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§1. Introduction

A topological index is a mathematical measure which correlates to the chemical structures of any simple
finite graph. They are invariant under the graph isomorphism. They play an important role in the study
of QSAR/QSPR. In theoretical chemistry, molecular structure descriptors (also called topological
indices) are used for modeling physicochemical, pharmacologic, toxicologic, nanoscience, biological and
other properties of chemical compounds. Wiener index is the first distance-based topological index
that were defined by Wiener [5]. For more details, see [9,10,11,12].

The status [2] of a vertex v € V(QG) is defined as the sum of its distance from every other vertex in

V(G) and is denoted by o (v), that is, cg(v) = > da(u,v), where dg(u,v) is the distance between
ueV(G)
uw and v in G. The status of vertex v is also called as transmisson of v [2].

The Wiener index W (G) of a connected graph G is defined as the sum of the distances between

all pairs of vertices of GG, that is,

W(G):% 3 dg(u,v):% 3 o).

u,vEV(G) uweV (@)

The first Zagreb indez is defined as

Mi(G)= Y (de(w)’= Y (da(u)+dc(v))

ueV(QG) weE(G)
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and the second Zagreb index is defined as

My(G) = Y de(u)da(v).
uveE(G)
The Zagreb indices are found to have applications in QSPR and QSAR studies as well, see [7]. The
first and second Zagreb coindices were first introduced by Ashrafi et al. [8]. They are defined as follows:

Mi(@) = Y (de(u) +da(v))

uwvg E(G)

and the second Zagreb index is defined as

Ma(G)= Y da(wde(v).

wwg E(G)

Motivated by the invariants like Zagreb indices, Ramane et al.[1] proposed the first status connec-

tivity index S1(G) and first status connectivity coindex S1(G) of a connected graph G as

S1(G)= (Uc(u)+og(v)> and 51(G) = 3O (og(u)+og(v)).
uweE(G) w¢ E(G)

Similarly, the second status connectivity index So(G) and second status connectivity coindex S2(G)

of a connected graph G as

S (G)= Y og(u)oc(v) and S2(G) = Y.  og(u)oc(v).
wveE(G) w¢ E(G)

The bounds for the status connectivity indices are determined in [1]. Also they are discussed
the linear regression analysis of the distance-based indices with the boiling points of benzenoid hy-
drocarbons and the linear model based on the status index is better than the models corresponding
to the other distance based indices. In this sequence, here we obtain the exact formulae for second
status connectivity indices and its coindices of some composite graphs such as Cartesian product, join,

composition of two connected graphs.

§2. Main Results

In this section, we obtain the second status connectivity indices and its coindices of Cartesian product,

join and composition of two graphs.

Lemma 2.1 Let G be a connected graph on n vertices. Then

S2(G) =2W(G) — = Y (oa(w)® - S:(G).

ueV(G)
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Proof By the definition of S2, we obtain:

S2(G) = ) oclwoc(v)

uwvg E(G)
= Y sewoc) - > oa(uoa(v)

{u,v}CV(G) weEE(G)

1 2 5
_ 5(( > ew) - Y (Uc(u)))—Sg(G)

ueV(G) ueV(G)
= W@~ 5 O (ea) - 5:(G) o
ueV(G)

Let C,, and P, denote the cycle and path on n vertices, respectively. It is known that [1]

2 —
Sy (Py) = %n(n —1)2n—1) and W(P,) = %
and
3 . . 3 . .
ot if n is even, =, if n is even,
S1(Ch) = 2y and W(C,) = >,
%7 otherwise; %7 otherwise.

We therefore have that

Lemma 2.2 For cycle C,, and path P,, we get that

5
S e
5 if n is even

%671)2 if n is odd;

(1) Forn > 3, S2(Cr) =
_ 7L2(7L71)
2.1 Cartesian Product

The Cartesian product, GO H, of the graphs G and H has the vertex set V(GO H) = V(G) x V(H)
and (u,z)(v,y) is an edge of GOH if u = v and xy € E(H) or, wv € E(G) and z = y. To each
vertex u € V(Q), there is an isomorphic copy of H in GO H and to each vertex v € V(H), there is an
isomorphic copy of G in GOH.

Theorem 2.3 Let G and H be two connected graphs with ni,n2 vertices and mi1, ma edges, respectively.
Then

S2(GOH) = n3Sa(G) + niSa(H) 4 2nina(S1(G)W (H) 4+ S1(H)W(Q))
+nZma Z (UG(Ui))2+n§m1 Z (UH(US))2‘

w €V(G) vs €V (H)

Proof From the structure of GOH, the distance between two vertices (ui, vr) and (ux,vs) of GOH
is da(ui, ux) + du (vr, vs). Moreover, the degree of a vertex (u;, vy) in V(GOH) is da(ui) + du(vr). By
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the definition of o(u) for the graph GOH and a vertex (u;,v,) € V(GOH), we have

O—GDH((Uiva)) = Z dGDH((Uiva)v(Ukva))
(up,vs)EV(GOH)

Z Z (dG(Ui7Uk)+dG(vr,vs))

up€V(G) vs€V(H)

= mnoog(ui) +nioy(vr). (2.1)

Hence by the definitions of Sz and GOH, we have

S2(GOH) = Z ocon ((ui,vs))ocom ((uk, vs))
(ug,vs)(up,vs)EE(GOH)
+ > ocon((ui,vr))oaon ((us, vs))
(ui,vs)(up,vs)EE(GOH)
= A1—|—A2, (2.2)
where
A = > ocan ((ui,vs))ocon ((uk, vs))

(ui,vs)(up,vs)EE(GOH)

= Z Z (nzac(ui) + nlaH(vs)) (ngac(uk) + nla'H(vs)>7 by (2.1)

u;jup,€E(G)vs €V (H)

- Y ¥ (n%og(ui)og(uk) + ninsoc(ui)ow (vs)
u;up €E(G) vs €V (H)

+nineoy (US)O'G(Uk) + nf (O'H (US))2>

= nj Z oc(ui)oa(ur) + nina Z o (vs) Z (oc(us) + oc(uk))

u;up €E(G) vs €V (H) u;up €E(G)
+nimi Y (o (vs))®
vs€V(H)
= n58(G) + 2mnaS1(G)W (H) + nima > (om(vs))”.
vsEV(H)

and a similar argument of Ay, we obtain

Az

Z ocou((ui,vr))ocom ((wi,vs))

(ui,vs)(ug,vs)EE(GOH)

niSa(H) + 2nanaS1(H)W (G) + nima Y (oa(w))®.
u; EV(G)

From (2.2) and A1, A2, we obtain:

S2(GOH) = n3S2(G) + niSa(H) 4 2nina(S1(G)W (H) 4+ S1(H)W(Q))
+n3ma Z (oc(ui)* + nima Z (o (vs))?. =

u; EV(G) vs €V (H)
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Remark 2.4 For each vertex (ui,vr) in GOH,

2
UGDH((Ui,'Ur)))
(uq,vr)EV(GOH)

= Z Z (nzac(ui)+n10H(vr-)>27 by (2.1)

u; €V(G) vy €V (H)

> Y (e +nilon () + 2mimoc(uon(v))

u; €V(G) vreV(H)

ny Y (oau)’+nd Y (on(v)? +8nanaW(G)W (H).
u; €V(Q) v €V (H)

By Theorem 2.3, Lemma 2.1, Remark 2.4 and this fact that [3], W(GOH) = n3W (G) + niW (H),

the following theorem is straightforward.

Theorem 2.5 Let G and H be two connected graphs with n1,ne vertices and mi1, ma edges, respectively.
Then

S2(GOH) = 2[mW(G) +niW (H)J* — n3S2(G) — niSa(H)
—2n1n2[S1 (G)W (H) + Sy (H)W (G) + 2W (G)W (H)]

n2(ns 4+ 2m ni(n1 +2m
_w Dy (aG(ui)f—% > (om(vn)™
wEev(a) vr V()

2.2 Join

The join G + H of two graphs G and H is the union G U H together with all the edges joining V(G)
and V(H). From the structure of G + H, the distance between two vertices u and v of G + H is

0, if u =,
det+u(u,v) = {1, if uwv € E(G) or wv € E(H) or (u € V(G) and v € V(H)),

2, otherwise.

Moreover, the degree of a vertex v in V(G + H) is

de() + |V(H)|,if veV(Q),

1O = o)+ V@) if ve v,

Theorem 2.6 Let G and H be two connected graphs with n1,ne vertices and m1, mo edges, respectively.
Then

So(G+H) = M(G)+ Ma(H) — (2n1 +na2 — 2)M1(G)
—(2n2 +n1 — 2)M,(H)
+(2n1 +n2 — 2)
—(2n2 +mn1 —2)

[(2n1 + n2 — 2)m1 — 2nima]
[(2712 +ny — 2)m2 — 2noma

—|—n1n2(2n1 + n2 — 2)] + 4dmimeo.
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Proof Let u be a vertex in V(G). Then from the structure of G + H, we obtain:

oayu(u) = > darn((u,v))
veV(G+H)
S S T SRRt o
veEV(G) u#v,uvg E(G) veV(Q), u#v,uveE(G) veV (H)

= 2n1+n2 —2—dg(u).

Similarly, if v is a vertex of H, then ogym(v) = 2nz + n1 — 2 — dg(v).

The edge set of G + H can be partitioned into three subsets, namely,

Ei ={uw € E(G+ H)|uv € E(G)},

E; ={uv € E(G+ H)|uw € E(H)} and

Es={we E(G+ H)lue V(G), ve V(H)}.

The contribution of the edges in E; is given by

S:G+H) = Y ocru(wocin(v)
= Z <2n1 +ng—2— dg(u)) (2n1 +ng —2— dG(v))
uwveE(G)
= Z [(2n1 +n2 — 2)* — (2n1 + n2 — 2)da(v)
weE(G)
—(2n1 + n2 — 2)dg(u) + de(u)da (v)]
= (2n1 4 n2 — 2)*m1 — (201 + n2 — 2) M1 (G) + M2 (G). (2.3)

Similarly, the contribution of the edges in Ej5 is given by

S2(G+H) = Y ocrn(uw)ocrn(v)
= (2n2 +ny — 2)2TI’L2 — (2n2 +ni — 2)M1 (H) =+ MQ(H) (24)

The contribution of the edges in E3 is given by

S2(G+ H)

Z oc+u(u)oct+u(v)

uvEE3

= Z Z (2711 +ng—2— dc(u)> (2n2 +n—-2- dH(”U))

weV (G) veEV (H)

- >y ¥ [(in oy —2)(2n2 + 11— 2) — (201 + o — 2)dir(v)
weV(G) veV (H)

—(2na + 11 — 2)de () + da (u)dH(v)]
= (2n1 —+ no — 2)(2n2 +ni — 2)n1n2 — inTI’LQ(in + ng — 2)
—2nom (Qng +ny — 2) + 4dmimeo. (2.5)
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The total contribution of the edges in G + H and its S2(G + H) is given by

S2(G+H) = M(G)+ Mz(H) — (2n1 + n2 — 2)M:1(G)
—(2n2 +n1 — 2)M:1(H)
+(2n1 + n2 — 2)[(2n1 + n2 — 2)m1 — 2n1m2]
—(2n2 + n1 — 2)[(2n2 + n1 — 2)ma

—2nami + ninz(2n1 + n2 — 2)] + dmima. O
Remark 2.7 For each vertex v in G + H,

SN (oern@)? = Y (oern@)?+ Y. (0arm(v))?

veV(G+H) veV(G) veEV(H)
= > @u4n-2-de)’+ Y (2n2+mn—2—dev))?
vEV(G) vEV (H)
- ¥ <(2n1 s —2)? 1 (de()? — 2(2n1 + n2 — 2)dg(v)>
veV(G)
+ Y ((2n2 = 2)% 4 (da(0)? — 2(2n2 + n1 — 2)dH(v)>
vEV(H)

= (2n1 + ngo — 2)2711 =+ Ml(G) — 4m1(2n1 —+ ng — 2)
+(2n2 +ny — 2)2n2 + Ml(H) — 4m2(2n2 +ny — 2).

According to [3], we know that

W(GE+H) = [VIQIIVG)] =1+ [V(H)(V(H) 1)
+IVGIIV(H)| - |EG)| - [E(H)|.

By this formula, Theorem 2.6, Lemma 2.1 and Remark 2.7, we obtain the following theorem.

Theorem 2.8 Let G and H be two connected graphs with ni,ne vertices and mi1, ma edges, respectively.
Then

S2(G+H) = M12(G) (4n1 +on, — 5) + % <4n2 +on, — 5)
~Ms(G) — May(H) + 2<n1(n1 —1) + na(nz — 1) + nana — my — m2>
—(2n1 +na — 2)<(2n1 s — 2)(% +ma) — 2(ma + n1m2)>
—(2ns + 11 — 2)<(2n2 - 2)(% — m2) — 2(ma — nama1)

—n1n2(2n1 + ng — 2)) — 4dmims.

2.3 Composition

The composition of two graphs G and H is denoted by G[H]. The vertex set of G[H] is V(G) x V(H)
and any two vertices (us;,v-) and (ug,vs) are adjacent if and only if w;ur € E(G) or u; = uy and
vrvs € E(H).

Theorem 2.9 Let G and H be two connected graphs with n1,ne vertices and m1, mo edges, respectively.
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Then

SQ(G[H]) = TZ%SQ(G) + 271%(712(712 — 1) — mz)Sl(G) + 8n2m2(n2 — 1)W(G)
—2712W(G)M1(H) — 2n1 (le — 1)M1 (H) + nle(H)

tnime Y (oa(w))® +4(na — 1)* (mima + man3)
u; EV(GQ)

+4mima(ma — 2n2(n2 — 1)).

Proof For the composition of two graphs, the degree of a vertex (u,v) of G[H] is given by
dga)((u,v)) = neda(u) + du (v). Moreover, the distance between two vertices (ui,v-) and (ux,vs) of
G[H] is

da(ui,uk) u; # ug
darm (ui, vr), (g, vs)) = € 2w = ug, vevs ¢ E(H)
1 wu; =ug, vevs € E(H).

Let (us,vr) be a vertex of G[H]. Then

o ((wi,vr)) = > dem (i, vr), (uk, vs))

(up,vs)€V(G[H])

- > de (ui, ur) + > dora ((uis vr), (i, vs))

(ug,vs)EV(G[H]), u;jFug (ui,vs)EV(G[H])
= ngog(ui) + dH(’UT) + 2(712 -1 dH(’UT))
= ngog(ui) + 2(712 — 1) — dH('UT). (26)

From the structure of G[H] and definition of Sz, we have

S:(GH]) = > > oo (s, ve)ogrm ((ui,vs))

u; EV(G) vrvs EE(H)

+ ) YooY oo ((ui,v)ocm((ui,vs))
ujup€E(G) v €V (H) vs €V (H)

A, +A27 (27)

where,

A Z Z oara (wi, vr))oam ((ui, vs))

u, €V(G) vrvs €E(H)

= > Y (meoo(w) + 2 — 1) — du(vn)) (n2oc(w) + 2z — 1) = da ()

u; €V(G) vrvs EE(H)

= Z Z [ng(ac(ui))2 + 2(n2 — 1)naoa(ui) — neog(ui)du (vs) + 2(n2 — V)n2oa(us)
u; €V(G) vrvs €E(H)

+4(ng — 1)* = 2(na — 1)du (vs) — naoe (wi)de (v,) — 2(na — 1)dm (v,) + dH(fur)dH(vs)]

= Z Z [n%(ac(ui))z + 4712(77,2 — 1)UG(7.LZ') + 4(712 — 1) — TIQO'G('LLi)(dH('UT) =+ dH(’US))
u; €V(G) vrvs EE(H)
—2(n2 — 1)(du(vr) + du(vs)) + da (vr)da (vs)

= ngmg Z (a'g(ui))2 + 8n2(n2 — 1)7)’L2W(G) + 77,1M2(H)
u; EV(G)
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—QnQW(G)M1 (H) — Q(ng — 1)n1M1 (H)

Az

> Yo D> oo ((uivn)ocim ((ur, vs))

ujup, €V(G) v EV(H) vsEV(H)

— Z Z Z (anG(Ui) +2(n2 —1) — dH(vr)) (ngac(uk) +2(nz—1) — dH(vs)>

u;up€V(G) vreV(H)vs€V(H)

= Z Z Z [nch(m)ac(uk) +2(n2 — V)ne(oa(us) + oc(ug)) + 4(na — 1)?

uup€V(G) vreV(H)vs€V(H)
—ngoa(ui)dg(vs) — nedu (vr)og(uk) — 2(n2 — 1)(du (vr) + du(vr)) + dH(vT)dH(vs)]
n552(G) + 2n3(na(na — 1) — ma)S1(G) — 8namima(nz — 1) + 4mam3 + 4(n2 — 1)%man3.

Hence

SQ(G[H]) = n%Sz(G) + 2n§(n2(n2 — 1) — mz)Sl(G) + 8n2m2(n2 — 1)W(G)
—QnQW(G)M1 (H) — 2 (nz — 1)M1 (H) + nle(H)

+n3ma Z (o (ui))® + 4(n2 — 1)*(nimsa + min3)
u; EV(G)
+4m1m2(m2 — 2n2(n2 — 1)) O

Remark 2.10 Let (u;,v,) be a vertex of G[H]. Then

> (Oaum((ui,v)® = D> Y (neoc(w)+2(ne — 1) — du(vr))’

(us,vr) EV(G[H]) u; €V(G) vreV(H)

= Y Y (nBloa)? + A~ 1P+ (@n ()

u; €V(G) vr €V (H)
Fna(ns — Dog(u:) — 2n206 (ui)da (vr) — 2(na — 1)dH(v,n)>

= ny Y (o6(w))?+niM(H)
u; EV(G)

+4n2(n2(n2 — 1) — ma) Z oc(us)
u; EV(G)
+4(n2 — 1)(nin2(n2 — 1) — ma).
Recall from [3] that
W(GIH]) = [V(H)[* (W(G) + [V(G)]) = V(G| (IV(H)| + | E(H))).

In the next theorem, we obtain a formula for S1(G[H]) according to W(G[H]), S2(G[H]) and
Remark 2.10.

Theorem 2.11 Let G and H be two connected graphs with ni, na vertices and m1, ma edges, respectively.
Then

Sy (G[H]) = <2n2W(G) oni(ng — 1) — %)Ml(H) — i Ms(H) — n3S2(G)

—2n3(na(na — 1) — ma)S1(G) — <8n2m2(n1 1)+ 2n§)W(G)
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_%(nz —2ms) Y (oa(w))? = 2na(na(ne — 1) —ma) Y oa(u)

w EV(G) W EV(G)
+nin2(2ng — 1) — nimo — 2(n2 — 1)2(n1n2 + 2n1me + 2m1n§)

+2ma(n2 — 1)(dminz + 1) — 4m1m§.
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