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§1. Introduction

In the study of the fundamental theory and the characterizations of space curves, the related
curves for which there exist corresponding relations between the curves are very interesting and
an important problem. The most fascinating examples of such curves are associated curves,
the curves for which at the corresponding points of them one of the Frenet vectors of a curve
coincides with the one of the Frenet vectors of the other curve. The well known of the associated
curves is Bertrand curve which is characterized as a kind of corresponding relation between the
two curves. The relation is that the principal normal of a curve is the principal normal of
another curve i.e, the Bertrand curve is a curve which shares the normal line with another
curve. Over years many mathematicians have studied on Bertrand curves in different spaces
and consider the properties of these curves [1-6].

Furthermore, Bertrand curves are not only the example of associated curves. Recently, a
new definition of the associated curves was given by Liu and Wang [9,17]. They called these
new curves as Mannheim partner curves: Let x and x; be two curves in the three dimensional
Euclidean E3. If there exists a corresponding relationship between the space curves z and z;
such that, at the corresponding points of the curves, the principal normal lines of x coincides

with the binormal lines of x1, then x is called a Mannheim curve, and x is called a Mannheim
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partner curve of x. The pair {, x; }is said to be a Mannheim pair. They showed that the curve
21(s1) is the Mannheim partner curve of the curve z(s) if and only if the curvature k1 and the
torsion 71 of x1(s1) satisfy the following equation

dr K1

7', —

_ AT B2
s, >\(+>‘Tl)

for some non-zero constant A. They also study the Mannheim curves in Minkowski 3-space[9,16].
Some different characterizations of Mannheim partner curves are given by Orbay and others
[12]. The differential geometry of the curves fully lying on a surface in Minkowski 3-spaceE;
is given by Ugurlu, Kocayigit and Topal [8,14,15]. They have given the Darboux frame of
the curves according to the Lorentzian characters of surfaces and the curves. Finally, in the

Euclidean 3-space, Mannheim partner D -curves is defined by Kazaz, M. and others [7]

In this paper we consider the notion of the Mannheim partner curve for the curves lying on
the surfaces. We call these new associated curves as Mannheim partner D-curves and by using
the Darboux frame of the curves we give the definition, different types and the characterizations

of these curves in Minkowski 3-spaceE?.

82. Preliminaries

The Minkowski 3-space E3 is the real vector space I R? provided with the standard flat metric
given by
< ) > = —d.’E%-l—diL’g—‘rd(E%

where (1, 22, 73) is a rectangular coordinate system of E. An arbitrary vector ¥ = (v, v2, v3)
in E} can have one of three Lorentzian causal characters; it can be spacelike if (¢, %) > 0 or
¥ = 0, timelike if (¥, ) < 0 and null (lightlike) if (7, ) = 0 and ¥ # 0. Similarly, an arbitrary
curve & = d(s) can locally be spacelike, timelike or null (lightlike), if all of its velocity vectors
o/(s) are respectively spacelike, timelike or null (lightlike)[11]. We say that a timelike vector
is future pointing or past pointing if the first compound of the vector is positive or negative,
respectively. For any vectors ¥ = (x1, T2, 3) and i = (y1,¥2,¥3) in E}, Lorentz vector product
of ¥ and ¢/ is defined by

€1 —€9 —E€3
TXY=| 21 @9 x3 | = (T2y3 — T3Y2, T1Y3 — T3Y1, T2Y1 — T1Y2)
Yy Y2 Y3
where
1 i =7,
dij = oy
0 i#j

e = (62'1,57;2,61‘3) and €1 X ey = —€3, € Xez=e€1, €3 Xe = —eq.
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Denote by {f, N, B } the moving Frenet frame along the curve «(s) in the Minkowski

space E3. For an arbitrary spacelike curve a(s) in the space E3, the following Frenet formulae

are given,
T 0 ki 0 T
]\7/ = —6](31 0 kg ]\7 5
B 0 ko O B
where <f,f>:1, <ﬁ,]\7>:5:i1, <§,§ = —¢, <f,ﬁ>:<f,§ :<]\7,§>:0and

k1 and ko are curvature and torsion of the spacelike curve «a(s) respectively. Here, € determines
the kind of spacelike curve a(s). If € = 1, then a(s) is a spacelike curve with spacelike first
principal normal N and timelike binormal B. If & = —1, then «(s) is a spacelike curve with
timelike principal normal N and spacelike binormal B. Furthermore, for a timelike curve «(s)

in the space E$, the following Frenet formulae are given in as follows,

T 0 k 0 T
2\7/ = kil 0 k’g ]\7
B 0 —ky O B

v (£7) =1 (§0) = (8.5) =1 (£.5) = (1.2) = (5.) =0t s sn

are curvature and torsion of the timelike curve «a(s) respectively [14

Definition 2.1([11]) (i) (Hyperbolic angle) Let & and § be future pointing (or past pointing)
timelike vectors in IR3. Then there is a unique real number 0 > 0 such that < T, § >=
— |Z| |§| cosh@. This number is called the hyperbolic angle between the vectors & and .

(ii) (Central angle) Let ¥ and § be spacelike vectors in IR} that span a timelike vector
subspace. Then there is a unique real number 8 = 0 such that < Z, ¥ >= |Z| |y| cosh 8. This
number is called the central angle between the vectors & and .

(iii) (Spacelike angle) Let Z and i be spacelike vectors in IR} that span a spacelike vector
subspace. Then there is a unique real number 0 > 0 such that < &, § >= |Z| |y| cosf. This
number is called the spacelike angle between the vectors ¥ and .

(iv) (Lorentzian timelike angle) Let & be a spacelike vector and § be a timelike vector in
IR3. Then there is a unique real number 0 > 0 such that < &, § >= |Z| |¢| sinh 0. This number
is called the Lorentzian timelike angle between the vectors T and y.

Definition 2.2([11]) A surface in the Minkowski 3-space IR} is called a timelike surface if
the induced metric on the surface is a Lorentz metric and it is called a spacelike surface if the
induced metric on the surface is a positive definite Riemannian metric, i.e., the normal vector

on the spacelike (timelike) surface is a timelike (spacelike) vector, respectively.

Lemma 2.1([11]) In the Minkowski 3-space IR}, the following properties are satisfied:

(1) Two timelike vectors are never orthogonal;
(#i) Two null vectors are orthogonal if and only if they are linearly dependent;

(#i1) A timelike vector is never orthogonal to a null (lightlike) vector .
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§3. Darboux Frame of a Curve Lying on a Surface in Minkowski 3-space E}

Let S be an oriented surface in three-dimensional Minkowski space E3 and let consider a non-
null curve z(s) lying on S fully. Since the curve z(s) is also in space, there exists Frenet frame

{f, N , B! at each points of the curve where T is unit tangent vector, N is principal normal

vector and B is binormal vector, respectively.

Since the curve z(s) lies on the surface S there exists another frame of the curve z(s)which
is called Darboux frame and denoted by {f, g, ﬁ} In this frame 7T is the unit tangent of the

curve, 7 is the unit normal of the surface S and ¢ is a unit vector given by g = i X T. Since
the unit tangent T is common in both Frenet frame and Darboux frame, the vectors N , B , g
and 77 lie on the same plane. Then, if the surface S is an oriented timelike surface, the relations

between these frames can be given as follows:

If the curve z(s) is timelike, If the curve z(s) is spacelike

T 1 0 0 T T 1 0 0 T
g|=120 cosp  sing N |, g|=10 coshyp  sinhg N
s 0 —sinp cosep B i 0 sinhy  coshy B

If the surface S is an oriented spacelike surface, then the curve z(s)lying on S is a spacelike

curve. So, the relations between the frames can be given as follows

T 10 0 T
g | =10 coshy sinhge N
7 0 sinhy coshep B

In all cases, ¢ is the angle between the vectors g and N.

According to the Lorentzian causal characters of the surface S and the curve z(s) lying on
S, the derivative formulae of the Darboux frame can be changed as follows:

(2) If the surface S is a timelike surface, then the curve z(s) lying on S can be a spacelike

or a timelike curve. Thus, the derivative formulae of the Darboux frame of z(s) is given by

T 0 k, —cky T
=1k 0 e g | (TT)=e=51, @5 == @a)=1 (1)
il kn 74 0 7

(#i) If the surface S is a spacelike surface, then the curve x(s) lying on S is a spacelike
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curve. Thus, the derivative formulae of the Darboux frame of z(s) is given by

T 0 ky kny T
§ = —kg 0 Tg g 7<T> T:> = 17 <§7 §> = 17 (ﬁu ﬁ> =-1 (2)
i b o, 0 ]| 7

In these formulae kg4, k, and 7, are called the geodesic curvature, the normal curvature
and the geodesic torsion, respectively. Here and in the following, we use “dot” to denote the
derivative with respect to the arc length parameter of a curve.

The relations between geodesic curvature, normal curvature, geodesic torsion and k, T are
given as follows (See [9,14,15]):

e if both S and z(s) are timelike or spacelike,

d
kg:mcosap,kn:msinap,rgzr—&-df(ﬁ; (3)
s

e if S is timelike and z(s) is spacelike

d
kg:mcoshgo,kn:nsinhgo,rg:7+d—¢. (4)
s

Furthermore, the geodesic curvature k, and geodesic torsion 74 of the curve z(s) can be calcu-

lated as follows:

de dPx dx dn
kg:—<d8,d32><n>,7—g:_5<ds7n><d8>, (5)

dr d’z dx dn
I{Jg—<ds,d82><n>,7'g—<ds,nxds>. (6)

where € = <T, f> = +£1.
In the differential geometry of surfaces, for a curve z(s)lying on a surface S the followings

are well-known
e z(s)is a geodesic curve < k, = 0,
e 1(s)is an asymptotic line < k, =0,
e z(s)is a principal line <71, = 0 [10].

Along every point of the surface passes a geodesic in every direction. A geodesic is uniquely
determined by an initial point and tangent at that point. All straight lines on a surface are
geodesics. Along all curved geodesics the principal normal coincides with the surface normal.
Along asymptotic lines osculating planes and tangent planes coincide, along geodesics they are
normal. Through a point of a nondevelopable surface pass two asymptotic lines which can be

real or imaginary [13].
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§4. Mannheim Partner D-Curves in Minkowski 3-Space F}

In this section, by considering the Darboux frame, we define Mannheim partner D-curves and
give the characterizations of these curves in Minkowski 3-space E3.

Definition 4.1 Let S and Sy be oriented surfaces in three-dimensional Minkowski space E3}
and let consider the curves x(s) and x1(s1) parametrized by the arc-lenght lying fully on S and
Sy, respectively. Denote the Darbouz frames of x(s) and x1(s1) by {T,g,n} and {T1,g1,n1},
respectively. If there exists a corresponding relationship between the curves x and x1 such that,
at the corresponding points of the curves, the Darbouz frame element g of x coincides with the
Darboux frame element ny of x1, then x is called a Mannheim D-curve, and x1 is a Mannheim
partner D-curve of . Then, the pair {x,x1}is said to be a Mannheim D-pair. If there exist
such curves lying on the oriented surfaces S and Sy, respectively, we call the pair {S,S1} as

Mannheim pair surfaces.

Figure 1 Mannheim partner D-curves

By considering the Lorentzian casual characters of the surfaces and the curves, from Def-
inition 4.1, it is easily seen that there are five different types of the Mannheim D-curves in
Minkowski 3-space. Let the pair {«, 21} be a Mannheim D-pair. Then according to the char-
acter of the surface S we have the followings:

Case 1. The oriented surface S is spacelike.

If both the surface S and the curve z(s)lying on S are spacelike then, there are two cases;
first one is that the surface S; is a timelike surface and the curve x1(s1) fully lying on S is
spacelike. In this case we say that the pair {z,z;} is a Mannheim D-pair of the type 1. The
second one is that both the surface S; and the curve x1(s1) fully lying on S; are timelike. In

this case we say that the pair {z,z;} is a Mannheim D-pair of the type 2.
Case 2. The oriented surface S is timelike.

If the curve z(s)lying on S is a timelike curve then there are two cases; one is that both
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the surface Sy and the curve x4 (s1) fully lying on S are timelike. In this case we say that the
pair {z,z1} is a Mannheim D-pair of the type 3. The other case is that the curve z;(s1) fully
lying on S is a spacelike curve. Then the pair {z,z;} is a Mannheim D-pair of the type 4.
If the curve z(s)lying on S is a spacelike curve then both the surface S; and the curve z1(s1)
fully lying on S are spacelike. Then we say that the pair {z,x;} is a Mannheim D-pair of the
type 5.

Theorem 4.1 Let S be an oriented surface and x(s) be a Mannheim D-curve in E3 with arc
length parameter s fully lying on S. If Sy is another oriented surface and x1(s1) is a curve
with arc length parameter s fully lying on Si1, then x1(s1) is Mannheim partner D-curve of
x(s) if and only if the normal curvature ky, of x(s) and the geodesic curvature kg, , the normal

curvature ky, and the geodesic torsion 14, of x1(s1) satisfy the following equations.

1) 1f the pair {x,x1} s a Mannheim D-pair of the type 1 or 3, then
i) if th ' is a Mannheim D-pair of th 1or 3 th
(14 Mkny)? = A277, o L Moy ) 27y ke,
(1+ \ky,) " coshf o 1+ Mey, |’
(i) if the pair {x,x1} is a Mannheim D-pair of the type 2 or 4, then
(14 Ny, )2 = A272 o LEMen ) N7y ke,
(14 Aky,) " sinh@ 9 14 Mep, |’

(#i1) if the pair {x,x1} is a Mannheim D-pair of the type 5, we have

n g1

. 1
TQIZX

T!] 1

_1
R

. 1
Tgr =

D

)

(14 Mkpy) cos 14+ My,

for some nonzero constants A, where 6 is the angle between the tangent vectors T and Ty at the

corresponding points of the curves x and x7.

Proof (i) Suppose that the pair {z,z;} is a Mannheim D-pair of the type 1. Denote
the Darboux frames of z(s) and z1(s1)by {7, g,n} and {71, ¢1,n1}, respectively. Then by the
definition we can assume that

z(s) = x1(s1) + M(s1)n1(s1) (7)

for some function A(s1). By taking derivative of (7) with respect to s; and applying the Darboux

formulas (1) we have

d .
Tﬁ = (1 + Mo, )T1 + Ay + A7y g1 (8)
1

Since the direction of n; coincides with the direction of g, we get

)\(51) =0.
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This means that A is a nonzero constant. Thus, the equality (8) can be written as follows

d
T 22 = (14 Nen, )T + ATy 01 (9)
d81
On the other hand we have
T = cosh 0Ty + sinh 6 ¢y, (10)

where 6 is the angle between the tangent vectors T and T3 at the corresponding points of x
and z;. By differentiating this last equation with respect to s, we get

d . .
(kgg + knn)f = (0 + kg4, ) sinh 0T + (6 + kg, ) cosh 8g1 + (—ky, cosh 8 + 74, sinhf)n,. (11)
1

From this equation and the fact that

n =sinh T} + cosh 8 gy, (12)
we get
. ds . ) .
(kgg + ky sinh 6T} + k,, cosh Ggl)d—s1 = (04 ky,)sinh 0T + (0 + kg, ) cosh 0g;
+(—ky,, cosh + 74, sinh @)n;. (13)

Since the direction of n; is coincident with g we have

ds

0 =Fky,—
d81

- kgl' (14)

From (9) and (10) and notice that T} is orthogonal to g; we obtain

ds 1+ Aky, ATg,

. = ) 15
dsy cosh @ sinh 6 (15)
Equality (15) gives us
AT,
tanhf = —2 . 16
an 1+ Mo, (16)
By taking the derivative of this equation and applying (15) we get
14+ My, )2 — A272 1+ My N7y kin
7._91 _ l ( 1) Tg1 kn; o k{h + L , (17)
A (14 Akny) cosh 6 1+ Akn,

that is desired.

Conversely, assume that the equation (17) holds for some nonzero constants A. Then by
using (14) and (15), (16) gives us

ds 3 . .
kn (dsl) = Mg, (1+ Mo, ) — N7y, by + (14 Meny)® — X272) kg, - (18)



Mannheim Partner D-Curves in Minkowski 3-Space

Define a curve
x(s) = x1(s1) + M1 (s1),

(19)

where A is non-zero constant. We will prove that x is a Mannheim D-curve and x; is the

Mannheim partner D-curve of x. By taking the derivative of (19) with respect to s1 twice, we

get
ds
dislT = (1 + )\knl)Tl + )\Tglgl
and
ds \ 2 d?s . .
(kgg + knn) disl + T@ = (Mo, + )‘Tg1kgl)T1 + (1 + )‘km)kgl + )‘Tgl) g1
1

+ (—(L+ M, Yen, + A72) 1,

respectively. Taking the cross product of (20) with (21) we have

[kgn + kng] ds ’

gn nd d81

= (Agykny (14 Mk, ) — X270 ) Ty — [—(1 4 Mk, )2k, + Ao (14 Ak, )] 01
+ [_k.cn (1 + /\knl)Q - /\7.—!]1 (1 + )\knl) + /\2qu knl + )\27—921 k91:| ni.

By substituting (18) in (22) we get

ds \*°
(kgn + kng] <dS1> - (ATglkm (1+ Mo, ) — )‘2751) T

d 3
= (—kny (L4 X, )2+ A70 (1 + Mk, ) g1 — ki <S> ny.
d51

Taking the cross product of (20) with (23) we have

ds \* ds \* ds \*
n -5 = n\ 7 1T n\ 7 1 ni
[kgg + knn <d31) k <d81> Mg, Th + k (d51> (14 Akny) g1

+ (L4 Mo, ) = X273 ) (A75 = Koy (14 Mk, )) .

g1

From (23) and (24) we have

(k2 —k2) s 4ﬁ
9 " dSl

B ds 2 3 5 [ ds 8
= lk:g a5, (/\Tglknl(l—l—/\km) A 7'91) Mg, ki (dsl)

—

T

d ds \*
— g (= (14 Mo )2 + A2 (14 M) + (14 Mo )R () |
dsq dsy

ds

4
— lknkg (dsl> + ko (L4 Men,y)? = N272) (A2 — ke, (1 + )\km))] .

(20)

(25)
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Furthermore, from (20) and (23) we get

()\272 —(1+ Mk )2) _ (ﬂ)Z
g1 ni dsq ’

PN (26)
by () = A72, + ko (14 Miy,) = 0
respectively. Substituting (26) in (25) we obtain
ds \*
-k (-—) @
( g n) <d81>
ds ds \*| =
- lkgdSl (ATgykny (14 Men, ) = N272 ) — A7g, K, (dsl> T
ds 9 9 5 [ ds 1
- ’“95 (=kny (1 4+ Men) )2 4+ A2 (14 Mk, ) 4 (14 Mk, k7, el KT (27)
1 1

Equality (20) and (27) shows that the vectors T and 7 lie on the plane sp {fl, gl}. So, at
the corresponding points of the curves, the Darboux frame element ¢ of = coincides with the
Darboux frame element 771 of x1, i.e, the curves x and z; are Mannheim D-pair curves of the
type 1. O

Let now give the characterizations of Mannheim partner D-curves in some special cases.
Let the pair {z, 71} be a Mannheim D-pair of the type 1 or 3 in Minkowski 3-space E}. Assume
that x(s) be an asymptotic Mannheim D-curve. Then, from (16) we have the following special

cases:

(1) Consider that z1(s1) is a geodesic curve. Then z1(s1) is Mannheim partner D-curve of

x(s)if and only if the following equation holds,

. ATg, kn,
S V.

(#4) Assume that x1(s1) is an asymptotic line. Then x;(s1) is Mannheim partner D-curve
of z(s)if and only if the geodesic curvature kg, and the geodesic torsion 7,, of x1(s1) satisfy the
following equation,

. 2.2
gy = (14 A7) )k, -

In this case, the Frenet frame of the curve z1(s1) coincides with its Darboux frame. Thus,
we have k;, = k1 and 75, = 7. So, in Minkowski 3-space the Mannheim partner D-curves
become the Mannheim partner curves, i.e., if both z(s) and x1(s1) are asymptotic lines then,
the definition and the characterizations of the Mannheim partner D-curves involve those of the

Mannheim partner curves in Minkowski 3-space.

(#i1) If 21 (s1) is a principal line then x4 (s1) is Mannheim partner D-curve of z(s) if and only

if the geodesic curvature kg, = 0, that is z1(s1) is also a geodesic curve or k,,, = —1/X = const.

The proofs of the statement (ii) and (iii) of Theorem 4. 1 and the particular cases given
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above can be given by the same way of the proof of statement (i).

Theorem 4.2 Let the pair {x,z1} be a Mannheim D-pair in Minkowski 3-space E}. Then
the relation between geodesic curvature kg, geodesic torsion 14 of x(s)and the normal curvature

kn,, the geodesic torsion 74, of x1(s1) is given as follows:
(7) if the pair {x,z1} is a Mannheim D-pair of the type 1, 3, 4 or 5 then
kg —kn, = A(_kgknl + T9T91>7
(43) if the pair {x,x1} is a Mannheim D-pair of the type 2, then

kg + kn, = A(_kgkn1 + Tngl)’

Proof (i) Let x(s) be a Mannheim D-curve and z1(s;) be a Mannheim partner D-curve
of x(s) in Minkowski 3-space E5 and the pair {z,21} be of the type 1. Then by definition we

can write
z1(s1) = x(s) — A(s)g(s) (28)

for some constants A. By differentiating (28) with respect to s; we have

ds ds

Ty = (14 Xey)—T — Ary—n. 29
1 ( + g)d81 Tg dSl n ( )
By definition we have
T) = cosh 0T — sinh 6n. (30)
From (29) and (30) we obtain
ds . ds
COSh@ = (1 —+ )\kg)diSl, Slnh9 = AngiSl. (31)

Using (13) and (31) it is easily seen that
kg = kny, = M—kgkn, +7475,) (32)

This completes the proof. O

Let the pair {x,z;}be a Mannheim D-pair of the type 1 in Minkowski 3-space E}. Then,

we obtain the following special cases by Theorem 4.2.

(1) If z; is an asymptotic line, then
kg = ATy7g,
(#4) If 21 is a principal line, then

kg — kn, = —Akgkn,
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(#i7) If  is a geodesic curve, then
kn, = —AT47g,
(iv) If x is a principal line then
ky — K, = — kg,

The proof of the cases that the pair {z, z;}be a Mannheim D-pair of the type 2, 3, 4 or 5
can be given by a similar procedure used in the proof of the case that the pair {z,x;} is of the
type 1.

Theorem 4.3 Let {x,z1} be Mannheim D-pair of the type 1. Then the following relations
hold:

do .
i) k ”dTl_dTl

(
(“) T dsr dS1 = —ky, sinh 6 + 7, cosh ;
(idi
(i

Proof (i) Since the pair {x, x1} is of the type 1, we have (T, T1) = cosh §. By differentiating
this equality with respect to s; we have

ds do
<(kgg + knn)dSl,T1> + (T, kg g1 — knyma) = bmhﬁd—Sl.

Using the fact that the direction of ny coincides with the direction of g and

T, = cosh T — sinh On,

(33)
g1 = —sinh 0T + cosh On,

we easily get that
ds do

kg, = kn—— —.
9 dSl d81

(i) By definition we get (n,n;) = 0. Differentiating this equality with respect to s; we
have

ds
<(knT + ng)disla 77,1> + <Tl, kanl + Tg191> =0.
By (29) we obtain

ds

ng—Sl = —k,, sinh 0 4 74, cosh 6.

(#i1) By differentiating the equation (T',n,) = 0 with respect to s; we get

ds
<(kgg + knn)dSl,nl> + (T, kn, T + 74,91) = 0.
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From (29) it follows that
ds

k. —
gdsl

= —kp, coshf + 7,4, sinh 6.

(iv) By differentiating the equation (g, g1) = 0 with respect to s; we obtain
ds
(—k,T + Tgn)g,gl + (g, kg, T1 + Tg,n1) = 0.
1
By considering (29) we get
d
Tg, = (—kgsinh 6 + 7, cosh 9) el

dSl ’

This completes the proof. O

The statements of Theorem 4.3 for the pairs {x,z1} of the type 2, 3, 4, and 5 are given in

Tables 1 and 2, and the proofs can be easily done by the same way of the case the pairs {z, z1}
is of the type 1.

For the pair {z,z1} of the type 2 For the pair {z,z1} of the type 3

: ds | df - ds  df
(1) kg, = kn g + 25~ (i) kg, = kngor + 4~
(1) T42% ds = kyp, cosh @ — 7,4, sinh 6 (1) 145 d = ky, sinh 6 — 7,4, cosh 6
(14) kyg jss = ky, sinh 6 — 7, cosh 6 (131) kg jj = ky, cosh 6 — 7,4, sinh 6
(tv) 14, = (—kg cosh 8 + 7, sinh ) %31 (tv) 74, = (kgsinh 6 — 7, cosh 9) %981

Table 1

For the pair {z,z1} of the type 4 For the pair {z,z,} of the type 5
(0) kg, = kn g + 42 (i) kgy = —knge — 32
(1) 7422 del = —ky,, cosh6 + 74, sinh @ (1) Tg5= d = —k,, cosf + 74, sin6
(t4) kg jssl = —kp, sinh 0 + 7,4, cosh 6 (14i) kg d“ = ky, sin@ + 74, cos 6
(iv) T4, = (kg cosh @ — 7, sinh 6) ddel (tv) 14, = (kg cos 0 + 74 sin ) j—;

Table 2

Let now = be a Mannheim D-curve and 7 be a Mannheim partner D-curve of x and the

pair {z,x1} be of the type 1. From (5) and by using the fact that ny is coincident with g we
have

k'gl = — <.’t17.’f1 X n1> = — <{t1,(ﬁ1 X g>

ds \* . . ds \?
Fon [—(1+ Akg)? + A272] (dSI) + [AT9(1+Ak9)—A2Tgkg] <d81>

Then the relations between the geodesic curvature kg, of x1(s1) and the geodesic curvature kg,

the normal curvature k,and the geodesic torsion 7, of z(s) are given as follows:
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If k; = 0 then from (33) the geodesic

k91:<

ds.
dSl

o

Onder, Mustafa Kazaz, H. Hiiseyin Ugurlu

curvature kg, of z1(s1) is

ds

2
) v
1

1+ X72)kn + (ds

If £, = 0 then the relation between kg4, 7, and kg, is

ds
kgl =A (dsl)

2 (704 Aky) = Ay, ) -

If 74 = 0 then, for the geodesic curvature kg, , we have

k!]l

_(d

ds \° 9
—— | (14 Xky)"kn.

S1

From (34),(35) and (36) we give the following corollary.

Corollary 4.1 Let x be a Mannheim D-curve and x1 be a Mannheim partner D-curve of x
and the pair the pair {x,x1} be of the type 1. Then the relations between the geodesic curvature

kg, of x1(s1) and the geodesic curvature, kg, the normal curvature k,, and the geodesic torsion

Ty of z(s) are given as follows

(4)

If x is a geodesic curve, then the

- (8)'

ds.
dSl

(i)

ds

dSl

Los()

(iid)

k!]l

_(d

geodesic curvature kg, of x1(s1)is

2
1+ X720 )kn + LR IOV
g/om d51 g

If x is an asymptotic line, then the equation of kg4, is

2 (41 + Akg) = Aryity)

If x is a principal line, then the geodesic curvature kg, of x1(s1) is

ds
S1

3
) (14 Ak,) k.

If the pair {x, 21 }is of the type 2, 3, 4 or 5 then the geodesic curvature of the curve x1(s;1)

is given in Tables 3 and 4 following.

If the pair {z,z;} is of the type 3

If the pair {x,z1}is of the type 2
ds

kg, = kn [(1 + Akg)? + /\2792] (ds1

+ [—Mg(l + Meg) + /\279159} ( do

ds1

ds

g, = —hn [(1= Mg)? + N272] (4

[ X (1= Mkg) = Xyl ] (

%

?

ds
d81

%

Table 3
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If the pair {z, 1} is of the type 4 If the pair {z, 1 }is of the type 5
kg, = kn [(1 = Meg)? = A277] (;‘—)3 kg, = —kn [(1 = Meg)? + A272] (%)3
+ [Mg(1 = Meg) + X7y | (;L)Q [ M (1 = M) = Xorydg| (;7)2
Table 4

and the statements in Corollary 4.1 are obtained by the same way.
Similarly, if the pair {z,z1} is of the type 1, from(6) and by using the fact that g is
coincident with n, the relation between the geodesic torsion 7,4, 0f x1(s1) and the geodesic

ds \*
791 = 'Tg <d81) . (37)

Furthermore, by using (15), from (37) we have

torsion 740f z(s) is given by

sinh? @
T9Tn = T2 -
Then, from (37) and (38) we can give the following corollary.

Corollary 4.2 Let x be a Mannheim D-curve and x1 be a Mannheim partner D-curve of x
and {z,xz1} be of the type 1. Then the relation between the geodesic torsion T4, of x1(s1) and
the geodesic torsion T4 of x(s) is given by one of the followings:

2
(i) 7o =7 ()

(i) TgTg, = SinAh;a

and so, the Mannheim partner D-curve x1 is a principal line when the Mannheim D-curve x
is a principal line.
Similarly, from (15) and (37) we get
. Ty ‘h2 9
(#i1) % = 7(1$f\kn1)2'

Then, if z1(s1) is an asymptotic curve, i.e.,k,, = 0, we have
7, = cosh® 07, . (39)
From (39) we have the following corollary.

Corollary 4.3 Let x be a Mannheim D-curve and x1 be a Mannheim partner D-curve of x and
{z,x1} be of the type 1. If x1(s1) is an asymptotic curve then the relation between the geodesic
torsion 74 of x(s) and the geodesic torsion 14, of x1(s1) is given as follows:

(iv) 7, = cosh® 0 7,,,

where 0 is the angle between the tangent vectors T and Ty at the corresponding points of x and

xTq.
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When the pair {z,x;} is of the type 2, 3, 4 or 5, then the relations which give the geodesic
torsion 74, of z1(s1) are given in Tables 5 and 6 following.

For the pair {z,z1} of the type 2 For the pair {z,z1} of the type 3
pi p;
(i) 70 =74 () (i) 790 = —75 ()
(44) Tng1 = Cos>\h220 (i) Tg7g, = _sm>\h229
inh? 0 sh? 9
(ZZZ) ; = @‘Tl)z (ii1) :Tgl = 7(13?;716711)2
(iv) 7, = sinh?® @7y, , if x1(s1) is an | (i) 7, = —cosh®O7,,, if x1(s1) is an
asymptotic curve. asymptotic curve.
Table 5
For the pair {z,z1} of the type 4 For the pair {z,z,} of the type 5
2 2
(i) 70 = =7, () (i) 700 =79 ()
(44) Ty7q, = —C05370 (i) 47y, = 20
i’y inh2 ¢ e 29
(i#) 20 =~ T3k, (i) 7 = T, )2
(iv) 7y = —sinh® @7y, , if 1(s1) is an | (1v) 74 = cos? 07, if x1(s1) is an
asymptotic curve. asymptotic curve.
Table 6

85. Conclusions

In this paper, in Minkowski 3-space FEj, the definition and characterizations of Mannheim
partner D-curves are given which is a new study of associated curves lying on surfaces. It
is shown that in Minkowski 3-space E3, the definition and the characterizations of Mannheim
partner D-curves include those of Mannheim partner curves in some special cases. Furthermore,
the relations between the geodesic curvature, the normal curvature and the geodesic torsion of
these curves are given.
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