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Abstract: In this paper, we define the classes T4(A, B, \) and Cq4(A, B, \) using Janowski
class and g¢-derivative also we study coefficient estimates, extreme points and many more
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§81. Introduction

Let A denote the family of analytic functions defined in the open unit disc
U={z:1z| <1},

which are of the form

f(2) :z—i—Zanz". (1.1)

Let T denote the subclass of A in U, consisting of analytic functions whose non-zero coeffi-
cients from the second term onwards are negative. That is, an analytic function f € T if it

has a Taylor expansion of the form

oo

f@)=2=)lan|2" (1.2)
n=2
which are univalent in the open unit disc U.

The ¢-shifted factorial is defined for a, ¢ € C as a product of n factors by

( ) 1, n=0; (13)
o, q)n = .
(1-a)(l—aq) - (1—ag"™!), neN,
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and in terms of the basic analogue of the gamma function

Lyla+n)(1—q)"

4% q)n = , (n>0), 1.4
(4°:0) U 00 (14)
where the g-gamma functions [2], [3] is defined by
(¢ 0)(1—g)'"°
Ty(x)= , (0<g<). 1.5
()= L~ (<g<y) (1)

Note that, if |¢g| < 1, the g¢-shifted factorial (1.3), remains meaningful for n = oo as a

convergent infinite product
o0

(a3 0)e = [] (1 = ag™).

m=0
Now recall the following g-analogue definitions given by Gasper and Rahman [2]. The

recurrence relation for g-gamma function is given by

Loz +1) = [z]qlg(z), where [z]; = ~~— (1.6)

and called g-analogue of z.

Jackson’s g-derivative and g-integral of a function f defined on a subset of C are, respec-

tively, given by (see Gasper and Rahman [2]

_ f(z) = f(zq)
Dqf(z) = TLi-g (z#0,¢#0). (L.7)
[ == 0 3 asteam (1)
m=0
In view of the relation (%)
nglf W = (W)n, (1.9)

we observe that the g-shifted fractional (1.2) reduces to the familiar Pochhammer symbol (&),
where (), = a(a+1)---(a+n+1).

For —1 < A < B < 1,P1(A, B) [4] denotes the class of analytic functions in U which
1+ Aw(2)
1+ Bw(z)
w(0) =0 and |w(z)] < 1.

Now we define the subclass T,(A4, B, \) consisting of functions f € 7 such that

are of the form , where w is a bounded analytic function satisfying the conditions

zDg(f(2)) _ 1+ Aw(z)
NeDy(f(2))+(1—=XN)f(2) 14 Bw(z)’

(1.10)

where, -1 < A< B<1,0<¢q<1, A>0, z€U.
Let C4(A, B, \) denote the class of functions f € T such that zf’ € T,(A4, B,\). For A=0
and ¢ — 1~ we get the well-known classes 7*(A, B) and C(A, B) studied by Ganesan in [1].
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For parametric values A =2a—1 and B =1 and as ¢ — 1~ we get the classes T (), «)
and C(A, «) studied by Mostafa [5]. In particular, if ¢ — 1~ we get the classes studided by
Ravikumar et al. [6].

In the next section we obtain the characterization properties for the classes 74(A4, B, \)
and C,(A, B, \).

82. Main Results

Theorem 2.1 A function f € T,(A, B, ) if and only if
Z{[n]q(1+B)—(1+A)[)\([n]q—1)+1]}an <B-A (2.1)
n=2

for m=1<A<B<1,0<qg<1l, A>0andzel.

Proof Suppose f € T,(A, B, ). Then

2Dy (f(2)) 1+A
" { AzDq(f(2)) + (1 - A)f(Z)} Ty
z— ;[n]qanz" L4
R = > T8
== S A(nly — 1) + a2
n=2
Letting z — 1, then we get,
l1 Y [nlganz"| (1+B) > (1+A) 1= [A([n]g — 1) + 1an | -
Hence -
D Al 1+ B) = 1+ ANl —1) + 1} an < B~ A,
n=2

Conversely, if (2.1) holds, it suffices to show that |w(z)| < 1. From (1.10), we have

[n]q = D]anz"

>l =1)(
w(z)| = e
(B—A)z— Z[[n]qB — AA = 1= [nfgA)]anz"

o0

> 1A= 1)([n]g — Dlan

n=2
%)

(B—A4) - ZH"]qB — A = 1= [n]gN)]ay,

n=2

IN
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The last expression is bounded by 1 if
S IO = D[y = Dlan < (B = 4) = 3 [[nl,B - AR — 1 — [n],\]a
n=2 n=2
which is equivalent to (2.1). Hence the proof. O

Analogous to Theorem 2.1 we get the following result.

Theorem 2.2 A function f € Cy(A,B,\) if and only if

> g {lnly(1+ B) = (1 + A)A([nlg = 1) + 1} an < B~ A (2.2)

n=2

Corollary 2.3 If function f(z) € T, is in the class T4(A, B, \) then

jan] < (B 4)
S L AT B = (L AN, — D+ 1)

for some - 1< A<B<1,A>0,0<q<1, and z€U.

Now we determine extreme points for the class 7,4(A, B, ).

Theorem 2.4 Let f(z) € T,(A,B,X). Define fi(z) =z and

£al2) — "onz2
n(z) =2 — z, n=z
{ln]s(1 + B) = (1 + A)[AM[nlg — 1) + 1]}
for some —1<A<B<1, A>0,0<q¢g<1,and z€U. Then f € T,(A, B, ) if and only if

f can be expressed as

f(Z) = ZMnfn(Z)a
n=2

where p, >0 and Z,un =1

n=1
Proof If
F(2) =Y pnfal(z) with Y pp =1, pn >0,
n=2 n=1

then

— {[n];(1+ B) — (1+ A)[A([n], — 1) + 1]} ~
2 {0+ B) — (L Ay D+ 1y B4

=Y in(B—A)=(1—p)(B—A) <(B-A).

n=2 q

Hence, f(z) € T4(4, B, \).
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Conversely, let

f(z)=2- Z anz" € Tq(A, B, \),

n=2
define
1 = o1+ B) - 1+ A([nlg =) + 1}
and -
n=2
From Theorem 2.1, Z tn <1 and hence pq > 0.
n=2
Since pip fn(z) = pnf(2) + anz™, we get that
Z,unfn(z)zz—Zanznzf(z). O
n=1 n=2

Theorem 2.5 The class T4(A, B, \) is closed under convex linear combination.

Proof Let f(z), g(z) € T¢(A, B, \) and let

oo o0
z)=z— Zanz", g(2) zz—anz”.
n=2 n=2

For a number 7 such that 0 < n < 1, it suffices to show that the function defined by
h(z) = (1 —n)f(2) + ng(z), z € U belongs to T,(A, B, ). Now

o0

h(z) =z — Z[(l —n)an + nby]2"

n=2

Applying Theorem 2.1 to f(z), g(z) € T4(A, B, X), we have

o0

Z o(1+ B) = (1 + A)[A([n]g = 1) + 1} [(1 = n)an + nbn]

Z{ (1+B)— 1+ A)[A(nlq—1) +1]}a,

+772{ (14 B) = (1+ A)A([n), —1) + 1]} by
<A =n)(B-A4)+n(B-A)=(B-A).

This implies that h(z) € T4(4, B, \). O

oo
Theorem 2.6 For integers i = 1,2,--- ,n, let fi(z) = 2z — Zan,iz” € T,(A,B,\) and
n=2
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0< B; <1 such that Zﬁi =1, then the function F(z) defined by

i=1

2) =Y Bifi(2)
i=1
is also in T4(A, B, \).

Proof For each integer i € {1,2,3,--- ,n}, we obtain

Z{ (14 B) = (1 + Al = 1) + 1} an| < (B = A).

Since
z) = iﬂl(z — i ani2") =2z — i(i Bian,i)z

and - - -

Z{ (1+B) — (1+ Al - Zﬁ]

= Zﬁz Z:z L1+ B) =1+ ANl — 1) + 1]}

<Y BB-A) < (B-A),
we therefore know that F(z) € T;(A, B, A). O
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