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Abstract: In this paper, we define a new labeling namely triangular difference mean
labeling and investigate triangular difference mean behaviours of some standard graphs. A
triangular difference mean labeling of a graph G' = (p, q) is an injection f : V — Z*, where

Z7T is a set of positive integers such that for each edge e = uv, the edge labels are defined as
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such that the values of the edges are the first ¢ triangular numbers. A graph that admits a
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Key Words: Mean labeling, triangular difference mean labeling, Smarandachely k-

triangular labeling, triangular difference mean graph.

AMS(2010): 05C78.

81. Introduction

By a graph, we mean a finite, simple and undirected one. The vertex set and the edge set of a
graph G are denoted by V(G) and E(G) respectively. Terms and notations not defined here are
used in the sense of Harary [2] and for number theory we follow Burton[1]. A graph labeling is an
assignment of integers to the vertices or edges or both, subject to certain conditions. There are
several types of graph labeling and an excellent survey on graph labeling can be found in [3]. The
notion of triangular mean labeling was due to Seenivasan et al. [7]. Let G = (V, E) be a graph
with p vertices and ¢ edges. Consider an injection f : V(G) — {0,1,2,--- ,T,}, where Ty, is the
¢'" triangular number. Define f* : E(G) — {1,3,-,T,} such that f*(e) = [w—‘ for
all edges e = wv. If f*(E(G)) is a sequence of consecutive triangular numbers T4, T5, - - - , Ty,
then the function f is said to be triangular mean labeling. Generally, If there are only k
consecutive triangular numbers T;, Tj41, -+ , Titk—1 with k < ¢ in f*(E(G)), such a f is called
a Smarandachely k-triangular labeling. A graph that admits a triangular mean labeling or

Smarandachely k-triangular labeling is called a triangular mean graph or a Smarandachely
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k-triangular mean graph.

Murugan et al.[4] introduced skolem difference mean labeling and some standard results
on skolem difference mean labeling were proved in [5] and [6]. A graph G = (V, E) with p
vertices and ¢ edges is said to have skolem difference mean labeling if it is possible to label
the vertices z € V with distinct elements f(z) from {1,2,3,--- ,p+ ¢} in such a way that for

each edge e = wv, let f*(e) = [M

—‘ and the resulting labels of the edges are distinct
and are 1,2,3,--- ,q. A graph that admits a skolem difference mean labeling is called a skolem
difference mean graph.

Motivated by the concepts in [7] and [4], we define a new labeling namely triangular
difference mean labeling. A triangular difference mean labeling of a graph G = (p,q) is an
injection f : V — Z7T, where Z* is a set of positive integers such that for each edge e = uv,
the edge labels are defined as f*(e) = {M—‘ such that the values of the edges are the
first ¢ triangular numbers. A graph that admits a triangular difference mean labeling is called

a triangular difference mean graph. We use the following definitions in the subsequent sequel.

Definition 1.1 A wvertex of degree one is called a pendant vertex and a pendant edge is an edge
incident with a pendant vertex. The corona G1 ® Ga of the graphs G1 and Go is obtained by
taking one copy of Gy (with p vertices) and p copies of G2 and then join the i*" vertex of Gy
to every vertex of the it" copy of Gs.

Definition 1.2 The bistar B, , is a graph obtained from K, by joining m pendant edges to
one end of Ko and n pendant edges to the other end of Ko.

Definition 1.3 The graph C,QP,, is obtained by identifying one pendant vertex of the path
P,, to a vertex of the cycle C,.

Definition 1.4 A triangular number is a number obtained by adding all positive integers less
than or equal to a given positive integer n. If the nt" triangular number is denoted by T),, then
T, = in(n+1).

§2. Triangular Difference Mean Graphs

In this section, we establish that path P,(n > 1), Ky ,(n > 1), P, ® K1(n > 2), By, n(m >
1, n>1), T(n,m), S(n,n, - ,n), Cp(n > 3) and C,,QF,,(n > 4,m > 2) admit triangular
————

m times
difference mean labeling . Further, we prove that Cs is not a triangular difference mean graph.

Theorem 2.1 Any path P,(n > 1) is a triangular difference mean graph.

Proof Let vy, v, , v, be the vertices of the path P,. Then F(P,) = {e; = v;u;11 : 1 <
i <n—1}. Define f: V(P,) — Z* as follows:

for)=1and f(v;) =2(T1 + T2+ ---+T;—1)+1for 2 <i<mn.
For the vertex label f, the induced edge label f* is as follows:
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f*(e;) =T; for 1 <i<n—1. Hence P, is a triangular difference mean graph. O

The triangular difference mean labeling of Ps is given in Figure 1.

1 3 9 21 41

Figure 1

Theorem 2.2 The star graph K ,(n > 1) admits triangular difference mean labeling.

Proof Let v be the apex vertex and vy, vg, - - - , v, be the pendant vertices of the star K .
Then E(K1,,) = {vv; : 1 <i <n}. Define f: V(K;,) — ZT as follows:

f)y=1,f(v;) =2T; + 1 for 1 <i<n.
For the vertex label f, the induced edge label f* is as follows:
frov) =T; for 1 <i<mn.

Then the induced edge labels are the triangular numbers 77,75, ---,T,. Hence K ,is a

triangular difference mean graph. O

The triangular difference mean labeling of K g is shown in Figure 2.

3
' d
3 7
.
/
/
/
/
/
/
//
57 o 1 N
— 13
/
/
//
/
e
43 21
L
31
Figure 2

Theorem 2.3 The comb graph P, ® Ki(n > 2) admits triangular difference mean labeling.

Proof Let vy, vs,---,v, be the vertices of the path P, and wuy,us, -+ ,u, be the pendant
vertices adjacent to vy, ve, - , v, respectively. Then E(P, © K1) = {e; = Uivi+1,6;~ = u;v; :
1<i<n-—1,1<j<n}. Define f:V(P,® K1) — Z* as follows:

for) =1, f(vi) =21 +Ta + -+ + Ti—1) + 1 for 2 <i <, f(ur) = 2T5;
f(uz) :2(T1+T2+"'+n—1)+2T7L+i—1 +1 for 2 SZSH
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For the vertex label f, the induced edge label f* is as follows:
fe)) =T for 1 <i<n—1, f*(e) = Tpyj—1 for 1 <j<n.

Then the edge labels are the triangular numbers: 77,75, -+ ,T5, 1. Hence P, ® K; is a
triangular difference mean graph. g

The triangular difference mean labeling of P; ® K; is shown in Figure 3.

1 3 9 21 41
30 45 65 93 131
Figure 3

Theorem 2.4 The bistar By, ,(m > 1, n > 1) is a triangular difference mean graph.

Proof Let V(B n) = {u,v,u;,v; : 1 <i<m, 1 <j<n}and E(Bp,) = {uv, uu;, v; :
1<i<m, 1<j<n}. Define f:V(By,,) — Z* as follows:

fu)=1,f(v) =3, f(u;) =2T;11 + 1 for 1 <i <my
f(vj) =244 +3for 1 <j<n.

For the vertex label f, the induced edge label f* is as follows:

) =T, f*(uu;) =Tigq for 1 <i < my
fH(vvy) = Thqjqr for 1 < j <n.

The induced edge labels are the first m 4+ n 4 1 triangular numbers and hence By, , is a

triangular difference mean graph. O

The triangular difference mean labeling of By 5 is shown in Figure 4.
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Theorem 2.5 A graph obtained by joining the roots of different stars to a new vertex, is a

triangular difference mean graph.
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Proof Let K1y, Kin,, -, Kin, bek stars. Let G be a graph obtained by joining the
central vertices of the stars to a new vertex u.

Assign 1tow; 2771 +1,275+1, - -+, 2T} +1 to the central vertices of the stars; 27Ty1 + 277 +
1,2T542 + 271 + 1, , 2T )4, + 271 + 1 to the pendant vertices of the first star; 2715, 41 +
2T +1,2T i p 42+ 215+ 1, -+, 2Tt n 40, + 2715+ 1 to the pendant vertices of the second star
and so on, finally assign the numbers 2754 n, 4nottnp_1+1 T 276 + 1, 2T 50y 4notootnp 142 +
2T + 1, -+, 2Ty fmgt- 4mp_14ns + 2T% + 1 to the pendant vertices of the last star. Then,
the edge labels are the triangular numbers 11,15, - -+ , Thtny+ng+-+np_1+n, a0d also the vertex
labels are all different. O

The triangular difference mean labeling of the tree given in Theorem 2.5 with

k=3,n1 =4,no, =5 and n3 = 4 is shown in Figure 5.
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Theorem 2.6 A tree T'(n,m), obtained by identifying a central vertex of a star with a pendant

vertex of a path , is a triangular difference mean graph.

Proof Let vy, v1,v2, -+ , v, be the vertices of the path P,having path length n(n > 1) and
U, Uy, Uz, - - , Uy be the vertices of the star K ,,,. Let T'(n, m) be a tree obtained by identifying
vo with u.

Define f : V(T'(n,m)) — Z™ as follows:

flug) =1, f(u;)) =2T; + 1 for 1 <i<m,

;) =2(Toms1 +Togo+ .o+ Tnyy) +1for 1 <j<n.

For a vertex label f, the induced edge label f* is as follows:

fH(vou;) = T; for 1 < i < m;

[*(vj—1vj) = Ty for 1 < j < n.

Then the induced edge labels are the first m + n triangular numbers. Hence the tree

T(n,m) admits a triangular difference mean labeling. O

The triangular difference mean labeling of a tree T'(3,7) is shown in Figure 6.
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Theorem 2.7 The caterpillar S(n,n,--- ,n) is a triangular difference mean graph.

—_———
mtimes
Proof Let vy,vs,--- , v, be the vertices of the path P,, and Uj»(l <i<n, 1<j<m)be
the pendant vertices incident with v;(1 < j < m).
Then V(S(n,n,---,n)) = {vj,vf : 1 <i<mn 1<j<m}and E(S(n,n,---,n)) =
—— —————
m times m times

{vtve41, vjvj-: 1<t<m-1,1<i<n, 1<j<m}.
Define f: V(S(n,n,---,n)) — Z7 as follows:
—_———
m times
f(vl) = 1, f(Uj) :2(T1 +T2++T]_1)+1 for 2 S] §m,
) = f(vj) + 2Ty (j—1ynti—1 for 1 <j <mand 1 <i <n.
For each vertex label f, the induced edge label f* is as follows:
fr(vjvjpa) =Tj for 1 < j <m—1;
f*(vjv;) =Tpt(j—1ynti—1 for 1< j<mand 1 <i<n.

Then the edge labels are the triangular numbers 77,75, -+ ,Tr—1, T, -+, Tinpn—1 and

also the vertex labels are different. Hence S((n,n,---,n)) is a triangular difference mean
—_————
m times
graph. O

Theorem 2.8 FEwvery cycle Cy,(n > 3) is a triangular difference mean graph.
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Proof We prove this theorem in two cases.
Case 1. n=4m+1.
Let S = [% > TJ. Select some of the Tl-,“” namely T;,,Ty,,- -, Ty, from Ty, T, -+, T,
i=1

k
such that > T;, = S, where k¥ < n and assume T, > T;, > --- > Tj,. Then the remaining

i=1
, n
T;® namely, Ty, ,,Ty,. ., - ,Ti, are such that T, , > T}, ., > ---,> T}, and oI, =
i=k-+1
S —1. Let v1,va, -+ , Vk_1,Vk, Uks1, - - ,Vn be the vertices of C,,. Label the first k& + 1 vertices

V1, V2, ..., Vg1 as follows:

f(v1) =1, f(ve) =27y, f(vs) =2T}, +27), — 1;

flua) =21, + 2T, + 213, — 1, -+, f(vg41) = 2Ty, + 2T, + - -+ + 27}, — 1 and then,
fokyo) = 210, + 200, + -+ + 2Ty, — 213, — 1;

fopgs) =20;, + 200, + - - + 203, — 2Ty, — 2T, — 1, -+

flon) =200, + 2Ty, + -+ 2Ty, — 2T, ,, — 2Ty, — - — 200, , — 1.

Hence, the edge labels are the triangular numbers {T,, Ty,,--- , Ty, _,, Ty, Ty i >+ 5 11, } =
{T1,T5,---,T,} and also the vertex labels are all different.

Case 2. n#4m+1,m > 1.
n
Let S = ﬁ > Ti-‘. Select some of the T’ namely T;,,T),, -, Ty, from Ty,Ts,---,T,
i=1

k
such that > 7T;, = S, where k < n and assume T}, > T}, > --- > Tj,. Then the remaining 7";
i=1

1=
n
are such that 7;, , > T}, > --- > T, and > T, = S. Let
i=k+1
V1,V2, "+ y Uk—1, Uk, Uk+1, - - ,Un, be the vertices of C),,. We label the vertices vy,vs, - , v, as

n

namely, ﬂk+1 ) T1lk+27 e aj—‘l

follows:

flur) =1, f(ve) =21y, +1, f(vs) =2Ty, + 213, +1;
flvg) =21y, + 2T, + 2T}, +1,- -+

flogyr) = 2T, + 200, + -+ +2T5, + 1;

floggo) =20y, + 200, +--- 4+ 2T;, — 275, + 1;

fopss) =200, + 200, + -+, Ty, — 2Ty, — 2Tp,, + 1,05

flon) =200, + 2Ty, + -+ + 2Ty, — 205, ,, — 2T4,,, — - — 2Ty, , + 1.
Thus, the edge labels are the triangular numbers {7}, T1,, -, Ty, _,, T, Tipyy -+ 5 11, )

and also the vertex labels are all different. O

The triangular difference mean labeling of Cg is shown in Figure 8.
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Theorem 2.9 The graph C,,QP,,(n > 4,m > 2) is a triangular difference mean graph.

Proof Let vy,va,--- , v, be the vertices of the cycle C}, and uy,us, - - - , u,, be the vertices of
the path P,,. The graph C,,@P,, is obtained by identifying the vertexu; with the vertex v;. We
label the vertices of C), as in Theorem 2.9 and assign the number 27}, 1 +27T, 4o+ - - +2T5 41 +1
to vertex u; of the path P, for 2 < j < m. Then the induced edge labels are the first m+n—1

triangular numbers. Hence, C,,QP,, is a triangular difference mean graph. 0

The triangular difference mean labeling of C4@QP;3 is shown in Figure 9.

21

Figure 9

Theorem 2.10 The cycle C5 is not a triangular difference mean graph.

Proof Suppose Cj is a triangular difference mean graph with triangular difference mean
labeling f. Let the vertices of C5 be u,v,w. Let f(u) = x. Then to get 1 as an edge label we
must have f(v) € {z+ 1,24+ 2,2 — 1,2 — 2}. To get T, f(w) € {x + 5,2+ 6,2 — 5,2 — 6} or
fw) e{x—6,2—T7,24+4,2+5}. Then we get either {1,3,2} or {1, 3,4} as the set of induced
edge labels. Therefore, T35 = 6 can not be an edge label of C3. Hence C5 is not a triangular

difference mean graph. O
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