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§81. Introduction

The notion of semi-invariant sub-manifold is a generalization of invariant and anti-variant sub-
manifolds of almost contact metric manifolds. Many authors [6, 8, 9, 20] have obtained the
decomposition of basic equations of Kenmotsu, LP-Sasakian, (k, u)-contact, LP-Cosymplectic
manifolds into horizontal and vertical components and also they have studied the integrability
of horizontal and vertical distributions. Further, the analysis of totally umbilical and totally
geodesics of sub-manifolds of (k, 1)-contact manifolds is done by the author [6]. In [10, 19],
the authors studied totally geodesics of sub-manifolds of (e, §)-trans-Sasakian manifolds. As a
generalization of Sasakian space-form, Alegre et al. [1] introduced and studied the notion of

generalized Sasakian-space-form with the existence of such notions with various examples.

82. Preliminaries

An n-dimensional generalized Sasakian-space-forms M is a smooth connected manifold with

a metric g, that is, M admits a smooth symmetric tensor field g of type (0,2) such that for
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each point the tensor g, : TpM x TpM — R is a non-degenerate bilinear form of signature
(=, 4, -+ ,+), where TpM denotes the tangent vector space of M at p and R is the real number

space, which satisfies

P*(X1) = = X1 +0(X1)€, € =0, n(¢X1) =0, (2.1)
9(¢X1,0Y1) = g(X1, Y1) — n(X1)n(Y1), 9(X1,8) = n(X1). (2.2)

for any X1,Y; € TM denotes the Lie algebra of vector fields on M. An almost contact metric

manifold is called a generalized Sasakian-space-form if

(Vx,0) (Y1) = (fi = f3)(9(X1,Y1)€ = n(¥1) X1),
Vx, & =~(fi = f3)9X1,

(Vxim)(Y1) = 9(Vx, & Y1),

9(X1, oY1) = —g(¢X1, V1),

where V denotes the Levi-Civita connection on M.

The sub-manifold M of the generalized Sasakian-space-form M is said to be semi-invariant
if it is endowed with the pair of orthogonal distribution (D, D) satisfying the conditions

(i) TM =D& D+ [¢];

(#4) the distribution D is invariant under ¢, that is, ¢D, = D, for each x € M;

(iii) the distribution D+ is anti-invariant under ¢, that is, ¢Dif < T, M~

for each x € M,

where D and D+ are the horizontal and vertical distribution respectively. A semi-invariant
sub-manifold M is said to be invariant if we have D;- = 0 and is said to be anti-invariant if
D, = 0 for each z € M. We denote the projection morphisms of TM to D and D+ by P and
Q respectively. For any X; € [(TM) and N € T(T M), we have

¢N = BN + CN, (2.8)

where BN and C'N denotes the tangential and normal components of ¢V.

The equations of Gauss and Weingarten for the immersion of M in M are given by

Vi,Yi =V, Vi + h(X1, Y1), (2.9)
Vx,N=—-AnX:1+Vx, N, (2.10)
for any X;,Y; € T(TM) and N € TM+, where V is the Levi-Civita connection on M, V+ is

the linear connection induced by V on the normal bundle TM*, h is the second fundamental

form of M and Ay is the fundamental tensor of Weingarten with respect to the normal section
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N. Also, we have
g(h(XhYl)aN) :g(AN7Y1)7 (211)

for any X;,Y; € [(TM),N € T(TM*1).

For readers unfamiliar with terminology, notations, recent overviews and introductions, we
suggest the authors to refer the papers [2, 3, 4, 5, 7, 11, 11, 12, 13, 14, 15, 16, 17, 18].

83. Decomposition of Basic Equations

For X1,Y; € T(TM), we take

U(Xl,Yl) = VX1¢PY1 - A¢QY1X1. (31)

Lemma 3.1 Let M be a semi-invariant sub-manifold of generalized Sasakian-space-form M.

Then, we have

P(u(X1,11)) = (f1 = f3)9(X1, Y1) PE — (f1 — f3)n(Y1) PX1 + ¢P(Vx, Y1), (32)
Qu(X1,Y1)) = (fi — f3)9(X1,Y1)QE — (f1 — f3)n(Y1)QX1 + Bh(X1, Y1), (3.3)
h(X,,¢PY1)) = —VXl PQY1 + ¢Q(Vx, Y1) + Ch(X1, Y1), (3.4)
n(u(X1, Y1) = f3)9(¢ X1, oY1) (3.5)

for all X1,Y7 € TM.
Proof In the view of (2.3) and (2.7), we have

(vX1¢>(Y1> = (fl - f3)[g(X1a }/I)Pf + g(Xla }/I)Qf + g(Xla }/vl)é~
—n(Y1)PX1 —n(Y1)QX1 — n(X1)n(Y1)¢]. (3.6)
Now, decompose the LHS of (2.3) and by using (2.8), (2.9), (2.10), we get:
(Vx,0)Y1 = Vx,¢PY1 + Vx,0QY1 — ¢(Vx, Y1) — oh(X1, Y1)

= Vx,6PYi + h(X1,0PY1) — Asgy, + Vi, 0QY1 — ¢P(Vx, Y1)
— ¢Q(Vx,Y1) — Bh(X1,Y1) — Ch(X1,Y7). (3.7)

Now using (3.1) in above equation, we get

(Vx,0)Y1 = u(X1, Y1) + h(X1,6PY1) + Vi, QY1
- ¢P(Vx, Y1) — ¢Q(Vx,Y1) — Bh(X1,Y1) — Ch(X1,Y1). (3.8)
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Again using (2.7) in above equation, we have

(Vx,0)Y1 = Pu(X1,Y1) + Qu(X1, Y1) 4+ n(u(X1,Y1)E)
+ h(X1,pPY1) + Vi, 0QY: — ¢P(Vx, Y1) — 6Q(Vx, Y1)
— BR(X1,Y1) — Ch(X1,Y1). (3.9)

Now on comparing (3.6) and (3.9) and equating the horizontal and vertical components,
we obtain (3.2), (3.3), (3.4) and (3.5), respectively. O

Lemma 3.2 Let M be a semi-invariant sub-manifold of generalized Sasakian-space-form M.
Then we have

Vx, &= —(fi— f3)0X1, h(X1,§) =0, for any X, € I'(D); (3.10)
Vvi&=0 h(Y1,€) =—(fi — f3)¢QY1, for any Yy € T(DF); (3.11)
Vel =0 h(§) =0. (3.12)

Proof In consequence of (2.4) and (2.9), we get

—(f1 — f3)opX1 = Vx, &+ h(X4,8). (3.13)

Using (2.7) in the above equation, we have

Vx, &+ MX1,8) = —(f1 = f3) (9P X1 + ¢QY1). (3.14)
After equating tangential and normal parts, we get (3.10), (3.11) and (3.12). O

Lemma 3.3 Let M be a semi-invariant sub-manifold of generalized Sasakian-space-forms M,
then we find:

VeXo € '(D);  for any X, € T(D), (315)
3.15
VYo € T(DF);  for any Ya € T(Dh).

Proof The above follow from g(&, X5) = 0,¢(&,Y2) = 0 and (3.12) and covariant differen-
tiation. n

Lemma 3.4 Let M be a semi-invariant sub-manifold of generalized Sasakian-space-form M,
then we have

[X1,€] € (D) for any Xy € I'(D), (3.16)
[V1,£] € T(DF) for any Y, € T(D4). (3.17)

Proof The proof follows from Lemma 3.3. 0



Semi-invariant Sub-manifolds of Generalized Sasakian-Space-Forms

84. Integrability of Invariant and Anti-Invariant Sub-Manifolds

o1

In this section, we study the integrability of D, D @ [¢] and D+ of semi-invariant sub-manifolds

of generalized Sasakian-space-forms.

Proposition Let M be a semi-invariant sub-manifold such that & is tangent to M. Then the

imwvariant distribution D is integrable provided f, = f3.

Proof We have for X;,Y; € D and € € [¢]
g([le Yl]vg) = g(vX1Y1 - vlelvf)
using (2.9) in above equation, we have

9([X1,Y1],€) = g(Vx, Y1 — h(X1,Y1) — Vy, X1 + h(Y1, X1),€)
+ g(ﬁlelag) - g(leXlaf)'

Taking the covariant differentiation for the above equation, we get

g([Xlayl]vg) = §X1g(1/1’€) - g(Y17§X1§)
_ﬁylg(X17£) +g(X17§Y1§)'

Now by the definition of semi-invariant sub-manifold, we have

9([X1,Y1],€) = —g(Y1, Vx, §) + 9(X1, Vv, §).

Now by taking (2.4) in the above equation, we get

9([X1,Y1],€) = (f1 — f3)9(Y1,0X1) — (f1 — f3)9(X1, ¢Y1).

Now with reference to (2.6), we have

g([X1,Y1],§) =2(f1 — f3)9(Y1,9X1).

(4.2)

(4.6)

Thus, if X;,Y; € D, then [X;,Y1] € D, that is, the invariant distribution D is integrable,

provided f; = f3.

O

Theorem 4.1 Let M be a semi-invariant sub-manifold in a generalized Sasakian-space-form

M. Then the distribution D is integrable if and only if the second fundamental form h satisfies

h(Xl,ql)}/i) = h(qf)Xl,Y1> fOTXl,Yl e D.

(4.7)
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Proof For X1,Y; € D@ [€] and Yo € T+ M then by the virtue of (2.9), we have

9(¢[X1, 1], Y2) = g(¢(Vx, Y1 — Vy, X1),Y2)
g(¢(ﬁX1Y1) - h(Xla Yl) - leXl) + h(Yth)a Y,
g(¢(ﬁX1Y1),Y§) 7g(¢(vY1X1)a}f2)' (48)

Now by the covariant differentiation and using (2.3), (2.9), we have

9(o[X1, V1], Y2) = g(Vx, Y1, Ya) + g(h(X1, Y1), Y2)
+ (f1 = f3)[9(X1, Ya)nY1 — g(Y1, Y2)nXu] — g(Vy, ¢ X1, Y2)
—g(h(Y1,9X1),Y2). (4.9)

By (2.1) and (2.6) in the above equation, we get
9(8[X1,Y1],Y2) = g(h(X1, ¢Y1) — h(Y1, $X1), Y2). (4.10)
Therefore,
o[X1, Y1] = h(X1, ¢Y1) — h(Y1, 0 X1). (4.11)
Thus, the distribution D is integrable if and only if the second fundamental form h satisfies
h(X1, ¢Y1) = h(Y1, 0 X1). (4.12)

This completes the proof. O

Theorem 4.2 Let M be a semi-invariant sub-manifold of generalized Sasakian-space-form M
such that & is tangent to M and D+ be the anti-invariant subspace of TM. Then the anti-
invariant distribution D is always integrable provided fi = fs.

Proof By the definition of covariant differentiation, we have

g(¢[Z17 ZQ]le) = g(d)(leZQ - VZQZl)7X1)
= 9(0(V 2,22 — oh(Z1, Z2) — §(V 2, Z1) + dh(Z2, Z1), X1). (4.13)

Now using (2.3) and (2.10) in above equation, we have
9(821, 2], X1) = 9(V2,022) = (V2,0) 22 — (V2,6 21) + (V2,6) 21, X1)
= 9(~Ap2, 21+ V3,020 + Apz,Z2 — V7,021, X1)

+ (f1 — f3)9[nZ221 —nZ1 25, X1]

= g(—Ap2, 20 + Vg, 0Zs + Agz, Zo — V5,021, X1). (4.14)
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Since, Agz, Zo — Apz,Z1 is tangential to M and V§1¢Z2 - VZ ¢Z is normal to M.

9(1Z1, Z5), X1) = g(—Apz, 21 + Apz, Z2, X1).
Hence,
OlZ1,Z5) = —Apz, 21 + Apz, Zo.
Therefore, it follows that [Z;, Zs] € D* for any Z1, Zo € D+ if and only if
Apz,71 = Ayz, Za for any Zy,Zs € D+

and

9((Z1,22),6) =0 for any Zy,Zs € D* and ¢ € [€].

Conversely, using (2.9) and (2.11) for any Z;, Zy € D+ and X; € TM, we have

9(Apz,Z2, X1) = g(M(Z2, X1),021) = 9(Vx, Za, $Z1)
= —g(¢Vx, 22, Z1)
=—9(Vx,0Z2 — (Vx,0) %2, Z1)
= 9(=Vx,0Z2 + (fr — [3)(9(X1, Z2)§ — 1(Z2) X1, Z1))
=—g(—Apz, X1+ Vx,022,Z1)
= 9(Apz, X1, Z1)
= 9(Apz, 21, X1).

Thus, A¢Z1 Z2 = A¢Z2 Z1 holds.
By using (2.4), we have
9121, 25),6) = g(N 2,22 — V 2,71, €)

= 9(2276215) - g<Z1’§Z2£)
= (f1 — f3)(9(Z1,0Z2) — 9(Z2,$Z1))
=2(f1 — f3)(9(Z1, 9Z2).

Hence, (4.17) and (4.18) hold when f; = f5 then g([Z1, Z2],£) = 0.

§5. Totally Umbilical and Totally Geodesic Sub-Manifolds

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

Here we consider totally umbilical sub-manifolds of generalized Sasakian-space-forms by proving

following Lemmas.

Lemma 5.1 Let D be a distribution on sub-manifold M of a generalized Sasakian-space-form
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such that & € D. If M is D-totally umbilical, then M 1is D-totally geodesic.

Proof If M is D-totally umbilical, then by X;,Y; € D we have
h(Xl,Yl) :g(Xl,Yl)H, (51)
where H is the mean curvature. With reference to (3.10) and (3.12), we get

H =g(§,§)H = h(¢€) =0. (52)
Hence H = 0 and therefore M is D-totally geodesic. O

Lemma 5.1 Let D' be a distribution on sub-manifold M of a generalized Sasakian-space-
form such that ¢ € DL, If M is D*-totally umbilical, then M is D+-totally geodesic provided

PQ = Q0.

Proof If M is D*-totally umbilical, then by X;,Y; € D, we have:
h(Xl,Yl):g(Xl,Yl)K, (53)
where K is the mean curvature. Now with reference to (3.11), we have:

K =g(§, K =h(& &) = —(f1 — f3)¢Q¢. (5.4)

Suppose ¢pQ = Q¢, hence K = —(f1 — f3)Q¢& = 0. Therefore, M is D-totally geodesic. O
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