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Abstract: In literature, there are three affine frames commonly used for space curves, which
are called equi-affine frame, Winternitz frame and intrinsic affine frame, respectively. In this
study, we examined the position vectors of the space curves in affine 3-space for each of these
three frames separately, in terms of lying in the planes {T, N}, {T, B} and {N, B} which are
known as osculating, rectifying and normal planes, respectively and we obtained the position

vectors and we gave some conclusions.
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§1. Introduction

Affine differential geometry is the study of differential invariants with respect to the group of affine
transformation. The group of affine motions special linear transformation namely the group of equi-
affine or unimodular transformations consist of volume preserving (det(a;x) = 1) linear transformations

together with translation such that
3
m?zZajkxk+cj ji=1,2,3
k=1

This transformations group denoted by ASL(3,IR) := SL(3,IR) x IR*® and comprising diffeomor-
phisms of TR? that preserve some important invariants such curvatures that in curve theory as well.
An equi-affine group is also called an Euclidean group [3].

Salkowski and Schells gave the equi-affine frame [4], Kreyszig and Pendl gave the characterization
of spherical curves in both Euclidean and affine 3-spaces [3]. Su classified the curves in affine 3-space by
using equi-affine frame [6]. Winternitz dwelled on the insufficiency of equi-affine frame for curves class
of C® and defined the new frame known as Winternitz frame [5,1]. Davis obtained new affine frame by
defining intrinsic affine binormal and in this study, we called that frame as intrinsic affine frame [2].

A set of points that corresponds to a vector of vector space constructed on a field is called an

affine space associated with vector space. We denote A3 as affine 3-space associated with TR>. Let
a:J — As

represent a curve in As, where t € J = (t1,t2) C IR is fixed and open interval. Regularity of a curve
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in Az is defined as| & & @& |# 0on J, where & = da/dt, etc. Then, we may associate o with the

/ 1/6
s:a(t):/‘a a all at
t1

which is called the affine arc length of a(s). The coordinates of a curve are given by three linearly

invariant parameter

independent solutions of the equations
o™ (s) 4k (s) " () + 7a (5) @' (5) =0 (1
under the condition
a'(s) a’(s) o (s) |=1 (2)

where k (s) and 74 (s) are differentiable functions of s.

§2. Position Vectors of the Curves in Affine 3-Space According to

Equi-Affine Frame

Let a (s) be a regular curve with affine arc lengh parameter s. The vectors o’ (s), a” (s) and o’ (s) are
called tangent, affine normal and affine binormal vectors respectively, and the planes sp {a’ (s),a” (s)},
sp{a’ (s),a"" (s)} and sp{a” (s),a’” (s)} are called osculating, rectifying and normal planes of the

curve « (s). Thus, the frame

T'(s) = N(s),
N'(s) = B(s), ()
B'(s) = —7a(s)T(s) —k(s)N(s)

is called equi-affine frame, where k(s) and 7.(s) are called equi-affine curvature and equi-affine torsion,

which are given as follow
ks = | o'(s) o”(s) ot (s) | (4)
(s) = —| a"(s) o"(s) o™ (s) | 5)
Let f(s), g (s) and & (s) be differentiable functions then we can write
a(s) = £ () T(s) + g(s) N(s) +h (s) B(s) (6)

and by differentiating equation (6) with respect to s and by using equations (3), we obtain

, , B (s)+ g(s)
0=1{f(s) =h(s)ka(s) =1} T(s)+{ f(s)+g (s)} N(s)+ B(s)
{ } { g'(s)} h()kals)

Therefore, for o’ (s) = N(s) and B(s) = o’ (s), we obtain the following theorem.

Theorem 2.1 Let a(s) be a unit speed curve in As, with equi-affine curvature k(s) and with equi-

affine torsion Ta(s), then a(s) has the position vector in (6) according to equi-affine frame for some
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differentiable functions f (s), g (s) and h(s) satisfy the equations

Assume that the position vector of a(s) always lies in the plane sp{N(s), B(s)}. Position vector

of the curve a(s) satisfies the equation
a(s) = g(s) N(s) + h(s) B(s) (7)

for some differentiable functions g (s) and h(s). Differentiating equation (7) with respect to s, we

obtain
0={~h(s)7a(s) =1} T (s) +1{g (s)—h(s)k(s)} N+ {h'(s)+g(s)} B(s)

It follows that

h(s)Ta(s) = -1,
9 (s)—h(s)k(s) = 0, (8)
b (s) + g (s) =0

and h (s) = #(13)7 g’ (s) = —h" (s). Therefore, from the second equation we get
R" (s)+h(s)k(s) =0 (9)

and also

(L)) LR g (10)

a(s)z( L )/N(s)—LB(s).

T ()

and we find

—

By considering o’ (s) = N(s) and o' (s) = B(s), we have the following theorem.

Theorem 2.2 Let «(s) be a unit speed curve in As , with nonzero equi-affine curvatures satisfying

(7w) =5

then, a(s) is a curve whose position vector according to equi-affine frame always lies in the sp{ N (s), B(s)}

if and only if a(s) is the solution of the differential equation of

In the case of k(s) = 0, from the first and the second equation of (8) g(s) = co, h(s) = #(13)
and from the third equation of (8), we get 7o (s) = ﬁ Thus, from (7), the position vector of « (s)
satisfies the following differential equation

(cos —c1)a’"(s) — coa’ (8) +a(s) = 0.
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In the case of k(s) nonzero constant, from the second and the third equation of (8)

Co ksin(\/Es) - kcos(\/Es)
c1 sin(\/Es) + co cos(\/Es)

> <
—~
vy »
= —
[

and from the first equation of (8)

~1
c1 sin(\/Es) + co cos(\/Es) '

Ta(s) =

From (7), the position vector of « (s) satisfies the following differential equation
<cz ksin(Vks) — c1Vk cos(x/Es)) o’ (s) + (cl sin(Vks) + ¢z cos(\/%s)) a"(s) = a(s)

It is clear that 7,(s) cannot be zero from the first equation of (8).
In the case of 7(s) nonzero constant, from the first and the third equation of (8) g(s) = 0,
h(s) = :—al and from the second equation of (8), we obtain k(s) = 0. From (7), the position vector of

a (s) satisfies the following differential equation

"' (s) + Tac (s) =0

\3/77'&(78 7\3/77'0”15 3/—
a(s) =ce 2 + coe 2 + cze VT Te?

In the case of 7o(s) and k(s) nonzero constants, from the first and the third equation of (8)
g(s) =0, h(s) = ;—al and from the second equation of (8), we obtain k(s) = 0. By using (7), the

position vector of « (s) satisfies the following differential equation

a”'(s) + Tac (s) =0

Y—7abs - ¥Y=7qas
a(s)=ce 2 + coe 2 + c3e

Y=ras

where a and b are scalars that can be complex in general. Hence, we know the following theorem.

Theorem 2.3 Let a(s) be a unit speed curve in As , with the equi-affine curvature k(s) and with the

intrinsic affine torsion To(s) whose position vector lies in sp{N(s), B(s)} then the followings are true,
(1) If k(s) = 0 and Ta(s) = C08;7011,%671 position vector of a(s) satisfies the equation
(cos —c1)a’’(s) — coa” (s) + a(s) = 0;
(2) If k(s) > 0 constant and To(s) = = then position vector of o (s) satisfies the equation

wa’(s) —w'a” (8) —a(s) =0,

where w = c1 sin(\/Es) + co cos(\/Es);
(3) There is no curve whose 7o(s) =0 in As;
(4) If Ta(s) < 0 constant then k(s) = 0 and position vector of o (s) is

a(s) = c1e”’ + caef?® + cze’?’.

3, 3
where p1 = ~ 27“ , p2 = % and p3 = /—7o. Here, a and b are scalars that can be complex in

general.
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We assume that the position vector of a(s) always lies in the plane sp{7'(s), B(s)}. Position vector

of the curve a(s) satisfies equation
a(s) = £ (5)T(s) + h () B(s) (1)

for some differentiable functions f(s) and h(s). Differentiating equation (11) with respect to s, we

obtain
0= {f’ ()T(s) = h(s)Tals) — 1} T+{f(s)—h(s)k(s)} N +h'(s)B(s).
It follows that

f'(s) =h(s)7als) = 1,
f(s)=h(s)k(s) = 0,
R (s)=0

and it is clear thath (s) = co and then,

' (s) —cota(s) = 1,
f(s) —cok(s) = 0,
K'(s) — 1a(s) = L

Therefore, we obtained
a(s) = cok1(s)T(s) + coB(s).

By considering o’ (s) = T'(s) and o (s) = B(s), we can give the following theorem.
Theorem 2.4 Let a(s) be a unit speed curve in As , with nonzero affine curvatures satisfying

F(s) = 7als) =

then, « is a curve whose position vector according to equi-affine frame always lies in the sp{T'(s), B(s)}
if and only if « is the solution of the differential equation of

cok(s)a’ (s) +coa (s) —a(s) = 0.

In the case of k(s) = 0, from the second and the third equation of (12)

h(s)=co, [(s)=0, Ta(s) #0
and from the first equation of (12) we get

—1
TQ(S) = E

Thus, from (11), the position vector of « (s) satisfies the following differential equation

coa” (s) —a(s) =0

—as b

S S
o (3) = 6162(‘:0)1/3 + 6262(C0)1/3 —+ C3e(co)1/3 .

In the case of k(s) nonzero constant, from the second and the third equation of (12) h(s) = co,

f(s) = cok and from the first equation of (12) 7a(s) = ;—01 From (11), the position vector of a (s)
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satisfies the following differential equation

coa” (8) 4 coka’ (s) —a(s) =0

{7(c0)1/3271/3a)\2+k{72)\(c0)2/3+c0k321/3b}}5

a(s) = cae 6(c0)2/32
—{7(c0)1/3271/3b/\2+k{2/\(c0)2/3+c0k321/3a}}5
+ese 6(c0)2/3x
{(c0)t/327 /32 e k221 /3 (c0)2/3kA}s
+cse 3(co)2/3x

where
A = (—2k3co + 3v/—12c0k3 + 81 4 27) /3

and a, b are scalars that can be complex in general.

In the case of 74(s) = 0, from the second and the third equation of (12) h(s) = co, f (s) = cok(s)
and from the first equation of (12), we obtain

1
k(s) = —s+ .
Co
From (11), the position vector of « (s) satisfies the following differential equation

coa”'(8) 4 cok(s)a’ (s) — a(s) = 0.

In the case of 74 (s) nonzero constant, from the second and the third equation of (12) h (s) = co,
f(s) = cok(s) and from the first equation of (11), we obtain k(s) = HE—ST“S + c1. From (12), the

position vector of « (s) satisfies the following differential equation

coa”'(8)co + k(s)a' (s) — a(s) = 0.

In the case of 7o(s) and k(s) nonzero constants, from the second and the third equation of (12)
h(s) = co, f(s) = cok and from the first equation of (12) we obtain 7o = % By using (11), the

position vector of « (s) satisfies the following differential equation
coa”'(s) 4 coka’ (s) — a(s) = 0.

Hence, we obtain the following theorem.

Theorem 2.5 Let a(s) be a unit speed curve in As , with the equi-affine curvature k(s) and with the

intrinsic affine torsion T (s) whose position vector lies in sp{N(s), B(s)} then, the followings are true.
(1) If k(s) = 0 and Ta(s) = ;—01 then position vector of a (s) satisfies the equation
a(s) = c1e”® 4 c2e%?° + c3e”3°

where 61 = 7. 2 = ks ond 0 =

(2) If Ta(s) and k(s) are nonzero constants then position vector of « (s) satisfies the equation

a(s) = c1e®t’ + c2e??’ + cze®?®
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where
{=(co) 227 /%an? 4k { =20 (c0)/* + cok?2"/ 0} |
Y1 = 6(co)2/3X
- {—(co)1/32’1/3b)\2 Tk {2)\((30)2/3 n c0k321/3a}}
P2 = 6(co)2/3X
{(00)1/3271/3)\2 T ocok?2'/3 — (00)2/3k)\}
®3 = 3(00)2/3)\ )
A = (=2k3co + 3v/ —12cok3 + 81 4 27) /3
and c1,c2,c3 € ITR? such that ‘ c1 C2 c3 ‘ =1 and a, b are scalars that can be complex in general;

(3) If Ta(s) = 0, and k(s) = %5 + c1 or Ta(s) nonzero constant and k(s) = Hz—gms + c1 then

position vector of a (s) satisfies the equation

coa”’ (8)co + k(s)a’ (s) — a(s) = 0.

Now, assume that the position vector of a(s) always lies in the plane sp{T'(s), N(s)}. Position

vector of the curve « satisfies equation
a(s)=f(s)T(s)+ g(s)N(s) (13)

for some differentiable functions f (s) and g (s). Differentiating equation (13) with respect to s, we

obtain
0={f"(s) =1} T(s)+{ g () + [ ()} N(s) + g(s) B(s).
It follows that

1
g (s)+f(s) =0, (14)
0

There is no f (s) and g (s) satisfying equations (14). Thus, we get the following theorem.

Theorem 2.6 There is no curve in Az whose position vector always lies in the sp{T(s), N(s)} according

to equi-affine frame.

§3. Position Vectors of the Curves in Affine 3-Space According to Winternitz Frame

Let a (s) be regular C°—curve with affine arclenght parameter s. A. Winternitz in [5] defined a new

equi-affine frame by taking
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which are called the first and the secod affine curvatures (also we called them the first and the second
Winternitz affine curvatures). Here, k(s) and 74(s) are called equi-affine curvature and equi-affine
torsion given in (4) and (5). Winternitz frame (also called equi-affine frame for C®—curves) is defined

with the equations

T'(s) = N(s)
N'(s) = ki(s)T(s)+ B(s) (15)
B'(s) = ka(s)T(s) + 3ki(s)N(s).

Let f(s), g(s) and h (s) be differentiable functions, then we can write
a(s) = f(s)T(s)+ g(s) N(s) +h(s) B(s). (16)

Differentiating equation (16) with respect to s and by using equations (15), we obtain

N O RN OLIC I S B AORY IO

N(s h (s )\ B(s
+h(s)ka(s) — 1 +3h (s) k1 (s) )+ (R (s) +9 ()} B6)

Therefore, for o’ (s) = N(s) and B(s) = o' (s) + k(:) o’ (s), we get the following theorem.

Theorem 3.1 Let o (s) be a unit speed curve in As, with Winternitz curvatures ki(s) and kz(s), then
a (s) has the position vector in (17) according to Winternitz frame for some differentiable functions

f(s), g(s) and h(s) satisfies the equations

F ()4 g(8)ki(s) +h(s)ka(s) = 1
g’ () + f(s) +3h(s) ki(s) - 0
R (s) + g (s) - 0.

Assume that the position vector of a(s) always lies in the plane sp{N(s), B(s)}. Position vector

of the curve a(s) satisfies the equation
a(s) = g(s) N(s) + h(s) B(s) (17)

for some differentiable functions g (s) and h(s). Differentiating equation (17) with respect to s, we

obtain
0= {g(s)ki(s) +R(s)ka(s) =1} T(s) + {g' (s) + 3 (s) k1 (s)} N(s) + {h' () + g(s)} B(s).

Thus, we have the following equations

() ki(s) +h(s)kals) = 1
g’ (s) + 3h(s) ki(s) = 0 (18)
W () + 9(s) _

From the first and the third equation of (18)

B (s)ki(s) —h(s)ka(s) +1=0
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then solution is p
s

h = - —+ , 19

©=v{-[2sral (19)

ko(s) s )
I F®% and from the second equation for ¢’ (s) = —h" (s) we get

where p = e
h" (s) — 3h (s) ki(s) = 0. (20)
Then by using (19), (20) it turns to
_ds — ¢ 1(s) — (ka(s))* _ [R2(s) / __ka(s) Ki(s) =
w{./ ki (s) }{3k ©) o) {kl(s)} } o) T = @Y

and we find

o(s) = {“0//@%8(3) —cop + ﬁ@)}N(S) “P{/w%s(s) —CO}B(S).

By considering o’ (s) = N(s) and B(s) = o’ (s) + %S)o/ (s), we get the following theorem.

Theorem 3.2 Let a(s) be a unit speed curve in As , with nonzero Winternitz curvatures satisfing
(21), then a(s) is a curve whose position vector according to Winternitz affine frame always lies in
sp{N(s), B(s)} if and only if a(s) is the solution of the differential equation of

o it oy o () {¢ [ ity —eod gt e () |
—o{ [ s — o ka()al () + a(s)

In the case of ki(s) = 0, from (18), we obtain g (s) = co, h(s) = —cos + c1 and ka(s) = L

—cos+ep”
From (17), position vector of « (s) satisfies

(cos —c1)a” (8) — coa’ (8) + a(s) = 0.
In the case of k1(s) # 0 constant, from the second and the third equation of (18), we get
R (s) — 3kih(s) =0

and the solution is
h(s) = ci1e®™ 3k 4 e VERL

Also, from the first equation, we get the second curvature is

. 1+ c1vV3k1e® 3k _ coV/3k1e”® 3k1

k2(8) (Cles\/m_"_@e,s\/%)

and so g (s) is
g(s)= \/%{rrszs‘/m - CleS\/m} .

From (17), position vector of « (s) satisfies

<Cles\/3k1 + 02673‘/3k1> Oél” (S) + \/m {02678\/3161 _ Cles\/m} Oé” (8)

=0.
—k1 <cleSV3k1 + czefs”kl) o' (s) —a(s)
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In the case of k2(s) = 0, from the first and the third equation of (18), we obtain g (s) = ﬁ(s)?

his)y=—/ #(SS) + ¢o and from the second equation of (18), we obtain the relation of the curvatures
EY(s)k1(s) — 3k1(s) + 3ki1(s)® = 0.

Thus, from (17), position vector of « (s) satisfies

(_ 5+ ) o (5) + e (5) - (— |55+ ) Ki()a (5) = a(s) = 0.

In the case of k2(s) nonzero constant, from the first and the third equation of (18), we obtain

© ds r_ds
h(s) = {kiz + coe? ! } g(s) = —]:f—(k;)e’c” o)

and from the second equation of (18), we obtain the relation between the curvatures as follows

{3]€1(5)3 _ (k2)2 } Coesz % n 3k1(8) —0.

kl (5)2 kz

From (17), position vector of a (s) satisfies

ko ds k ko ds
(& +eoc? B} o () - szt w7 (5)

& =0.
B {% + coekQ I % } k1 (s)a/ (S) — (3)

In the case of k1(s) and k2(s) nonzero constants, from the first and the third equation of (18), we
get

1 kag k
h(s) = P +coeF17, g(s) = —cok—lekl

and also from the second equation of (18), we get the relation between the curvatures as follows
k
{3(k1)? = (k2)?} cokae™ ° + 3(k1)* = 0.

From (17), position vector of « (s) satisfies
k k k
L + coeﬁs a” (s) — coﬁeﬁsa" (s) — L + coeﬁs kid' (s) —a(s) = 0.
ko k1 ko

Therefore, we get the following theorem.

Theorem 3.3 Let a(s) be a unit speed curve in As , with the Winternitz curvatures ki(s) and ka(s),

whose position vector lies in sp{N(s), B(s)} then, the followings are true.

(1) If k1(s) = 0 and ka(s) = then position vector of «(s) satisfies the equation

1

—cps+cy
(cos —c1) " (5) — cod” (8) + a(s) = 0;

(2) If k1(s) > 0 is constant and kz(s) = H—f then position vector of «(s) satisfies the equation

~I Il

gua (s) = Fa’" (s) — kaga’ (s) —ar(s) = 0

where @ = c1e®Y 3k1 4 eV Skl;
(3) If k2(s) = 0 and k1(s) satisfy kY (s)k1(s) — 3ki(s) + 3k1(s)® = 0 then position vector of «(s)
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satisfies the equation

where ¢ = — [ —kf(ss) + co;

(4) If k2(s) is nonzero constant, ki(s) and k2 satisfy

{3]€1(s)3 _ (k2)2 } Coe’” I ﬁ n 3k1(8) -0

kl (5)2 kz

then, the position vector of o (s) satisfies the equation

(i eoo o ()= 2 )~ {1+ oo p o) ()~ () =0

k2f d_SS
where ¢ = e k1(s)

(5) If k1(s), ka2(s) monzero constants and satisfy the equation
k
{3(k1)? = (k2)?} cokae™ * +3(k1)* = 0

then, the position vector of a (s) satisfies the equation

L +cov | & (5) — co@va” (s) — 1 +cov | k1d’ (s) —a(s) =0
kg kl k2

ka g
where v = eF1 ",

We assume that the position vector of a(s) always lies in the plane sp{7'(s), B(s)}. Position vector

of the curve a(s) satisfies equation
a(s) = £ (5)T(s) + h () B(s) (22)

for some differentiable functions f(s) and h(s). Differentiating equation (22) with respect to s, we

obtain
0= {f’ (s) + h(s) ka(s) — 1} T(s) +{f(s) +3h(s)ki(s)} N(s) + h' (s) B(s),
it follows that
£ (5) + (s ka(s) = 1
f(s)+3h(s)ki(s) =0 (23)
K(s)=0
for h (s) = co. From the first and second equations of (23), we get
ka(s) — 3K) (s) = %
and
f(s) = =3coki(s).
Therefore, we obtained
a(s) = —3cok1(s)T(s) + coB(s).

By considering o’ (s) = T'(s) and B(s) = o’ (s) + #a' (s), we get the following theorem.
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Theorem 3.4 Let a(s) be a unit speed curve in As with nonzero Winternitz curvatures satisfing
ka(s) — 3Kki(s) = %, then, a(s) is a curve whose position vector according to Winternitz affine frame

always lies in sp{T(s), B(s)} if and only if a (s) is the solution of the differential equation of

coa”" (8) — 4deoki(s)a’ (s) —a(s) =0

In the case of k1(s) = 0, from (23), we find h (s) = co, f(s) =0 and k2(s) # 0. From (22), we get
cod”’ (s) —a(s) =0

and the solution is

—as

bs s
a(g) = cre2()t/® 4 0262(00)1/3 + 036(60)1/3 .

In the case of k1(s) nonzero constant, from the second and the third equation of (23), we obtained

h(s) = co, f(s) = —3cok:1 and also ka(s) = % From (22), we get « (s) satisfies the equation
coa”’ (8) — dcokia’ (s) — a(s) = 0.

In the case of k2(s) = 0 constant, from the first and the third equation of (23) f (s) = s + 1,
h (s) = co and from the second equation of (23), we obtain ki (s) = %ccol From (22), we get that « (s)
satisfies the equation
3coa’”’ (8) + 4(s +c1)a’ (s) — 3a (s) = 0.

In the case of k2(s) nonzero constant, from the first and the third equation of (23) h(s) = co,
f(s) = (1 — cok2)s + c1 and from the second equation of (23), we obtain ki(s) = % From
(22), we get that « (s) satisfies the equation

3coa” (8) + 4 ((1 — cok2)s +c1) o’ (s) — 3a (s) = 0.

In the case of ki(s) and k2(s) nonzero constants, from the first and the third equation of (23)
h(s) = co, f(s) = —3cok1 and also from the second equation of (23), we obtain k2 = ;—01 From (22),
we get

coa” (8) — deokia’ (s) —a(s) =0

and the solution is

{4k1(c0)2/3b121/37w2}5 —{4k1(c0)2/3121/3a—4p2b}5
a(s) = cae 2¢ + c2e 2¢
121/3 L4k (c)?/3121/3 442} 5
+cze 6e(co)!/3 ,

1/3
where ¢ = {9 + 1/ —T768(co)2(k1)3 + 81} . Hence, we can give the following theorem.

Theorem 3.5 Let a(s) be a unit speed curve in As with the Winternitz curvatures ki(s) and ka(s),

whose position vector lies in sp{N(s), B(s)}, then, the followings are true.
(1) If k1(s) = O then position vector of c(s) is
a(s) =c1e™® + ce™* + cze”’

_ - . —b _ 1
for some ka(s), where ri = W7 2 = 5e=i7s and r3 = ToiTE
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(2) If k1(s) and k2(s) are nonzero constants then, position vector of a (s) is
a(s) = c1e¥1® & cpe¥? o+ 63ew35,

where

{4k1 (00)2/36121/3 — ach}

= =
— {4k1 (00)2/3121/3a — gozb}
Yo = —
121/3 {4k1(60)2/3121/3 n <p2}
s = 6p(ca)1 7

o= {9 + /—=768(co)2 (k1)? + 81}1/3

and a, b are scalars that can be complex in general;

(3) If k2(s) = 0 and ki(s) = %6601 then, position vector of c(s) satisfies the equation

"

3coa’” (8) +4(s +c1)a’ (s) — 3a(s) = 0;

(4) If ka(s) is nonzero constant and k1(s) = (C°k27,10)sfcl then, position vector of a (s) satisfies

3c
the equation

3coa’” (8) + 4 ((1 — cok2)s +c1)a’ (s) — 3a(s) = 0.

Now, assume that the position vector of a(s) always lies in the plane sp{T'(s), N(s)}. Position

vector of the curve «(s) satisfies equations

a(s)=f(s)T(s)+ g(s)N(s) (24)

and
0={f"(s)+ g(s)kr(s) =1} T(s) + { g’ () + f (s)} N(s) + g (s) B(s)

for some differentiable functions f(s) and g (s). Differentiating equation (24) with respect to s, we

obtain
fr )+ gls)ka(s) = 1
g'(s)+ f(s) =0 (25)
g (s) = 0.

There is no f (s) and g (s) satisfying equations (25). Thus, we get the following theorem.

Theorem 3.6 There is no curve in As whose position vector always lies in sp{T(s), N(s)} according

to Winternitz affine frame.

84. Position Vectors of the Curves in Affine 3-Space According to Intrinsic

Equi-Affine Frame

In [2], D. Davis obtained a new affine frame by taking T'(s) := o/(s), N(s) := a”'(s), B(s) := k(s)a/(s)+

a"’(s) (which is called intrinsic affine binormal) and 7o (s) := k(s) — 74(s) (which is called intrinsic
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affine torsion) with the equations

T'(s) = N(s)
N'(s) = —k(s)T(s) + B(s) (26)
B'(s) = —7a(s)T(s).

We called {T'(s), N(s), B(s)} is intrinsic affine frame. Here, k(s) and 7.(s) are called equi-affine cur-

vature and equi-affine torsion given in (4) and (5).

Let f(s), g(s) and h (s) be differentiable functions then, we can write
a(s) = f(s)T(s)+ g(s) N(s) +h(s) B(s). (27)
Differentiating equation (27) with respect to s and by using equations (26), we obtain

W (s)+ g(s)
—h(s)k(s)

0={f"(s) =h(s)Tal(s) =1} T(s) +{ f(5) + 9" (s)} N(s) + B(s).

For o (s) = N(s) and B(s) = k(s)a’(s) + o’ (s), we can give the following theorem.
Theorem 4.1 Let a(s) be a unit speed curve in As with equi-affine curvature k(s) and with intrinsic

torsion Ta(s), then, a(s) has the position vector in (27) according to intrinsic equi-affine frame for

some differentiable functions f (s), g (s) and h(s) satisfy the equations

I (8) = h(s) Tals) = 1,
f(s)+4 (s) = 0,
W(s)+ g(s)—h(s)k(s) = 0

Assume that the position vector of a (s) always lies in the plane sp{N(s), B(s)} then, position

vector of the curve « (s) satisfies the equation
a(s) = g(s) N(s) + h(s) B(s) (28)

for some differentiable functions ¢ (s) and h(s). Differentiating equation (28) with respect to s, we

obtain
0= {~h(s)Tals) = g(s)k(s) =1} T(s) + g’ (s) N(s) + {I' (s) + g (s)} B(s).
It follows that

h(s)Ta(s)+g(s)k(s) = -1,
g9’ (s) = 0, (29)
W (s)+g(s) = 0.

and we get g (s) = co and h (s) = —cos + c¢1. From the second, the third and the first equation of (29),
we obtain
(—cos + c1) Tal(s) + cok(s) = —1.

In this case, we can write
a(s) = coN(s)+ (—cos + c1) B(s).

By considering o’ (s) = N(s) and B(s) = k(s)a’(s) + a’”’(s) we can give the following theorem.
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Theorem 4.2 Let a(s) be a unit speed curve in As with nonzero equi-affine curvature k(s) and with

intrinsic torsion Ta(s) satisfying
(cos — c1) Tal(s) — cok(s) =1,

then, a(s) is a curve whose position vector according to intrinsic equi-affine frame always lies in
sp{N(s), B(s)} if and only if a (s) is the solution of the equation

(—cos+c1)a’(s) + coa” (8) + (—cos + c1) k(s)a'(s) — a(s) =0.

In the case of k(s) = 0, from the first and the second equation of (29), we obtained g (s) = co,
h(s) = #(18) and 7, (s) # 0. From the third equation of (29), we get To(s) = —~—. Thus, from (28),

cps—cy

the position vector of « (s) satisfies the following differential equation
o' (5) — coTa(s)a” (8) + Tu(s)a (s) = 0.

In the case of k(s) nonzero constant, from the second and the third equation of (29), we obtained
g (s) = co, h(s) = —cos + c1. From the first equation of (29), we get Ta(s) = % From (28), the
position vector of « (s) satisfies the following differential equation

(—cos +c1)a’”'(s) + coa” (s) + (—cos + c1) ka'(s) — a(s) = 0.

In the case of To(s) = 0, from the second and the third equation of (29), we obtained g (s) = co,
h(s) = —cos + c1. From the first equation of (29), we obtained k(s) = c;ol From (28), the position

vector of « (s) satisfies the following differential equation
(—cos +c1) &' (s) 4 coa” (8) + (—cos + c1) k(s)a’(s) — a(s) = 0.

In the case of To(s) nonzero constant, from the second and the third equation of (29) g (s) = co,
h(s) = —cos + ¢1 and from the first equation of (29), we obtain k(s) = {02=27a=1 From (28), the

[h)
position vector of « (s) satisfies the following differential equation

(—cos + c1) &' (s) 4+ coa” (8) + (—cos + c1) k(s)a/(s) — a(s) = 0.

In the case of 7o(s) and k(s) nonzero constants, from the second and the third equation of (29),

l+cok

we obtained g (s) = co, h (s) = —cos+c1 and from the first equation of (29), we obtained 7o = 2%

By using (28), the position vector of « (s) satisfies the following differential equation,
(—cos 4 c1)a”'(s) 4+ coa” (8) + (—cos + c1) k' (s) — a(s) = 0.

Hence, we get the following theorem.

Theorem 4.3 Let o (s) be a unit speed curve in As with the equi-affine curvature k(s) and with the

intrinsic affine torsion T (s) whose position vector lies in sp{N(s), B(s)} then, the followings are true.

(1) If k(s) = 0 then position vector of a(s) satisfies the equation

o' (s) — coTu(s)a” (8) + Tu(s)a(s) =0
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for some Ta(s);

(2) If Ta(s) = 0 and k(s) = c;ol or Ta(s) is nonzero constant and

(cos —c1)Ta — 1

k(s) =

Co

then, position vector of a (s) satisfies the equation

(—cos +c1) ' (s) + coa” (8) + (—cos + c1) k(s)a/(5) — a(s) = 0;

14+cok

= or Ta(s) and k(s) are nonzero constants then,
cos—cq

(3) If k(s) is nonzero constant and To(s) =

position vector of a (s) satisfies the equation

(—cos + c1) &' (s) + coa” (8) + (—cos + c1) k' (s) — a(s) = 0.

We assume that the position vector of a always lies in the plane sp{T'(s), B(s)}. Position vector

of the curve « satisfies equation
a(s)=f(s)T(s)+h(s)B(s) (30)

for some differentiable functions f (s) and h (s). Differentiating equation (30), with respect to s, we
obtain
0={f"(s) = h(s)7al(s) =1} T(s) + f (s) N(s) + I (s) B(s).

It follows that

f(s)=h(s)7als) = 1,
f(s) = 0 (31)
R (s) =0

and we get h (s) = co and 74(s) = ;—01 Thus, we can write
a(s) = coB(s).

If 7o (s) = 0 then, there is no function f (s) that satisfies the first and the second equation of (31).

By considering o’ (s) = T'(s) and B(s) = k(s)a’ + ", we can give the following theorem.

Theorem 4.4 Let a(s) be a unit speed curve in As with nonzero intrinsic affine torsion, then, o (s)
is a curve whose position vector according to intrinsic equi-affine frame always lies in sp{T(s), B(s)}

if and only if a (s) is the solution of the equation
coa” (8) + cok(s)a’ (s) —a(s) =0
for some k(s).

Now, assume that the position vector of a (s) always lies in the plane sp{T'(s), N(s)}. The position

vector of the curve « (s) satisfies equation
a(s)=f(s)T(s)+ g(s) N(s) (32)

for some differentiable functions f(s) and g (s). Differentiating equation (32) with respect to s, we
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obtain
0={f (5)T(s) =g (s)ka(s) =1} T(s) + { g' (s) + [ (s)} N(s) + g (s) B(s).

It follows that
f()T(s) = g(s)kals) =
g'(s)+ £ (s) =
g(s) =

o o =
—
w
w
=

There is no f (s) and g (s) satisfying equations (33). Thus, we get the following theorem.

Theorem 4.5 There is no curve in Az whose position vector always lies in the sp{T(s), N(s)} according

to intrinsic equi-affine frame.
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