (H; OP ) = ((G P
X )x; OP ) or G P

X .

Proof If (H; OP ) be a multi-group with ((G P
X )x; OP ) ≺ (H; OP ) ≺ G P

X for an element

x ∈ X , define a relation

R = { (xg , xg◦h) | g ∈ G
P
X , h ∈ H }.

for a chosen operation ◦ ∈ OP . Then R is a G P
X -admissible equivalent relation. In fact, it

is G P
X -admissible, reflexive and symmetric by definition. For its transitiveness, let (s, t) ∈ R,

(t, u) ∈ R. Then there are elements g1, g2 ∈ G P
X and h1, h2 ∈ H such that

s = xg1 , t = xg1◦h1 , t = xg2 , u = xg2◦h2 .

Hence, xg
−1
2 ◦g1◦h1 = x, i.e., g−1

2 ◦ g1 ◦ h1 ∈ H. Whence, g−1
2 ◦ g1, g−1

1 ◦ g2 ∈ H. Let g∗ = g1,

h∗ = g−1
1 ◦ g2 ◦ h2. We find that s = xg

∗

, u = xg
∗◦h∗

. Therefore, (s, u) ∈ R. This concludes

that R is an equivalent relation.

Now if G P
X is primitive, then R = {(x, x)|x ∈ X} or R = X × X by definition. Assume

R = {(x, x)|x ∈ X}. Then s = xg and t = xg◦h implies that s = t for ∀g ∈ G P
X and h ∈ H.

Particularly, for g = 1◦, we find that xh = x for ∀h ∈ H, i.e., (H; OP ) = ((G P
X )x; OP ).

If R = X ×X , then (x, xf ) ∈ R for ∀f ∈ G P
X . In this case, there must exist g ∈ G P

X and

h ∈ H such that x = xg, xf = xg◦h. Whence, g ∈ ((G P
X )x; OP ) ≺ (H; OP ) and g−1 ◦ h−1 ◦ f ∈

((G P
X )x; OP ) ≺ (H; OP ). Therefore, f ∈ H and (H; OP ) = ((G P

X ); OP ).

Conversely, assume R to be a G P
X -admissible equivalent relation and there is an element

x ∈ X such that p ∈ (G P
X )x for ∀p ∈ P , ((G P

X )x; OP ) ≺ (H; OP ) ≺ G P
X implies that (H; OP ) =

((G P
X )x; OP ) or ((G P

X ); OP ). Define

H = { h ∈ G
P
X | (x, xh) ∈ R }.
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Then (H; OP ) is multi-subgroup of G P
X which contains a multi-subgroup ((G P

X )x; OP ) by defi-

nition. Whence, (H; OP ) = ((G P
X )x; OP ) or G P

X .

If (H; OP ) = ((G P
X )x; OP ), then x is only equivalent to itself. Since G P

X is transitive on X ,

we know that R = {(x, x)|x ∈ X}.
If (H; OP ) = G P

X , by the transitiveness of G P
X on X again, we find that R = X × X .

Combining these discussions, we conclude that G P
X is primitive. �

Choose p = 1X for each p ∈ P in Theorem 4.4, we get a well-known result in classical

permutation groups following.

Corollary 4.1 A transitive group Γ is primitive if and only if there is an element x ∈ X such

that a subgroup H with Γx ≺ H ≺ Γ hold implies that H = Γx or Γ.

§5. Extended Permutation Multi-groups

Let Γ be a permutation group action on a set X and P ⊂ Π(X). We have shown in Theorem

1.2 that (Γ; OP ) is a multi-group if P ⊂ Γ. Then what can we say if not all p ∈ P are in Γ? For

this case, we introduce a new multi-group (Γ̃; OP ) on X , the permutation multi-group generated

by P in Γ by

Γ̃ = { g1 ◦p1 g2 ◦p2 · · · ◦pl
gl+1 | gi ∈ Γ, pj ∈ P, 1 ≤ i ≤ l + 1, 1 ≤ j ≤ l },

denoted by
〈
ΓPX
〉
. This multi-group has good behavior like G P

X , also a kind way of extending a

group to a multi-group. For convenience, a group generated by a set S with the operation in Γ

is denoted by 〈S〉Γ.

Theorem 5.1 Let Γ be a permutation group action on a set X and P ⊂ Π(X). Then

(i)
〈
ΓPX
〉

= 〈Γ ∪ P 〉Γ, particularly,
〈
ΓPX
〉

= G P
X if and only if P ⊂ Γ;

(ii) for any subgroup Λ of Γ, there exists a subset P ⊂ Γ such that

〈
ΛPX ; OP

〉
=
〈
ΓPX
〉
.

Proof By definition, for ∀a, b ∈ Γ and p ∈ P , we know that

a ◦p b = apb.

Choosing a = b = 1Γ, we find that

a ◦p b = p,

i.e., Γ ⊂ Γ̃. Whence,

〈Γ ∪ P 〉Γ ⊂
〈
ΓPX
〉
.

Now for ∀gi ∈ Γ and pj ∈ P , 1 ≤ i ≤ l + 1, 1 ≤ j ≤ l, we know that
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g1 ◦p1 g2 ◦p2 · · · ◦pl
gl+1 = g1p1g2p2 · · · plgl+1,

which means that

〈
ΓPX
〉
⊂ 〈Γ ∪ P 〉Γ .

Therefore,

〈
ΓPX
〉

= 〈Γ ∪ P 〉Γ .

Now if
〈
ΓPX
〉

= G P
X , i.e., 〈Γ ∪ P 〉Γ = Γ, there must be P ⊂ Γ. According to Theorem 1.2,

this concludes the assertion (i).

For the assertion (ii), notice that if P = Γ \ Λ, we get that

〈
ΛPX
〉

=
〈
Λ
⋃
P
〉

Γ
= Γ

by (i). Whence, there always exists a subset P ⊂ Γ such that

〈
ΛPX ; OP

〉
=
〈
ΓPX
〉
.

�

Theorem 5.2 Let Γ be a permutation group action on a set X. For an integer k ≥ 1, there is

a set P ∈ Π(X) with |P | ≤ k such that
〈
ΓPX
〉

is k-transitive.

Proof Notice that the symmetric group Sym(X) is |X |-transitive for any finite set X . If

Γ is k-transitive on X , choose P = ∅ enabling the conclusion true. Otherwise, assume these

orbits of Γ action on X to be O1, O2, · · · , Os, where s = |Orb(X)|. Construct a permutation

p ∈ Π(X) by

p = (x1, x2, · · · , xs),

where xi ∈ Oi, 1 ≤ i ≤ s and let P = {p} ⊂ Sym(X). Applying Theorem 5.1, we know that〈
ΓPX
〉

= 〈Γ ∪ P 〉Γ is transitive on X with |P | = 1.

Now for an integer k, if
〈
ΓP1

X

〉
is k-transitive with |P1| ≤ k, let O′

1, O
′
2, · · · , O′

l be these

orbits of the stabilizer
〈
ΓP1

X

〉
y1y2···yk

action on X \ {y1, y2, · · · , yk}. Construct a permutation

q = (z1, z2, · · · , zl),

where zi ∈ O′
i, 1 ≤ i ≤ l and let P2 = P1 ∪ {q}. Applying Theorem 5.1 again, we find that〈

ΓP2

X

〉
y1y2···yk

is transitive on X \ {y1, y2, · · · , yk}, where |P2| ≤ |P1| + 1. Therefore,
〈
ΓP2

X

〉
is

(k + 1)-transitive on X with |P2| ≤ k + 1 by Theorem 2.5.7.

Applying the induction principle, we get the conclusion. �

Notice that any k-transitive multi-group is primitive if k ≥ 2 by Theorem 4.3. We have a

corollary following by Theorem 5.2.
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Corollary 5.1 Let Γ be a permutation group action on a set X. There is a set P ∈ Π(X) such

that
〈
ΓPX
〉

is primitive.
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