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§1. Introduction

Let U = {z : |z| < 1} denote an open unit disc and let H denote the class of all complex valued,
harmonic and sense preserving univalent functions f in & normalized by f(0) = f.(0) — 1 = 0.
Each f € H can be expressed by f = h 4+ g where

h(z)=z+ Zanz” , g(z) = Z b 2", |b1] < 1, (1.1)
n=2 n=1

are analytic in U. A necessary and sufficient condition for f to be locally univalent and sense
- preserving in U is that |h/'(z)| > |¢/(2)| in U. Clunie and Sheil-Small [3] studied H together
with some geometric sub-classes of H. We note that the family H of orientation preserving,
normalized harmonic univalent functions reduces to the well known class S of normalized uni-
valent functions in U, if the co-analytic part of f is identically zero, that is ¢ = 0. Harmonic
functions are famous for their use in the study of minimal surfaces and also play important
roles in a variety of problems in applied mathematics. We can find more details in [1, 2, 4, 5].
Also let H denote the subclass of H consisting of functions f = h + g so that the functions h
and g take the form

h(z) =z - Z anz" g(z) = — Z bnz", |b1] < 1. (1.2)
n=2 n=1

Definition 1.1 Let m be any positive integer. A domain D is said to be m-fold symmetric if a

rotation of D about the origin through an angle %’ carries D onto itself. A function [ is said
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to be m-fold symmetric in D if for every z in D we have

! (62:172) = eiﬁif(z), z€D.

The family of all k-fold symmetric functions is denoted by S*, and for k = 2 we get
class of odd univalent functions. The notion of (j, m)-symmetrical functions (m = 2,3,---, and
j=0,1,2,--- /m—1) is a generalization of the notion of even, odd, k-symmetrical functions and
also generalizes the well-known result that each function defined on a symmetrical subset can be
uniquely expressed as the sum of an even function and an odd function. The theory of (j,m)-
symmetrical functions has many interesting applications; for instance, in the investigation of the
set of fixed points of mappings, for the estimation of the absolute value of some integrals, and for
obtaining some results of the type of Cartan’s uniqueness theorem for holomorphic mappings,
see [8]. Denote the family of all (j, m)-symmetrical functions by SU™). We observe that, S(*:2),
S12) and S are the classes of even, odd and m-symmetric functions respectively. We have

the following decomposition theorem.

Theorem 1.2([8]) For every mapping f : U — C, and a m-fold symmetric set, there exists

exactly one sequence of (j, m)-symmetrical functions f; .. such that

m—1
f(Z) = Z fj,m(z)v
3=0

where

m—1
fim(z) = % Z e f (%), z € U. (1.3)
v=0

Remark 1.3 Equivalently, (1.3) may be written as

ijm(z) = Zan,janzn; a =1, (14)
n=1
where
m—1 .
Onj=— Z g = 7 (1.5)
mi=0 0, n#lm+j;

(leN,m=1,2,---,j=0,1,2,--- ,m—1).

Yong Chan Kim et al [7] discussed the class HCV (k, ) of complex valued, sense preserving

harmonic univalent functions. f of the form (1.1) and satisfying

220" (2) + 229'(2) + 229" (2)
zh!(2) — 2¢'(2)

R{1+(1+kei¢) }204,0§04<1. (1.6)

Now, using the concept of (j,m) symmetric points we define the following.
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Definition 1.4 For0<a <1 andm =1,2,3,---,j =0,1,2,--- ,m — 1. Let HCV?™(k, )
which denote the class of sense-preserving, harmonic univalent functions f of the form (1.1)

which satisfy the condition

j,m(

Re {1 + (1 + ke'?) Z%’;(;B +(Zg_’(%”(z) } za. (1.7)

b ; Qf/ 6
20 (argf(re 9)) = Im <%>

where z = re? 0 <r <1,0<60 <27, 0<k < oo and fjm = hjm + Gjom where hjm,gjm
given by

m—1 m—1
1 , 1 _
=— Y e h(e2), gim(z) = = Y e g(e"2). 1.8
m e h(e2), gjm(2) = — 2 e g(e"z) (1.8)

We need the following result due to Jahangiri [6] to prove our main results.

Theorem 1.5 Let f = h+ g with h and g of the form (1.1). If

Z Ianl Z "+O‘|b|<2 a1=1,0<a<l, (1.9)

then f is harmonic, sense-preserving, univalent in U, and f is convex harmonic of order o
denoted by HK (a). Notice that the condition (1.9) is also necessary if f € HK (o) = HK ()N
H.

§2. Main Results

Theorem 2.1 Let f = h+7 of the form (?7) and fjm = hjm +; , with hjm andg; ,,, given
by (1.8). If0<k<o00,0<a<1lm=1,23,---,7=0,1,2,--- ,m—1 and

—~nn(k+1)—k— k+1 + k + abdy ;]
7, < .
Z:: T as, ) n|+z i) | by |< 2, (2.1)

then f is harmonic, sense- preserving, univalent inU, and f € HCVI™(k, ), where 6, ; given
by (1.5).

Proof Sincen—a <n+nk—-—k—ad,; andn+ao <n+nk+k+ad,; for 0 <k < oo,
it follows from Theorem 1.5 that f € HK(a) and hence f is sense- preserving and convex
univalent in U. Now we need to show that if (2.1) holds then

Re{zh’(z)ﬂl%e”)zzh”( 2) + (14 2ke™)2g/(2) + (1 + ke'?)229" (2 )}
2hj n(2) = 295 (2)

= Re (28) > a. (2.2)
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Using the fact that Re(w) > aif and only if | 1 —a+w |>| 1 + o — w | it suffices to show
that

| A(z) + (1 —)B(2) [ - [ A(z) - (1 + a)B(2) | =0, (2:3)

where A(z) = zh/(2) + (1 + ke'®)22Rh"(2) + (1 + 2ke'®)zg'(2) + (1 + ke'?)22¢"(2) and B(z) =

zh; 1 (2) = 29}, (2). substituting for A(z) and B(z) in (2.3), we obtain

[A(2) + (1 = a)B(2)| - [A(z) — (1 + @) B(2)]|
= ‘zh'(z) + (14 ke'®)22h" (2) + (1 4 2ke™®)zg' (2) 4+ (1 + kei?)22¢"(2)

+ (L= a)[zh] 1, (2) — 295 1 ()]

—|2h(2) + (1 + kew)zzh”(z) +(1+ 2kei¢)zg’(z) + (14 kew)zzg”(z)

~(1+ )] 10 (2) = 2] (2]

=14+ 1 —-a)lz+ i n[n+ (n — ke + (1 — )8, jlanz"

n=2

+ Z nin+ k(n + 1)ke'® — (1 — a)d, ;] bpz"|
n=1

—|[1 = (14 )b ]z + i nnn + (n — ke — (1 + )8, ;]anz"

n=2
Z [n 4 k(n + Dke™ + (14 a)d,,j]bnz"
> [+ (1—a)dig) |z =Y nln(k+1) =k = (1= )dn] [ an || 2" |
n=2

Z n(k+1)+k+ (1 —a)dn ] | ba |l 2" ]

= nn(k+1) —k—ad,; e
(2(1—0&)51] |Z|{ Z (1—ad, ) ]]lan||z| !

n=2

> k+1 —i—k—l—aén]] 1

—nn(k+1)—k—ad,;
> (2(1—a)d ) |z|{ (Z T 7J]|an|
j

o0

n(k+1) + k+ ady ;]
>
; (1—adyj) |bn|>}_0

by (2.1). The harmonic functions

0451J) aalg)
= an bo| <2, (24
Z+Z k—i—l ey Lo |+Z k+1 Tt an ! (24)
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where - -
Z |xn| + Z |yn| =2,
n=1 n=1

show that the coefficient bound given in Theorem 2.1 is sharp. The functions of the form (2.4)
are in HCV7™(k, o) because

S~ nnk+1) —k— n(k+1) + k + ad, ;]
Z (I1—ad ) n|+z (1—ady ;) = b
n=1 Lj Lj
= zal+ D lyal = 2. (2.5)
n=1 n=1
This completes the proof. O

If j = m =1 we get the following result proved by Yong Chan Kim et al in [7].

Corollary 2.2 Let f = h+73g of the form (?7?). If0<k < oo, 0<a<1 and

Z M S 3 M Ry <

n=1

then f is harmonic, sense- preserving, univalent in U, and f € HCV (k, «).

Now we show that the bound (2.1) is also necessary for functions in HC'V (k, a).

Theorem 2.3 Let f = h+7G of the form (1.2) and fjm = hjm +G;m with hjm andg; ,, given
by (1.8). Then f € HOVI™(k,a) if and only if

= nn(k+1) -k —ad, ] = nn(k+1) +k+ ad, ]
o bl < .
g 0= a6 o 14D =y [bnl<2  (26)

n=1
where 0 <k <o00,0<a<1m=123,---,7=0,1,2,--- ,m—1, and J,, ; given by (1.5).
Proof In view of Theorem 2.3, we only need to show that HCV 7™ (k,a) if condition (2.6)

does not hold. We note that a necessary and sufficient condition for f = h+ g of the form (1.1)
to be satisfied. Equivalently, we must have

R{g“ o}

{zh’ (1+ ke')22h" (2) + (1 + 2ke™) (29 (2) + (1 + ke'?) (z%¢"(2)) a} >0
2 (2) — 20 . (2) -

Therefore,

Re { (1 —-0610)z =302 on[n(k+1) — k — adp jllan]|z™ + > or; nn(k + 1) + k + adn j]|bn| 2"

>0 2.7
P17 = S My [an | T Sy mong bl } =0 0

upon choosing the value of z on the positive real axis where 0 < z = r < 1 the above inequality
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reduces to

(1= 81,50) = { Zo2p nlnlh + 1) = k = adn jllan] + 52, nlnlk + 1) + k+ ady ]l | 7~
01,5 — Yoo non jlan|rm =t 4+ 30 ndy jlbp|rn 1

>0 (28)

If condition (2.6) does not hold then the numerator in (2.8) is negative for r sufficiently
close to 1. Thus there exists zg = 7 in (0,1) for which the quotient (2.8) is negative. This
contradicts the required condition for f € HCV7™(k,a)and so proof is complete. |

§83. Extreme Points and Distortion Bounds

Theorem 3.1 Let f be of the form of (1.2). Then f € clcoHCV (k,a) if and only if f(z) =

Zzo:l (Tnhn(2) + Angn(2)) where hi(z) = z, hp(2) = 2 — W(i;)af%z", (n=2,3,4,---,)
1—ady -n )

and gn(2) = 2= gEmrn s 7 (0 = L2300 ), 0 (T + An) = L 2 0 and A > 0,

In particular, the extreme points of HCV?™(k, o) are {h,}and{g,}, and d, ; given by (1.5).

Proof For functions of f of the form f(2) = >_°7 | (Tnhn(2) + Angn(2)) , we have

n=1
z . > _ L 0 (1_O‘5Lj) o
flz) = ;(n+)\n) ;n[n(k+1)—]g_a5n7j]n
3 (1—ady;) .
_,;1 [(k+1)+1<1:+a5nj] _Z_Zanz —sz ) (3.1)

Therefore,

= nn(k+1) —k —ad, ] [(k—i—l)—i—k—i—aé]
: : _ <
S e 3 Ml = 5 3 da =1 <

and so f € HOVI™(k, ).

Conversely, Suppose that f € HCVI™(k,a). We set 7, = %WMM,TL =

2,34, A, = MRl |y = 1,23, and 7= 1= 3000, 7 — Yocy An- Then
> (Tn +2)=1,0<7,<1,0<X\,<1,(n=1,2,3,---,) thus by simple calculations we
get f(2) =507 (Tahn(2) + Angn(2)) and the proof is complete. O

n=1

Theorem 3.2 If f € HCV3™(k, a) then

1 0451‘ 1+2k+a61
< (1 b »J _ ;]b 2 _ 1
() < A+l + 5 [HQ_M“ — m} L=<

and
a51j 1—|—2I€—|—OZ(§1J

1] 1-
> (1—|by)r—= - by|| r? = 1
F(2) = (1= [ba])r 2[k+2_a527j T h@ L lel=r<

where 0 < a < 1, and &, ; given by (1.5).



On (j, m) Symmetric Convex Harmonic Functions 21

Proof Calculation shows that

£ (2)]

IN

IN

IN

IN

IN

=
—~
N
=
IV

Y

v

>

>

(L4 [b1))r 4+ Y (lan] + 1Bu)r™ < (14 [bal)r + D (lan] + |oa])r?

n=2 n=2

(1 + [br])r
1—aéy, {Z Akt —abyy]) | S5k +2) by |bn|} e
=2 -

+
2[(/€ + 2) — aég)j] 1-— aél,j

n=2

1—ady; - k+1)—k—ad,;
(0t e 5 o {me )~ k= adug],

[(k+2) —04527j] s 1 —aél,j
= nn(k+1) +k + ad, ;] 9
+ 2= \byl v
7;2 1—04517j | |
1—0451‘ 1+2k+0¢51‘
1+ b - — by r?
( +| 1|)r+2[(k—|—2)—0&5gd]{ 1—0&517j | 1|}'f'
1 1—(161‘ 1+2/€+O¢51‘
1416 = A J\p 2
( +|1|)r+2{k+2—a52,j k+2—a521j|1|]7°
(L4 [br))r = >~ (anl + [bal)r™ = (14 [br))r = D (lan| + [ba])r?
n=2 n=2
(1= bu])r

. L—ad, o 2[(k +2) — ady ] o 2[(k +2) — ady ] 2
2[(k +2) — ady ;] {Z 1—ady; |an|+1;2 1—ad; bul o

n=2 2. 2.
1—ad = nnk+1) -k —ad, |
1—1b — J Iy,
( | 1|)T 2[(k+2) —04517j] {7;2 1—(161)]‘ |a |

N Z nin(k +1) + k + by ;] Ibnl} 2

ot 1—04517j
1—0451‘ 1+2k+0¢51‘
1— ba|)r — - ———————L|by[ ¢ [ba]r?
(1~ [ba])r 2Kh+m—a&ﬂ{ e |n}hv
1 1—(162‘ 1+2/€+O¢51‘
1—|bi)r—= o 2 1by || 2.
(=l = 5 |y~ gl

This completes the proof.

If j = m =1 we get the following result proved by Yong Chan Kim et al. in [7]

Corollary 3.3 If f € HCV (k,«) then

and

FE <+ b+ g |

1f(z) = (1= ba])r —

11—« 1+2k+ o
k4+2—a k4+2—a

|b1|} r2, lz|=r<1

1[ 1—a 1+2k+a

z — by || 72 = 1.
2 |k+2-a k+2—a|1|}’”’ [l =r<
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