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§1. Introduction

By a Graph G = (V, E) we mean a nontrivial, finite, simple, undirected graph with vertex set
V and an edge set E of order n and size m. The degree dg(v) of a vertex v in G is the number
of edges incident to it in G. Let G, L(G) and S(G) of a graph G are complement, line graph
and subdivision graph of a graph G respectively. The partial complement of subdivision graph
S(G) of a graph G whose vertex set is V(G)U E(G) where two vertices are adjacent if and only
if one is a vertex of G and the other is an edge of G non incident with it.

In this paper, we denote u ~ v (u » v) for vertices u and v are adjacent (resp., nonadjacent),
e ~ f (e = f) for the adjacent (resp., nonadjacent) edges e and f and u ~ e (u = e) for the
vertex u and an edge e are incident (resp., nonincident) in G. Other undefined notations and
terminologies can be found in [17] or [19].

Polynomials are one of the graph invariants which does not depend on the labeling or
pictorial representation of the graph. A topological index is also one such graph invariant. The
topological indices have their applications in several branches of science and technology.

The first and second Zagreb indices are amongst the oldest and best known topological
indices defined in 1972 by Gutman [15] as follows:

Mi(G)= Y da()?® and My(G)= >  da(u)da(v),

veV(G) weEE(G)
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respectively. These are widely studied degree based topological indices due to their applica-
tions in chemistry, for details refer to [10,11,14,16,23]. The first Zagreb index [21] can also be

expressed as

M(G) = Y lde(u)+da(v)).

uwveE(G)

Ashrafi et al. [1] defined respectively the first and second Zagreb coindices as

M(G) = Y ldo(u)+de(v)] and M(G)= > [do(u)da(v)).

wgE(G) wg E(G)

In 2004, Milidevié et al. [20] reformulated the Zagreb indices in terms of edge-degrees
instead of vertex-degrees. The first and second reformulated Zagreb indices are defined respec-

tively by
EMy(G)= > da(e)* and EMy(G) =Y [dg(e)da(f)]-

ecE(G) e~ f

In [18], Hosamani and Trinajstié defined the first and second reformulated Zagreb coindices

respectively as

EMi(G) = [dg(e) + da(f)] and EMy(G) =Y [da(e)da(f)].

exf exf

Considering the Zagreb indices, Fath-Tabar [13] defined first and the second Zagreb poly-

nomials as

M (G,z) = Z plcitda(vi) 54 Ms(G, z) = Z pdc(vi)-da(vy)
U'L”UjeE(G) Ui,UjEE(G)

respectively, where x is a variable. In addition, Shuxian [22] defined two polynomials related

to the first Zagreb index in the form

M{(G,z) = Z dg(vi):zrdc(vi) and My(G, x) Z pla(vi),
v €V(G) v EV(G)

A. R. Bindusree et al. defined the following polynomials in [9],

My(G,z) = Z Idc(vi)((dc(vi)-i-dc(vj))’ M;5(G,z) = Z Idg(vj)((dg(vi)-i—dc(vj)),
v;,0;€E(G) vi, v, €E(G)

M, (G, z) = Z gde (vi)+bda(v;) M;_,b(G,a:): Z p(de(vi)+a)(da(v;)+b)
vi,0;€E(G) vi, v €E(G)

§2. Generalized xyz-Point-Line Transformation Graph T%V*(G)

For a graph G = (V, E), let G° be the graph with V(G°) = V(G) and with no edges, G' the
complete graph with V(G') = V(G), GT = G, and G~ = G. Let G denotes the set of simple
graphs. The graph operations depending on z,y, z € {0, 1,4, —} induce functions T*¥* : G — G.
These operations were introduced by Deng et al. in [12] and named them as xyz-transformations
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of G, denoted by T%¥*(G) = G®Y*. In [2], Wu Bayoindureng et al. introduced the total
transformation graphs and studied their basic properties. Motivated by this, Basavanagoud
[3] studied the basic properties of the zyz-transformation graphs by changing them as zyz-
point-line transformation graphs and denoted as T*Y*(G) to avoid confusion between various

transformations.

Definition 2.1([12]) Given a graph G with vertex set V(G) and edge set E(G) and three
variables x,y,z € {0,1,4,—}, the zyz-point-line transformation graph T*Y*(G) of G is the
graph with vertex set V(T*¥*(G)) = V(G) U E(G) and the edge set E(T*¥*(G)) = E((G)*) U
E((L(@))Y) U E(W) where W = S(GQ) if z = +, W = S(GQ) if z = —, W s the graph with
V(W) =V (G)UE(G) and with no edges if z =0 and W is the complete bipartite graph with
parts V(G) and E(G) if z = 1.

T0--(G)

Figure 1. P, and its generalized zyz-polint-line transformation graphs T*Y~(Fy).
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Since there are 64 distinct 3 - permutations of {0,1,+,—}. Thus 64 kinds of generalized
xyz-point-line transformation graphs are obtained. There are 16 different graphs for each case
when z =0, z =1, 2 = +, 2z = —. In this paper, we consider the xyz-point-line transformation
graph T*¥*(G) with z = —. The self-explanatory examples of the path Py and its zyz-point-line
transformation graphs T*Y~(P,) are depicted in Figure 1. For more on generalized transforma-
tion graphs refer to [2]-[8].

The following Observations are useful in proving the theorems.

Observation 2.1([4]) Let G be a graph of order n and size m. Let v be a vertex of G and
Y ={0,1,+,—}. Then

m — de(v) ifa=0y €Y,
n+m—1—dgw) ifz=1y €Y,
dTmyf('U): .
m ifr=+y €Y,

n+m-—1-2dg(v) ifx=—-,y €Y.

Observation 2.2([4]) Let G be a graph of order n and size m. Let e be an edge of G and
Y ={0,1,+,—}. Then

n—2 ify=0,z €Y,
p (e) n+m-—3 ify=1x €Y,
T=y-\€) =

n—2+dg(e) ify=+x €Y,

n+m—-3—dgle) ify=—x €Y.

§3. Results on the Zagreb Polynomials of 7%V~ (G)

In this section, we obtain the Zagreb polynomials of the zyz-point-line transformation graph
T*¥*(G) with z = —. In this process, to cover the edges in the complements G, S(G) and L(G)
we need the degrees of nonadjacent vertices (or edges) in the graph. Degrees of these nonadja-
cent vertices (or edges) gives Zagreb coindices. To overcome from this problem Basavanagoud
and Jakkannavar [7] defined the first, second and third Zagreb co-polynomials of a graph G by

using the concept of Zagreb coindices as

Mi(Ga)= 3 aletrdet) ThGa) = Y aleodels)
v, £ 5(C) viv; £E(G)

and
E(G, r) = Z Zldewi)—da(vs)]
vi,v; EE(G)

respectively, where x is a variable.
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In addition, in [7] they defined

M(ij): Z xdG(vi)(dG(vi)erG(vj))’ M(ij): Z xdg(uj)(dg(vi)mc(vj)),

v;,0; EE(GQ) v;,v; ¢ E(G)
Moy(Goa)= 3 ame@tict) T, (Ga)= 3 gldelroldo) o)
0,0 EE(G) vi,v; € E(G)

The following theorems give results on Zagreb polynomials of the generalized zyz-point-line
transformation graphs T%Y~ (G).

Theorem 3.1 Let G be a graph of order n and size m. Then Zagreb polynomials of T~ (G)

are

=
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mxm+"_2M0(G, ,T_l) _ $m+n_2Mik(G, ,T_l)
My(TO7(G), ) = ma™" "2 Mo(G,a~""2)) — 2™ =DM (G 2z~ 2)
mx‘""”_mMO(G, ) — Iln_m_Q‘Ml*(G, 2).
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Proof From Observations (2.1) and (2.2) we have

m—dg(v) ifveV(G),

d 00— (1)) =
e n—2 if ve E@G).

By using definition of M; (G, z), we have

My(T"(G),z) = > £3700- (&) (W Fdroo— ) (v)
weE(T-(Q@))
— Z xdToo—(G) (u)“"dTOOf(G) (’U) — Z xm—dc(v)-i—n—?
Uxv UV
= 22T Y (m—dg(v))a e,
veV(G)
= ma" "2 Mo(G, 27t — 2™ MY (G .

By using definition of M3(G, ), we have

My(T®(G),x) = Yoo @M ()
weB(TO-(G))

— E 2700 () (Wdr00— () (V)

u*v
= 3 glmdet)n-2)
u*v
— Ifm(n72) Z (m _ dg)"tim(niz)dg(v)

veV(G)
= ma™" DM (G, z= ) — gD NG, (2
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By using definition of M3(G, z), we have

Ms(T(G),z) = S gl @@ )l
weE(T-(Q))

— § xldTOO*(G) (“)*dToo—(G) (’L})‘

u*v
— Z I|m—dc(u)—n+2|
u*v
= gln—m=2| Z (m — dg(v))z!de @)
ueV(G)
= ma"m M (G, z) — 22 (G ) O

Theorem 3.2 Let G be a graph of order n and size m. Then, the Zagreb polynomials of
T (G) are

Mi(TO(G),z) = (T;L) g2MHn=8 | padmAn=3 ppr gy p2man=3 g 1)
M, (TOli(G), .I) _ <7;L) x(n+m73)2 + ’rnlxm(n+77173)]\40(6;17 ‘rf(n+’m73))

_:Em(nerfB)Ml* (G, If(nerfS))

M3(T%(G), z) <”;) +ma" B My(Gy 2zt — 2" 3MI(G, ).

Proof From Observations (2.1) and (2.2) we have

m—dg() ifveV(Q)

droi-(g)(v) = _
n+m—3 ifveEQG)

By using the definition of M;(G, z), we have

My (T (G),z) = > gdr01- (@) (WFdroi— () (V)
weE(T—(Q))
— Z xdTmf(G)(u)erTmf(G)(v)

weB(L(G))
+ Z 2dr01— (@) (W Fdroi— (g (v)
wwEE(LG)
+ Z 20r01= (o) (W Fdro1— () (V)
wotv
_ Z I2(n+m73) + Z $2(n+m73) + mefdc(v)JrnerfB
weB(L(G)) uwEE(L(G) unow

_ <7721) g2mAn=3 4 ppamAn=3 G g1y g?mEn=S (G,
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Similarly, we known

My(T"(G),x) = Yoo gt @@ )
weE(T1~ (Q))

= E zdr01- () (Wdzo1— () (v) | E £d701= () (Wdro1— (g (v)

wveE(L(G)) u,v¢ E(LG)
+) atro-@ @i @)
uv
— (’I;’L) x(n+m—3)2 + mxm("+m_3)Mo(G, x—(n+m—3))

—,’Em(n+m_3)Mik (G, x—(n+m—3))

My(T" (@) = 3 afmme@riere
weE(T—(Q))

— E x|dT01f(G)(“)deOIf(G)('U)l + E x\dTm,(G)(u)dem,(G)(v)\

weE(L(G)) u,v¢ E(L(G)
+ Z 2dro1— () (W) =dro1— () (V)]
u”v
m n—3 -1 n—3q r* -1
= (2)+mx Mo(G,x2™) — 2" °M{(G,z7). O

Theorem 3.3 Let G be a graph of order n and size m. Then Zagreb polynomials of T°T~(G)
are

My(T(G),2) = 2 My(L(G),x™ ') + 2™t 2 ) " grdatde)
uU*v
Mo(TOF(G),) = M, g5 (L(G),2) + Y alm=delw)n=2tda(v)
uU*v
My(T*T(G),) = Ma(L(G),z) —a™ "2y " gliettdal®)
u*v

Proof From Observations (2.1) and (2.2) we have

m—dg(v) if veV(G)

dro+- =
o+ () (V) n—2+dg(v) ifve E(G)

Applying the definition of M;(G,x), we have

M(T°(G),z) = > gro+- (o (WFdrot— () (v)
weE(TO+~ (G))
- Z 2ot (o) (WHdrot— () (V) Z 2070+- (@) (W+dpo+— (g ()
weE(L(G)) ww

— LL‘2mM1 (L(G), {E_l) + Zmtn—2 Z x—dc(u)—i-dc(v)-

u*v
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Similarly, we know

My(T""(G),z) = Yoo et @M
weEE(TT—(Q))
_ Z xdT0+f(G)(u)dT0+7(G)('U) + Z :L-dTU**(G)(u)dTO**(G)(v)

w€EE(L(G)) uv
= M(/n72,n72) (L(G)v 'r) + Z x(mfdg(u))(n72+dg(v))
uv
and
Ms(T°*(G),z) = Z zl4ro+ () (W =drot— () (V)

weEE (T~ (Q))
— Z x|dT0+,(G)(u)deo+,(G)(v)\ + Z x|dT0+,(G)(u)deo+,(G)('U)|
weE(L(G)) uxv

= M;3(L(G),z) — gmnt2 Z gldc(w)+da(v) O

U*v

Theorem 3.4 Let G be a graph of order n and size m. Then Zagreb polynomials of T°~~(G)

are
M, (Toii(G), ,’E) _ x2(n+m73)E(L(G), {Eil) + x2m+n73 Z xf(dg(u)er(;(v))
u, ¢ E(G)
Mo(TO(C),8) = Mooy (L(G), 1) 3 alm—do () mn ()
umv
My(T™7(G),x) = Ms(L(G),z) — 2l"=31y " gldelmrda(®)
usv

Proof From Observations (2.1) and (2.2) we have

m—dg(v) if veV(G)

dro-— () (v) =
o (@) (V) n+m-—3—dag(v) ifve BG)

By the definition of M;(G, ), we have
M(T°"(G),z) = > gdr0—=(c) (W Hdro+— () (V)

weE (T~ (Q))
_ Z xdTg,,(G)(u)erTg,,(G)(v) + Z xdTU**(G)(“)JFdTU**(G)(U)

wvg E(L(G)) UV
_ $2(n+m_3)M(L(G), {E_l) + p2mtn—3 Z x—(dg(u)—i—dc('u))
u, ¢ E(G)
Similarly, we know
My(TO"(G),z) = > g0 () (Wdr0—— () (V)

weE(T°~—(Q))
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— Z xdTO,,(G)(u)dTU,,(G)(v) + Z xdTO,,(G)(u)dTU,,(G)(v)

uwwg B(L(G)) Uy
Ml a6 2)+ 3 5t
u»v
M3(T"(G),z) = Z ! 4ro-— (@ (W =dro—— () (V)|

wEE (T~ (Q))
= Z IIdTU**(G)(u)_dTD**(G)(U)I + Z x\dTo,,(G)(u)—dT(,,,(G)(v)\
uvg E(L(G)) umv

= Ms(L(G),z) —zI"3 Z Llde(w)+da(v) -

u»v

Theorem 3.5 Let G be a graph of order n and size m. Then

Ml(Tloi(G),.’,E) = I2(n+m71)M71),1(G, .I) +3:2li(§, .I) +mx(2"+m73)MO(G,x71)
+M; (G, )zt =S)

M2(T107(G),JI) = Ml—(n—‘,—m—l),—(n-‘,—m—l)(G?‘r) + M;n,m(a7 JI)
+m$(n+m_l)(n+2)M0(G, x—(n+2)) _ x(n+m—1)(n+2)M1* (G, x—(n+2))

M3(TY7(G),z) = M3(G,z) + M3(G,x) +ma™  My(G,z™ ') — ™ My (G, z71).

Proof From Observations (2.1) and (2.2) we have,

n+m—1+dgw) ifveV(Q)

d 10— (’U) =
e n—2 if ve B(Q)

By the definition of M;(G, z), we know

M(T"(G),z) = Z zdr10- () (W Fdrio— ) (v)
weB(T10-(G))
_ Z xdTlof(G)(u)erTlo—(G)(v)+ Z pdr10- () (WHdrio- g (v)
weE(G) wgE(G)
+ Z pdr10- () (WFdrio- () (v)

uU*v

_ Z xn—i—m—l-}-dg(u)—i—n—i—m—l-i—dg(v) + Z xn+m—1+dc(u)+n+m—l+dc(v)
weEE(G) wg E(G)
+ Z xn+m—1—dc(v)+n—2

uU*v

_ x2(n+mfl)M_17_1(G7 JJ) + meMl (67 JJ) + ,n,m:(QnerfS)]\40((;7 1'71)
+M{g (G, x—l)x(2n+m—3) .
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Similarly, by the definition of M»(G, x), we have

My(TY(G),x) = Yoo gt @i @)
weE(T19-(Q))
— Z xdTIO*(G)(u)dTIO*(G)(v)_*_ Z xdTlof(G)(u)dTlof(G)(v)
uwveE(G) w¢ E(G)
+ Z 24110 (@) (Wdr10- () (V)

u”v
= M/—(n-i-m—l),—(n—i-m—l) (G7 ‘I) + M;n,m(a’ .I)

_i_,n,u[:(nqufl)(n+2)]\40((;7 $7(n+2)) _ .’L'(n+m71)(n+2)M1*(G, $7(n+2)).

Ms(T"(G),z) = S altne @i o)
weE (T (@)

— E x‘drlof(G)(u)_drlof(c)(vﬂ + E x‘drlof(G)(u)_drlof(c)(v)‘

weB(G) weE(G)
+ Z x‘dTltH(G)(u)—dT10+(c)(U)\
u*v
= M3(G,2) + M3(G,x) + ma™ My(G,z~ 1) — 2™ My (G, 27 1). O

The proof of following theorems are analogous to that of Theorems 3.1-3.5.

Theorem 3.6 Let G be a graph of order n and size m. Then

M (TY(G),2) = 2>tV (G a7 + 2™ My (G, x)
4 (ZL) p2(ntm=3) | I2(n+m—3)Mik(G, I—l)
— m
MU (@)0) = My i (Get) M@)o
+$(n+mfl)(n+m73)M1*(G, I(n+m73))
M3(T"'(G),z) = Mi(G,z)+ M (G,z)+ (Z‘) + 22 M7 (G, z).
Theorem 3.7 Let G be a graph of order n and size m. Then
M (TH(G),z) = 22D, (G ) + ™M, (G, x)
+$2(n—2)M1 (L(G), I) + I2(n+m—3) Z x—dc(u)-i-dc(v)
u®v
My(TH(G)e) = M_ (i), e (Ga™ )+ M i 1) (n-2)(Grz™")
FM), g 5(L(G).x) + Y alrmImda )2t (1)
u»v
My(T'(G),2) = ™' Ms(G,z) + 2*™ My (G, ) + Ms(L(G), z) + 2™ Y~ gldattdel,

u*v
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Theorem 3.8 Let G be a graph of order n and size m. Then

My(T'"7(G),2) = 22 DN 4(Goa) + 2™ M (G, z) + 22T =3I (L(G), )

TRt =2) 3 - da () —da(v)

wuwv

MQ(Tlii(G%I) = ML(nerfl),f(nqufl)(GaI) +M7/n,m(av .I) +M1/1+2,n+2(L(G)aI)

+ Z x(n-}-m—l—dg(u))(n+m—3—dg('u))

umwe
My(T'""(G),x) = Mi(G,z)+Mi(G, ) + Mi(L(G), ) +a* Y alletdal
UV

Theorem 3.9 Let G be a graph of order n and size m. Then

M(TT7(G),z) = ma®™ +m(n—2)z™+ "2
My(TT(G),z) = ma™ + m(n — 2)z™"=2
Ms(TT(G),z) = m+m(n—2)zlmn+2

Theorem 3.10 Let G be a graph of order n and size m. Then

Ml(T+17(G),.’L') _ mem + <m) x2(n+m73) +m(n _ 2)$(2m+n73)

m

My(TH(G),z) = mz™ + ( >gc(n-i-m—3)2 +m(n— 2)$m(m+n—3)

N3

M3(TH(G),z) = m+ ( ) +m(n —2)z!" 3l

Theorem 3.11 Let G be a graph of order n and size m. Then

M (TH(G),z) = ma®™ + 2?"=DM,(L(G), ) + ma™ "2 My(G, z) — 2™ "2 M} (G, x)
My(TT(G),2) = ma™ + My 9.0 o L(G), x) + mz™ "D My(G, z™) — 2™ "D My (G, z™)
M3(THYH(G),z) = m+ Ms(L(G),z) +mal™ 2y (G, x) — ™2 M (G 2).

Theorem 3.12 Let G be a graph of order n and size m. Then

MUTT(G),0) = ma®™ + 2T (L(G),a ")
_|_,,n$2m-|-n—3]\40(G7 :E_l) _ I2m+n_3Mik(G, I_l)
My(TH(G),2) = ma™ + My_9.,o(L(G), )

+mxm(m+"73)Mo(G, x ™) — xm(er"*S)Ml* (G,z™™)
M3(TT=7(G),z) = m+ M3(L(G),z) +ma" 3 My(G,z) — 2" 3M; (G, x).
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Theorem 3.13 Let G be a graph of order n and size m. Then

M(T7°7(@Q),z) = z 2+ DAN(G, 22) + ma® T3 Mo (G, 272)
—x(2”+m73)Mf(G, 7 %)
My(T707(G),z) = M _(nim-1),—(n+m-1)(G 2*) + ma =DMl V(G 2 2)
+m:c("_2)("+m_1)M1*(G, $—2(n—2))
M3(T7O7(G),2™%) = M;(G,2?) +ma™ M My(G, 27 2%) — 2™ M} (G, x72).

Theorem 3.14 Let G be a graph of order n and size m. Then

M(T7'(G),z) = 22" UD(G,272) + <ﬂ;)xz("+m3)+mz2(”+m2)M0(G,:1:2)
_I2(n+m73)Mik(G, :E)
1 — M\ (o
MaT(C)0) = Tty s (o) (a7

+mx(n+m73)(n+m)MO(G, I72(n+m73))

_x(nerfS)(ner)Ml* (G, x*Q(nerfS))

M3(T'7(G),27%) = M;s(G,2°%) + (7;) +ma 2 My(G, 2?) — x> M7 (G, 2?).

Theorem 3.15 Let G be a graph of order n and size m. Then

]\41 (T7+7 (G)7 $) _ x2(n+mfl)M(G7 $72) + :C(n72)M1 (L(G)7 LK) + :C2n+m73 Z m72dc(u)+dc(v)
M> (T7+7 (G)7 x) Wf(n+m71),f(n+m71) (G7 $2) + M(,n+2,n+2) (L(G)7 x)

+ Z x(n+m7172dc(u))(n72+dc('u))

uxv

x‘mH‘M’,Q,,l(@, z) + M3(L(G), z) + =™ Z gl?de(WFde ()]

uxv

Mz(T~77(G), z)

Theorem 3.16 Let G be a graph of order n and size m. Then

M(T—(G)x) = 22 DE(G,a2) + 22D I(L(G), )
+$2(n+m—1) Z x—?dc(u)—dc(v)

u*v

My(T~~7(G),2) = M _(nim—1)—(ntm—1)(G,2%) + M _ (5 pm—3) — (n4m—3)(L(G), x)
+ Z I(n-{-m—l—dg(u))(n+m—3—dg('u))
u*v
My(T~~~(G),x) = Ms(G,x)+ Ms(L(G),x) +a* ) altclm=da(v)]

uU*v
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