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§1. Introduction

The notion of Lorentzian almost para-contact manifolds was introduced by K. Matsumoto [3].
Later on, a large number of geometers studied Lorentzian almost para-contact manifold and
their different classes, viz., Lorentzian para-Sasakian manifolds and Lorentzian special para-
Sasakian manifolds [4], [5], [6], [7]. In brief, Lorentzian para-Sasakian manifolds are called LP-
Sasakian manifolds. The study of LP-Sasakian manifolds has vast applications in the theory of
relativity.

In an n-dimensional differentiable manifold M, (¢, £, n) is said to be an almost paracontact
structure if it admits a (1, 1) tensor field ¢ , a timelike contravariant vector field £ and a 1-form

1 which satisfy the relations:

n(€) = -1, (1.1)
P*X = X +n(X)E, (1.2)

for any vector field X on M. In an n-dimensional almost paracontact manifold with structure
(¢,&,7), the following conditions hold:

€ =0, (1.3)
no¢=0, (1.4)
rank ¢ =n — 1. (1.5)

Let M™ be differentiable manifold with an almost paracontact structure (¢, &, n). If there

exists a Lorentzian metric which makes £ a timelike unit vector field, then there exists a
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Lorentzian metric g satisfying

9(X, &) = n(X), (1.6)
9(6X, 9Y) = g(X,Y) + n(X)n(Y), (1.7)
(Vx @)Y = g(X,Y)§ +n(Y)X + 2n(X)n(Y)E, (1.8)

for all vector fields X,Y on M [2].

If a differentiable manifold M admits the structure (¢, £, 7, g) such that g is an associated
Lorentzian metric of the almost paracontact structure (¢, &, 7, g) then we say that M™ has a
Lorentzian almost paracontact structure (¢,£,n,g) and M™ is said to be Lorentzian almost

paracontact manifold (LAP) with structure (¢,&,7,9) .
In a LAP-manifold with structure (¢, &, n,g) if we put

QX,Y) = g(¢X,Y), (1.9)
then the tensor field € is a symmetric (0,2) tensor field [?], that is
QX,Y) = QY, X), (1.10)

for all vector fields X,Y on M™. A LAP-manifold with structure (¢,&,n,g) is said to be

Lorentzian paracontact manifold if it satisfies
1
QX Y) = SA(Vxn)Y + (Vyn) X} (1.11)

and (¢, &, 1, g) is said to be Lorentzian paracontact structure. Here V denotes the operator of

covariant differentiation w.r.t the Lorentzian metric g.

In a LP-Sasakian manifold we have the following results from [9]:

Vx§=¢X, (1.12)

(Vxn)Y =Q(X,Y) = g(¢X,Y), (1.13)
R(X,Y)¢ = n(Y)X —n(X)Y, (1.14)
n(R(X,Y)Z) = g(Y, Z)n(X) — g(X, Z)n(Y), (1.15)
R(& X)§ =n(X)§ —n(€)X = X +n(X)¢, (1.16)
S(X,¢) = (n = n(X), (1.17)

5(&,8) =—(n-1), (1.18)

Q¢ =—(n—1), (1.19)

where R is the curvature tensor of manifold of type (1, 3), S is Ricci tensor of type (0,2) and @
being the Ricci operator. An example of a five-dimensional Lorentzian para-Sasakian manifold

has been given by Matsumoto, Mihai and Rosaca in [5].
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§2. D-homothetic Deformations of LP-Sasakian Manifolds

Let M(¢,&,n,g) be an Lorentzian almost paracontact structure. By D-homothetic deformation

[8], we mean a change of structure tensors of the form

_ - 1 _
n = an, 5255’ ¢=¢, g=ag+ala—1)n®mn,

where a is a positive constant.

Theorem 2.1 Under D-homothetic deformation M(¢,€,7,9) is also an LP-Sasakian manifold
M(¢7 5’ ’,77 g) :

Proof Calculation shows that

W) = O =an(z6)=n(E) =1,
F(X) = #(X)=X +n(X),
Gof = B(E)=0(-8)= o =0,
no¢ = T(H(X))=an(¢(X)) =0,
rank ¢ = rank ¢ =n—1,
n(X) = an(X) = ag(X,¢),
FBX.PY) = goX.,0Y) = (ag +ala — )y @ )(¢X, 8Y) = ag(¢X, ¢Y),

(Vx@)Y = (Vxp)Y

g(X,Y)E+en(Y)X + 2n(X)n(Y)S.

Theorem 2.2 Under D-homothetic deformation of a LP Sasakian manifold the following
relation holds
(Leg)(X,Y) = a(Leg)(X,Y),

where L¢ is the Lie derivative.

Proof For an LP-Sasakian manifold we know (L,¢)(X,Y) = 2g(¢X,Y) since g(¢X,Y) =
g9(X, ¢Y). Under D-homothetic deformation

(Leg)(X.Y) = 25(3X.Y)

(Leg)(X,Y) +2(a® — a)n(X)n(Y)
(Leg)(X,Y).

a
a

§3. D-homothetic Deformations of Curvature Tensors on LP-Sasakian Manifolds

In this section we consider conformally flat LP-Sasakian manifold M™(¢,&,n,g) (n > 3). The
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Weyl conformal curvature tensor C is given by

C(X,Y)Z = R(X,Y)Z- %[S(Y, 2)X — S(X, 2)Y + (Y, 2)QX

(n—1)(n—2)

For conformally flat manifold we have C(X,Y)Z = 0. So from (3.1) we have

—9(X, 2)QY] + [9(Y, 2)X — g(X, Z)Y]. 3.1)

R(X,Y)Z — ﬁ{S(Y, 2)X — S(X, 2)Y + (Y, 2)QX — g(X, Z)QY}

—m{gm Z)X — g(X,2)Y}. (3.2)

Putting Z = £ in (3.2), we obtain from (1.14)

n(Y)X —n(X)Y = : {S(Y, )X = S(X, Y + 5(Y, QX — g(X,§)QY}

n—2

_m{g(lﬂ HX —g(X, Y} (3.3)

Putting ¥ = ¢ in (3.3) we calculate

nOX —nX)e = = - S{S(E X — S(XOE+ S(EHQX - (X, £)QE}
‘m{g(é,ﬁ)){ - g(X,€)¢}- (3.4)

After some steps of calculations we obtain

QX = (=14 —2)X + (=14 ——=)n(X)¢ — (n — n(X). (3.5)

Taking inner product with Y, above equation can be written as

r

S(XY) = (14 —)g(X,Y) + (=1 + L )n(X)g(¥.€) = (n — n(X). (3.6)

n —

In view of (3.5), (3.6) equation (3.2) takes the form

RX,Y)Z = [g(Y,2)X —g(X,2)Y] K—H nil) nig

1 r r

T2 <1+n—1) B (n—l)(n—Q)}
9002000 [ (L7 = D56~ 00 - D] + 9 2)

n—1 n—2

<o = Dt~ =]+ 30 | (5 — D) - 2
00 |1 - D) - ). (37

For a conformally flat LP-Sasakian manifold, R(X,Y)Z is given by the equation (3.7). Again in
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a LP-Sasakian manifold the following relation holds [9]

R(X,Y)pZ = ¢(R(X,Y)Z)+2{n(X)Y —n(Y)X}n(Z) +2{g(Y, Z)n(X)
—9(X, Z)n(Y)} — 9(¢X, Z2)¢Y + g(9Y, Z)pX — g(Y, 2) X
+9(X, 2)Y. (3.8)

Again, on using equations (1.15), (1.18) and (1.4) in (3.8) we calculate
9(PR(6X,0Y)Z, ¢W) = g(R(Z, W)X, Y ).

Using (3.8) and then (1.7), (1.15) in the above equation we obtain

g(PR(¢X,8Y)Z,oW) = g(R(X,Y)Z,W)—g(W, X)n(Z)n(Y) + g(Z, X)n(W)n(Y)
+20(Z)n(X)g(W, ¢Y) — 2n(W)n(X)g(Z, ¢Y) — 9(¢Z, X)g(¢W, ¢Y)
+9(oW, X)g(¢Z, ¢Y) — g(W, X)g(Z,8Y) + g(Z, X)g(W, ¢Y). (3.9)

Replacing X,Y by ¢X and ¢Y respectively in (3.8) and taking inner product with ¢W we obtain
on using (1.4) and (3.9) we get

9(R(¢X,8Y)pZ, W) = g(R(X,Y)Z,W)—g(W,X)n(Z)n(Y) + g(Z, X)n(W)n(Y)
+39(Y, oW )n(Z)n(X) — 3g(Z, Y )n(W)n(X) + 29(¢W, X)g(Z,Y")
+2g(6W, X)n(Z)n(Y) — 29(W, X)g(Z, ¢Y). (3.10)

Now we shall recall the definition of ¢-section. A plane section in the tangent space Tp(M) is
called a ¢-section if there exists a unit vector X in T, M orthogonal to £ such that {X,¢X} is an

orthonormal basis of the plane section. Then the sectional curvature
K(X,¢X) = g(R(X,0X)X, $X) (3.11)

is called a ¢-sectional curvature. A contact metric manifold M(¢,&,n,g) is said to be of constant
¢-sectional curvature if at any point P € M, the sectional curvature K (X, $X) is independent of the
choice of non-zero X € D, where D denotes the contact distributions of the contact metric manifold

defined by n = 0. The definition is valid for Lorentzian manifolds also [10].

We give the following theorem.

Theorem 3.1 In a LP-Sasakian manifold M(¢p,&,7n,9) the relation (Qd — ¢Q)X = 4n¢X holds for
any vector field X on M.

Proof Let {X;,0X;,&} (i =1,2,--- ,m) be a local ¢—basis at any point of the manifold. Now
putting Y = Z = X; in (3.10) and taking summation over ¢, we obtain by virtue of n(X;) =0,
YoR(¢pX, 0 X)X = BR(X, Xi) X + 20X g( X5, Xi). (3.12)
Again setting Y = Z = ¢X; in (3.10) we have

YOR(0X,¢°X:)d* Xi = BR(X, 6 X:)dXi + 20X g(X;, Xi). (3.13)
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Adding (3.12) and (3.13) and using the definition of Ricci operator, we calculate

P(Q(PX) — R(¢X,£)¢) = QX — R(X, §)§ + 4ngX.

We can write from (1.16)
R(¢X, )¢ = ¢X.
Using (3.13) and (3.14)
P(Q(PX)) = QX + dngX.

Operating ¢ on both sides and using (1.17)
Q(PX) — (QX) = 4ngX.

By virtue of (3.17) theorem (3.1) is proved.
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(3.14)

(3.15)

(3.16)

(3.17)

O

For the next proof we consider the symbol W;k where W;k denotes the difference f;k - F;k of

Christoffel symbols in an LP-Sasakian manifold [8]. In global notation we can write

WY, 2) = (1~ a)[n(Z)8Y +n(V)oZ) + 2 (1~ D(TymZ + (V)Y

for all Y, Z € x(M). We state our next theorem.

(3.18)

Theorem 3.2 Under a D-homothetic deformation, the operator Q¢ — ¢Q of a LP-Sasakian manifold

M(,€,n,9) is conformal.

Proof If R and R denote the curvature tensors of the LP-Sasakian manifold M(¢,&,n,g) and

M(9,€,7,7) respectively then we know from [8]

R(X,Y)Z = R(X,Y)Z+ (VxW)ZY)— (VyW)(Z X)
+W(W(Z,Y),X) - W(W(Z,X),Y).

Using (1.13) in (3.18) we calculate
W(Y,2) = (1 - @)[(Z)8Y +n(Y)8Z] + (1~ 2)g(6Y, 2

Taking covariant differentiation w.r.t. X and after using (1.8), (3.2), we obtain,

(VxW)(Y,Z) = (1-a)[g(¢X,Z)Y + g(X,Y)n(Z)E +2n(Z)n(Y)X
+An(X)n(Y)n(Z)§ + g(¢X,Y)oZ + g(X, Z)n(Y)E]
(1= 2)g(9Y, 2)6X.
Using (3.21) in (3.19) we obtain
R(X,Y)Z = RX,Y)Z+1—-a)nY)g(X,2)¢

21— an(Z)(Y)X + (1 = a)g(6X, Z)Y + (1 -

—(1—a)g(Y, Z)n(X)¢

~2(1 — an(X)n(2)Y — (1 - a)g(9Y, Z)pX — (1 - ~

a

)9(02,Y )X

)9(¢Z, X )Y

(3.19)

(3.20)

(3.21)
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+(1 = ()]~ D)g(¢*Z, X)e] + (1= an(Z)[(1 - a(X)¢*Y
H1= D)9V, X)) + (1= )g(82,X)[-(1 = a)oX]
(1= a)n(X)[(1 - )g(¢*2,Y)E] - (1~ apn(Z)[(1 ~ an(¥)6*X
H(1 = 2)g(6*X,V)E] — (1= D967, X)[-(1 - )], (3.22)
From (3.22) we get
aS(Y,2) = S(v, 2) + L= @)’ (3.23)
Using the properties of Ricci operator
aQY = QY + (a _aa)z.
Operating ¢ = ¢ on both sides from left hand side
Wb QY = Qv + U _a“)z.
Operating ¢ = ¢ on both sides from right hand side
a0 Y = oy + U _aa)Q.
Subtracting the above two equations we obtain
(6T -Q ) = (6Q - Qo). (3:21)
The equation (3.24) proves our theorem. O

We can also prove the following theorems as a consequence of D-homothetic deformation.

Theorem 3.3 Under D-homothetic deformation, an n—Einstein LP-Sasakian manifold remains in-

variant.

Proof In an n-Einstein LP-Sasakian manifold [9]

S(XY) = [ = Ug(X,Y) + [ — nln(X)n(Y).

Under D-homothetic deformation we get

— T

S(X,Y) = [a(n

— — DX, Y) + fala = 1)(=—5 = 1) + a* (= = n)}n(X)n(Y).

Hence the result is proved. a

Theorem 3.4 Under D-homothetic deformation, the ¢-sectional curvature of a LP-Sasakian manifold

is conformal.

Proof Putting Y = ¢X,Z = X in (3.12) and taking inner product with ¢X, we obtain on using
(1.4) and the orthogonality property we get

1

ag(R(X, X)X, ¢X) = g(R(X, ¢X) X, ¢X) + (a — ) (3.25)
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WR(X,6X) — K(X,6X) = (a - =

) |
Theorem 3.5 There exists LP-Sasakian manifold with non-zero and non-constant ¢-sectional curva-

ture.

Proof 1If the LP-Sasakian manifold satisfies R(X,Y)& = 0, then it can be proved easily that
K(X,$X) = 0 and therefore from (3.25) we can conclude that K(X,$X) # 0 for a # 1 where X is a

unit vector field orthogonal to £&. Hence the result is proved. O

8§4. An Example of a LP-Sasakian Manifold

In this section we shall prove the equality (3.25) by taking an example of LP-Sasakian manifold [1]. Let
us consider a 5-dimensional manifold M = {(z,y,2,u,v) € R® : ((z,y,2,u,v) # (0,0,0,0,0)} where
(z,y,z,u,v) are the standard coordinate in R®. The vector fields

ad 1o} 0 0 0 0 0

= 29 19y % -2 - = 272 19,2
a 8x+ Yozr oy’ BT h & 8u+ Yoz ¢

o
\

Q

i~

are linearly independent at each point of M. Let g be the Lorentzian metric defined by

g(ei7€j) = 1 for 7‘:.77{37
g(6i7ej) = 0, for 7'75.77
g(es,e3) = —1.

Here i and j runs from 1 to 5. Let n be the 1-form defined by 1n(Z) = g(Z, e3), for any vector field Z
tangent to M. Let ¢ be the (1,1) tensor field defined by

per = ez, ¢ex =e1, des =0, Pes =es5, @es = ey.
Then using the linearity of ¢ and g we have
n(es) = =1, ¢°Z=Z+n(Z)es,
for any vector fields Z, W tangent to M. Thus for ez = g, M(d), &,m, g) forms a LP-Sasakian manifold.

Let V be the Levi-Civita connection on M with respect to the metric g. Then the followings can
be obtained

le1, e2] = —2e3, [e1,es] =0, [e2,es] =0.

On taking e3 = £ and using Koszul’s formula for the metric g, we calculate

vele3 = €2, velez = —e€3, v6161 = O,
Ve2e3 = e, Ve262 =0, ve261 = €3,

Vesez =0, Vegea =e1, Veger =ea.

Using the above relations, we can easily calculate the non-vanishing components of the curvature



42

Barnali Laha

tensor as follows:

R(61,62)62 = 3ei, R(el, 62)61 = 3ea, R(€2,63)63 = —eg,
R(ei,es)ea =0, R(e1,ez)er = —es, R(e2,e3)es = e3,

.R(617 62)63 = 0.

In equation (3.22) we put X = e1,Y = ¢pe1, Z = e;. Taking inner product with ¢e; we obtain

aK(e1,per) — K(e1, de1) = a — é

Hence, by this example Theorem 3.4 is verified.
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