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§1.

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E) be a

graph with p vertices and ¢ edges. For notations and terminology, we follow [4]. For a detailed survey

C-Geometric Mean Labeling of Some Cycle Related Graphs

A.Durai Baskar
(Department of Mathematics, CSI Jayaraj Annapackiam College, Nallur - 627853, Tamil Nadu, India)

S.Arockiaraj

(Department of Mathematics, Government Arts & Science College, Sivakasi - 626124, Tamilnadu, India)

E-mail: a.duraibaskar@gmail.com, psarockiaraj@gmail.com

Abstract: In a study of traffic, the labeling problems in graph theory can be used by
considering the crowd at every junction as the weights of a vertex and expected average
traffic in each street as the weight of the corresponding edge. If we assume the expected
traffic at each street as the arithmetic mean of the weight of the end vertices, that causes
mean labeling of the graph. When we consider a geometric mean instead of arithmetic mean
in a large population of a city, the rate of growth of traffic in each street will be more
accurate. The geometric mean labeling of graphs have been defined in which the edge labels
may be assigned by either flooring function or ceiling function. In this, the readers will
get some confusion in finding the edge labels which edge is assigned by flooring function
and which edge is assigned by ceiling function. To avoid this confusion, we establish the
C-Geometric mean labeling on graphs by considering the edge labels obtained only from the
ceiling function. A C-Geometric mean labeling of a graph G with q edges, is an injective
function from the vertex set of G to {1,2,3,---,¢ + 1} such that the edge labels obtained
from the ceiling function of geometric mean of the vertex labels of the end vertices of each
edge, are all distinct and the set of edge labels is {2,3,4,--- ,¢+1}. A graph is said to be a
C-Geometric mean graph if it admits a C-Geometric mean labeling. In this paper, we study
the C-geometric meanness of some cycle related graphs such as cycle, union of a path and a
cycle, union of two cycles, the graph Cs x P,, corona of cycle, the graphs Py s, P? and some

chain graphs.

Key Words: Labeling, C-Geometric mean labeling, Smarandache 2k-Geometric mean la-

beling, C-Geometric mean graph.

AMS(2010): 05C78.

Introduction

on graph labeling we refer to [3].

vertices at each vertex of G. Let G1 and G2 be any two graphs with p1 and p2 vertices respectively.

Then the cartesian product G1 X G2 has p1p2 vertices which are {(u,v) : u € G1,v € G2} and any two

Path on n vertices is denoted by P,. G®.S,, is the graph obtained from G by attaching m pendant
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vertices (u1,v1) and (ug2,v2) are adjacent in G1 x G2 if either u1 = uz and v1 and vy are adjacent in

G2 or u1 and u2 are adjacent in G1 and vi = ve.

Let w and v be two fixed vertices. We connect u and v by means of b > 2 internally disjoint paths
of length a > 2 each. The resulting graph embedded in the plane is denoted by P, . Let a and b be
integers such that a > 2 and b > 2. Let y1,y2, -+, Y. be the ‘a’ fixed vertices. We connect y; and yi+1
by means of b internally disjoint paths of length (i + 1) for each ¢, 1 <4 < a — 1. The resulting graph
embedded in the plane is denoted by P?.

Barrientos [1] defines a chain graph as one with blocks Bi, B2, Bs,- - , B such that for every
i, B; and B;+1 have a common vertex in such a way that the block cut point graph is a path. The
chain graph @(1017161710271627 -+, kn—1,pn) is obtained from n cycles of length p1,p2,ps,---,pn and
(n — 1) paths on k1, ks, ks, - -+ , kn—1 vertices respectively by identifying a cycle and a path at a vertex
alternatively as follows. If the " cycle is of odd length, then its (piT%)th vertex is identified with a
pendant vertex of the i'" path and if the i*" cycle is of even length, then its (3’9;—2)“1 vertex is identified
with a pendant vertex of the i*" path while the other pendant vertex of the " path is identified with
the first vertex of the (i + 1)** cycle. The chain graph G*(pi1,p2,--- ,pn) is obtained from n cycles of
length p1,p2,--- ,pn by identifying consecutive cycles at a vertex as follows. If the " cycle is of odd
length, then its (pi—f)th vertex is identified with the first vertex of (i +1)*" cycle and if the i'" cycle is
of even length, then its (3’9;—2)“1 vertex is identified with the first vertex of (i + 1) cycle. The graph
G’ (p1,p2,- -+ ,pn) is obtained from n cycles of length p1, p2,- - , pn by identifying consecutive cycles at

an edge as follows:

, th
The (I)]T”) edge of 5" cycle is identified with the first edge of (5 + 1) cycle when j is odd and

th
the <p”;1> edge of j* cycle is identified with the first edge of (j + 1)*" cycle when j is even.

The study of graceful graphs and graceful labeling methods was first introduced by Rosa [5] and
many authors are working in graph labeling [2,3]. Motivated by their methods, we introduce a new
type of labeling called C-Geometric mean labeling. A function f is called a C-Geometric mean labeling
of a graph G if f : V(G) — {1,2,3,--- ,g + 1} is injective and the induced function f* : E(G) —
{2,3,4,--- ,q+ 1} defined as

F(uw) = [ f(u)f(v)w , for all wv € E(Q)

is bijective. Furthermore, if

fuw) = [25/ f(u)’“f(v)k-‘ , for all uv e E(G)

is bijective, where k > 1 is an integer, such a function f is called a Smarandache 2k-Geometric mean
labeling, and C-Geometric mean labeling of a graph G if kK = 1. A graph that admits a C-Geometric

mean labeling is called a C-Geometric mean graph.
In [6], S.Somasundaram et al. defined the geometric mean labeling as follows:
A graph G = (V, E) with p vertices and q edges is said to be a geometric mean graph if it is possible

to label the vertices x € V with distinct labels f(z) from 1,2,--- ,q+ 1 in such way that when each edge
e = uv 1is labeled with f(uv) = { f(u)f(v)J or [ f(u)f(v)J then the edge labels are distinct.

In the above definition, the readers will get some confusion in finding the edge labels which edge

is assigned by flooring function and which edge is assigned by ceiling function.

In [6], the authors have given a geometric mean labeling of the graph Cs U C7 as in the Figure 1.
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3 4 4 11 10 9
Figure 1 A geometric mean labeling of Cs U C5.

From the above figure, for the edge uv, they have used flooring function { f(u)f(v)J and for
the edge vw, they have used ceiling function [ flu)f (v)—‘ for fulfilling their requirement. To avoid

the confusion of assigning the edge labels in their definition, we just consider the ceiling function
L/f(u)f(v)-‘ for our discussion. Based on our definition, the C-Geometric mean labeling of the same
graph Cs U C7 is given in Figure 2.

5

Figure 2 A C-Geometric mean labeling of C5 U C7

In this paper, we have discussed the C-Geometric mean labeling of the cycle for n > 4, union of
any two cycles C,, and C,,, union of the cycle C,, and a path P,, the graph C5 x P,, corona of cycle,
the graphs P, , P? and some chain graphs.

§2. Main Results

Theorem 2.1 A graph C, is a C-Geometric mean graph only if n > 4.

Proof The proof is divided into 2 cases following.
Case 1. n > 4.

Let v1,v2,- -+ , v, be the vertices of C,,. Define f: V(Cy,) — {1,2,3,--- ,n+ 1} as follows:

2i— 1, 1<i<2,

2 -2 3<i<|2]+1
f(’Uz): ) ‘ ZJ )

n+1, z:{%J-G-Q,

2n+5-2i, |3 +3<i<n
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Then, the induced edge labeling is obtained as follows:

2i, 1<i<2,
2 — 1, 3<i< 2] +1,
frvivig1) = n+1, i=|2] +2and nis odd,
n, 1= L%J 4 2 and n is even,
2n + 4 — 24, 3<i<|3]+3<i<n-1

and f*(vpv1) = 3.

Hence, f is a C-Geometric mean labeling of the cycle C}. Thus the cycle C,, is a C-Geometric
mean graph for n > 4.

Case 2. n=3.

Let v1,v2 and vs be the vertices of C's. To get the edge label ¢+ 1, ¢ and g+ 1 should be the vertex
labels for two of the vertices of C3, say v1 = ¢ = 3 and v2 = ¢+ 1 = 4. Also to obtain the edge label 2,
1 is to be a vertex label of a vertex of C3, say vs = 1. Since the edge labels of the edges vivs and vavs

are one and the same. Hence C is not a C-Geometric mean graph. a

Theorem 2.2 A union of two cycles Cp, and C,, is a C-Geometric mean graph if m > 3 and n > 3.
Proof Let ui,u2, -+ ,um and vi,v2, -+ , v, be the vertices of the cycles C), and C), respectively.
Case 1. m>4orn > 4.
Define f: V(Cr, UCR) — {1,2,3,-+-- ;m+n+ 1} as follows:
1<i<[Vm+2] -2,
i+ 1, [Vm+2]-1<i<m-—1,
f(Um) =m+ 27

m—1+2i,

IN
IN

fvi) =

IN +

1
m+2n+4-2i, |[2]+2<i

Then, the induced edge labeling is known as follows:

i+ 1,

1
F(uinitr) =
i+2,  [VmF2]-1<i<m-1,

f*(uhum) = { m+2-|7

m + 2i, 1<i<|2],
f*(vivi+1) = m+n+1, = {%J +1,
m+2n+3-2, |[2]+2<i<n-—1

and f*(vivn) = m + 3.

Hence, f is a C-Geometric mean labeling of the graph C,, U C),. Thus the graph C,, U C), is a
C-Geometric mean graph, for m >4 or n > 4.
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Case 2. m =3 and n = 3.

A C-Geometric mean labeling of C3 U Cs is shown in Figure 3.

1 4
b 6
2 3
6 7
3 5
4 7

Figure 3 A C-Geometric mean labeling of C3 U Cs.

This completes the proof. a

Theorem 2.3 A graph C,, U P, is a C-Geometric mean graph if m > 3 and n > 2.

Proof Let ui,uz2, -+ ,uUm and vi,v2, -+ ,v, be the vertices of the cycle C,, and the path P,

respectively.

Define f : V(Cr, U P,) — {1,2,3,--- ,m + n} as follows:

Fus) n42i—2, 1<i< |2 +1,
u‘ =
Z n+2m+3-2, @ |Z]+2<i<m,
floi))=1, for1<i<n-—1and
flon) =n+1.
Then, the induced edge labeling is obtained as follows:
n—1+2i 1<i< |2,
f*(uiui+1) = m+n, 7= {%J +1,
n+2m+2-2i, [Z]+2<i<m-—1,

ff(urum) =n+2 and

ffovig) =i+1, for 1 <i<n-—1.

Hence, f is a C-Geometric mean labeling of the graph C,, U P,. Thus the graph C,, U P, is a
C-Geometric mean graph, for m > 3 and n > 2. a

Theorem 2.4 A graph Cs x P, is a C-Geometric mean graph if n > 4.

Proof Let V(Cs x Pp) = {fugi), véi), véi); 1 <i < n} be the vertex set of Cs x P, and E(Cs x P,) =
{oPu? véi)vy)wgi)véi); 1<i<n}u Pl yfDpfith véi)véiﬂ); 1 <i<mn—1} be the edge set of
03 X Pn.



74 A.Durai Baskar and S.Arockiaraj

Define f: V(Cs x P,) — {1,2,3,--+ ,6n — 2} as follows

8§ —11, 3<j<4,
’ 2j+11, 3<j<4,

7j—6, 3<j<4

and f(vl(j)) = f(v(jfg)) 4+ 18 for 1 <i <3 and 5 < j < n. Then, the induced edge labeling is obtained

(3
as follows:
2, ji=1
Frfv) =14 5 2<j<3,
U0y 18, 4<j<n,

37 +2, 1<5<2
55 +1, 3<j<4,
Fefef 418, s<i<n,
6 — 3, 1<j<2,
87 — 10, 3<5<4,
FEf ™) +18,  5<j<n,

U0y 118 5<j<n—1,

6, j=1
57 + 3, 2<j<4,
FrdPef ™) +18,  5<j<n—1,

@) =

45 +3, 1<j<2
55 +4, 3<j<4
FrfPef ™) 418, 5<j<n-—1.

@) =

8 4, 1<j<2
frePe ™) =4 8 -1, 3<j<4,

Hence f is a C-Geometric mean labeling of C3 x P,,. Thus the graph C3 x P, is a C-Geometric
mean graph, for n > 4. a
Theorem 2.5 A graph Cp, ® Sy, is a C-Geometric mean graph if n > 3 and m < 2.

Proof Let ui,uz2,--- ,un, be the vertices of the cycle C,, and let v(()i)7v§i)7 . 7117(,? be the vertices
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of the star graph S, such that v(()i) is the central vertex of S, for 1 <i <n.

Case 1. m=1
Subcase 1.1 [ 2(2n + 1)—‘ is odd and n > 5.

Define f: V(C,, ® S1) — {1,2,3,--- ,2n + 1} as follows:
24, 1<i< LL(?“) :
flui) =
2i+1, {7\/2(227L+I)J+1§i§i§n7
_ % —1, 1gig{7V2(22”“)J7
Fi?) = —
24, {7VJ+1§i§i§n.

2

Then, the induced edge labeling is obtained as follows:

2%i4+1, 1<i< F”?*”J —1,
[ (uiuipr) =
2+ 2, {7“(2’””J+1gigign—1,
fHuu) = [V2@n+ D]

Subcase 1.2 [ 2(2n + 1)—‘ is even.

Define f: V(C,, ® S2) — {1,2,3,--- ,2n + 1} as follows:
1<i< {*V m{””J -2,

flu) =4 2i-1, i:{@J_L

2i+ 1, {7\’2(22”+1)J§i§i§n7

2%—1, 1<i<|¥2erD) o
Fi) = L

24, {7\/2(22”+1)J—1§i§i§n.

2,

Then, the induced edge labeling is obtained as follows:
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P (wrun) = [ 202n + 1)}
%, 1<i§{7\/2(2"+1)J—1,

and f*(ul?) =
%+ 1, {L@;*”J <i<n.

Hence, the graph C,, ® S1, for n > 4 admits a C-Geometric mean labeling.

For n = 3, a C-Geometric mean labeling of Cs ® S; is shown in Figure 4.

5 @ .
5 4 6 7 6

Figure 4 A C-Geometric mean labeling of C3 ® S;.

Case 2. m=2.
Subcase 2.1 [V6n| = 0(mod 3).

Define f : V(Cr ® S2) — {1,2,3,---,3n + 1} as follows:

34— 1, 1§zg{@J—17
flui) =
34, {??"Jgign,
. 3i — 2, 1§z§{%J,
f(”lz)_
3i— 1, {S"J#—lgzgn,
. . 6n
%ol
30+ 1, {%nggn

Then, the induced edge labeling is obtained as follows:

) 3+ 1, 1§zg{@J—17
M (winiy1) =
3i + 2, { gnng‘gn—L

£ (wnur) = [V6n]

o 34— 1, 13@{@}
f*(u“}l )=
34, {??”J—t-lgign,
. . 6n
30+ 1, {%J <i<n



C-Geometric Mean Labeling of Some Cycle Related Graphs

Subcase 2.2 [V6n| = 1(mod 3).

Define f : V(Cr, ® S2) — {1,2,3,---,3n + 1} as follows:

3i— 1, 1§¢§{@J,
1

flui) =4 3i+1, ZZ{QF_ 7
34, {LJ t2<i<n,

sy = [ Bz rsi< ]
3i-1, { J 1<i<n,
=] > 1<i< [+
3i+1, { J 9<i<n.

Then, the induced edge labeling is obtained as follows:

. 3+ 1, lng{@J—L
[ (uiuipr) =
3 +2, { gnJgign—L

Frunur) = [\/ﬁw ,

W 31, 13@{@}
f (“1”1 )=
34, {S”J—t-lgign,
. 3 1<i< {ﬂJ
f*(u“}éz)): ’ 3
3+ 1, {S”J—t-lgign

Subcase 2.3 [V6n| = 2(mod 3).

Define f : V(Cr ® S2) — {1,2,3,---,3n + 1} as follows:

fsi-1 < g{ﬂJ
flus) = 3, {LJ 1<:<n,

oo [ 3i-2 1< S{QJ
f(v§))— 3 1. {EJ l<i<n

ol rsic| )
: 3+ 1, { J 1<i<n

. 3+ 1, 1§z§{@J,
[ (winipr) =
si+2, [ +1<i<n-1,

I (unr) = [V

7
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3i—1, 1§1§L@J,
I (uivi) =
34, [ &2 | +1<i<n,
34, 1<i< |,
1™ (wivg”) =
si+1,  |¥|41<i<n

Hence, the graph C,, ©®S2, for n > 3 admits a C-Geometric mean labeling. Thus the graph C,, ® S;,

is a C-Geometric mean graph, for n > 3 and m < 2. a

Theorem 2.6 A graph @(pl,ml,pg,mg, cer  Mn—1,pn) is a C-Geometric mean graph if p1 # 3.

Proof Let {vﬁj);l <j<n,1<i<p;}and {ul(-j);l <j<n-1,1<1i<m;} be the n number

of cycles and (n — 1) number of paths respectively. For 1 < j < n — 1, the 4" cycle and j** path are

(J ) (49) (J) €]

identified by a vertex v P2 and uy’ while p; is even and v, P43 and u;"’ while p; is odd and the jth

J (J+1).

path and (j + 1)*" cycle are identified by a vertex u i and v;

~ n—1
Define f : V(G(p1,m1,p2, M2, ,Mn—1,Pn)) — {172737--- s > (pj+my) +pn —n + 2} as
i=1

follows:

If p1 is odd and p; # 3,

2 —1, 1<i<2,
F(o) =1 2i-2, 3<i<|B]+2,
2p1+5—2i, |[B|+3<i<p.
and if p1 is even,
37 j:17
£(e7) = % 2<j< (),
2p1 + 3 — 2i, |2 +1<j<p—1
f(vz(ﬁ)) =1, f(uﬁ”) —pi+i, for2<i<m. For2<j<n,
=1 .
kZ(pk+mk)+21—J7 2<i< | B +1,
=1
i1 ‘
= > (o +my)+2i—5—1, = |2 | +2 and p, is odd,
fl”)=1¢ "= ,
> (i +mu) +2i — j =3, = |2 | +2 and p; is even,
k=1
i1 ,
L (pr i) +2p; = 20— j =5, %] +3<i<p;
and for 3 <j <n,
Fd™D) =3 "(pr +mu) +pj1 +i+2—j, for 2 <i <myoa.
k=1

Then the induced edge labeling is obtained as follows:
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If p1 is odd and p1 # 3,

1<i<2,
FrePv) =4 2i—1, 3<i< B +1,
2p1 + 4 — 2, |2 +2<i<pi—1,
F) = 3.
and if p1 is even,
Jj=1
FMo) =1 241, 2<i<|B,
2p1 + 2 — 24, |2 +1<i<p—2,
Frop i) =3,
Frey =2,

FuPu) =pr+i, 1<i<mi—1

and for 2 < j < n,

j—1

S Pk +mn) +2i—j+1, 1<i< %],
k=1
-1
S(pk+mi)+2i—j+1, i=|%|+1and p; is odd,
f ( (4) (J)) k=1
7, 7,+ Jj—1
> (e +mi) +2p; —2i— 5+ 4, i=|%] +1 and p; is even,
k=1
j—1 )
z (pk +mi)+2p; —2i—j+4, [B|+2<i<p -1,
j—1
1( (J) (J) Zpk+mk Y—j+4
k=1
and
j—2
F a0y =S (e +mk) +pj1+i+3—j, for 1<i<my 1 —1land3<j<n.
k=1
Hence, f is a C-Geometric mean labeling of é(p17m17p27m2-~~ ,Mn—1,Pn). Thus the graph
CAT'(pl7 mi,p2, M2+ ,Mn-1,Pn) is & C-Geometric mean graph, for p; # 3. O

Corollary 2.7 A graph G*(p1,p2,--+ ,pn) is a C-Geometric mean graph if p1 # 3.

Theorem 2.8 A graph G'(pi,p2,--- ,pn) is a C-Geometric mean graph if all p;’s are odd and p1 # 3
orallp;j’s1 < j <n are even.

Proof Let {vﬁj); 1<j<n,1<1i<p;} be the vertices of the n number of cycles.
Case 1. pj;isodd and p1 #3 for 1 <j < n.

For 1 < j < n —1, the j** and (j + 1)'" cycles are identified by the edges v v and

Pjt1 T’J+3
2
(JH)UI(,J]JS) while j is odd and v(ﬁj) 1 v(pjj)+1 and U(JH)UI(,J]ﬁ) while j is even.
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n

Define f : V(G'(p1,p2, -+ ,pn)) — {172737--- , > Dj —n+2} as follows:

Jj=1

3, i=1,
Fw) =1 2, 2<i< B+,
2p1 + 3 — 2, |BL|+2<i<pi—1,
flp)) =1
and for 2 < j < n,
j—1 .
Spk—7+2i+2, 2<1 §{TJJ and j is even,
k=1
j—1 )
S pr 4 2p; +3—j — 2i, |%]4+1<i<p;—1andj even,
f(’t)(])): k=1
1 j—1
Sk —j+2+1, 2<1 S{TJJ—i—la,ndjisodd7
k=1
j—1
S pe+2p 4+ 4 — 5 — 24, |%|+2<i<p;—1andjodd.

=

-

The induced edge labeling is obtained as follows:

4, i=1,
) =1 211, 2<i< |8,
2pm+2-2i  |B]+1<i<pi—2
1 1
Py =3, 1)) =2
and for 2 < j < n,
-1
S pp—j+2i+3, 1<i< |2 andjis even,
k=1
j=1 .
S Pk 4 2p; +2—j — 2i, |%] +1<i<p;—1andj even,
1 (U(J),U(J) )= k=1
1 i+1 j—1 .
Sk —j+2+2, 1< SLTJJ and j is odd,
k=1
j—1
S pr+2p; +3— 5 — 2, |%Z|+1<i<p;—1andjodd.

Case 2. pjisevenfor 1 <j < n.

For1 < j < n—1, the j*" and (j—l—l)t cycles are identified by the edges vg.?)v(pj)ﬂ and v(JH) G+

P+l :
Define f : V(G'(p1,p2, -+ ,pn)) — ;> Dj —n+2} as follows:
=1
1 =1,
w?) 2<i<|B),
2p1 + 3 — 24, |2 +1<i<p—1,

1
vz(,l) 1
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and for 2 < j < n,

j—1
o) >opk—j+2i+1, 2
flo”) =19 %=

k=

IN

i< %),

.
==

pr+ 2p; +4— 5 — 2, B +1<i<p—1
1

The induced edge labeling is obtained as follows:

47 Z: 17
f*(vinvgl) =1{ 2i+1, 2<i< |2,
2pr+2 -2, B +1<i<p -2
* 1
f (”1()1)71”1()11)) =3,
«, (1) (1
Fr i) =2
and for 2 < j <mn,
j—1 .
@) G) Pr—J+2i+2, 1§iSL%J7
(v’ vz‘J+1) = ];f%

pr+2p+3—j—2, |H|+1<i<p,—1

k=1

Hence, f is a C-Geometric mean labeling of G’(p1,p2,...,pn). Thus the graph G’(p1,p2,--.,Pn)
is a C-Geometric mean graph, for p; # 3. a

Theorem 2.9 A graph P, is a C-Geometric mean graph if b < 4 and a > 2.

Proof Let v(gi),vii),véi), e ,vl(f) be the vertices of the " copy of the path of length ‘a’ where
i =1,2,---,b, v(()i) = u and v{” = v, for all i. Clearly, [V(Pap)| = ab—b+ 2 and |E(Pap)| = ab.
Consider a graph P, with a > 2.

Case 1. b=2.

Notice that P, 2 is a cycle of length more than 3. By Theorem 2.1, it admits a C-Geometric mean

labeling.
Case 2. b=3.

Define f : V(Pa,3) — {1,2,3, -+ ,3a + 1} as follows:

flu)=a+1,

fv) =3a+1,

j7 ISJS{V3G+1-|_27
j+1, [V3a+1]-1<j<a-1,

foy=a+i-1+2j for2<i<3, 1<j<a-1

f(vtg,lj]) =
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Then, the induced edge labeling is obtained as follows:

POy =4 0T
a=sa=3 j+2, [V3a+1] -1

i) = [VBa+T],

fruw)=a+1,

o) =3a—2+i, for2<i<3,
f(uvg)):a—b-i, for 2 <13 <3,
FrPv) )y =a+i+2j, for2<i<3and1<j<a-2.

Case 3. b=4.

Consider a graph P, with a > 3. Define f : V(P,4) — {1,2,3,--- ,4a + 1} as follows:

flu)=a+1,
f(v) =4a +1,
Fm ) = Js 1<j< [Vada+T1] -2,

j+1, [Via+1] -1<j<a-1,
a+35—1, 1<j<a-1andjis odd,
a+3j+1, 1<j<a-1andjis even,

a-+ 3+ 37, 1<j<a—1andjiseven

(2) {
(3) { a+143j, 1<j<a-—1andjis odd,
(4) { a+ 3+ 37, 1<j<a-—1andjis odd,

a—1+4 3y, 1<j<a—1andjiseven.

Then, the induced edge labeling is obtained as follows:

Pl o® = j+1,  1<j<[Via+1] -2,
a—j~a—j j+27 "\/4a+1-‘—1§‘7§a_27

£ @) = (VAT
(uv1 N =a+1,

(7“)1 K

)=a+1i, for2<i<4
((Z) v)=4a —3+1, for 2<i<4 and

a+2+ 3y, i=2and 1<j<a—2,
a+T7T—1i+4+3j 3<i<4and1<j<a-—2.

(4),,(4)
f (vj v3+1)
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For a = 2, a C-Geometric mean labeling of P> 4 is as shown in Figure 5.

1

Figure 5 A C-Geometric mean labeling of P> 4

Hence, the graph P, for b < 4 admits a C-Geometric mean labeling. Thus the graph P, ; for
b < 4 is a C-Geometric mean graph. a

Theorem 2.10 A graph PP is a C-Geometric mean graph if b < 3.

Proof Let y;,xij1,Tij2, - ,Tiji, yi+1 be the vertices of the jth path of it* block of P(f, where
1<i<a-—1and1<j<b. Obviously,

V(PY) ={ys1<i<a} <aU Ufzimi1 <k < i})

i=1j=1

a—1 b
U{yzmwl 1< < b}U (U U{m”k:cm(kH)J <k<i- 1})

=1 =1 j=1

U (U {Zijiyir1;1 < j < b})

i=1
Hence, |V (P2)| = 22=1 | 4 and |[E(PY)| = Helet?)
Case 1. b=2.
Notice that the graph P%is G* (p1,p2, -+ ypn). Applying Corollary 2.9, P2 is a C-Geometric mean
graph for p; # 3.
Case 2. b=3.

Define f : V(P2) — {172737 e 7% + 1} as follows:

f(y) =3,

Iy w+l,for2§i§a,

111

=bk+5, for 1 <k <2,

)
)
:c131):j+3 for 2 < j <3,
)
)
f(xosg) =13 —k, for 1 <k <2

(
(
flxo1x) =4k + 5, for 1 <k <2,
(
(
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and for 3 <i<a-—1,

WD po 4y, 1<5<2,

f(wij) = 301+ | o) i—3
3G 4 95 4 3k —1 1<j<2,2<k<i—1andFk is even,
3G-1042) 4 g 1, j=32<k<i—1andk is even,
BDEHD) 4 9543k -3, 1<j<3,2<k<i—1andk is odd,
flmige) = ¢ 30002 4 3 g, j=1,k=1and k is odd,
BG10H2) 4 3k 4 g, 2<j<3k=iand k is odd,
3G 4 g 4541, 1<j<2k=:iand k is even,
w-&-?)k—l, j =3,k =1 and k is even.

Then, the induced edge labeling is as follows:

3 - 1)(i+2)

yﬂ?m = 2 +]+1, for1§]§3and2§z§a—1,
2, j=1,

*(y1z151)
Jj+2, 2<5<3,
3, 7=1,

$131y2

F(xo12252)

$232y3

|
1:
1

and for 3 <i<a-—1,

BNEHD) 4 3k 125 —1, 1<k<i—1,
and 1 < j <2

fr(@ijrzijrr) = o
v BU=1)G+2) 4 gf 4 9 1<k<i-1,

and j = 3,

BOES) 4 j—2, 1<j<3andiis odd,
and f*(ziiyis1) = M‘kj_L 1<j<2andiis even,
w_1 j =3 and i is even.

Hence, f is a C-Geometric mean labeling of P?, for b < 3. Thus the graph P? for b < 3 is a

C-Geometric mean graph.

Theorem 2.11 Let G be a graph obtained from a path by identifying any of its edges by an edge of

a cycle and none of the pendent edges is identified by an edge of a cycle of length 3. Then, G is a

C-Geometric mean graph.

Proof Let vi,v2,--- ,vp be the vertices of the path on p vertices. Let m be the number of cycles are



C-Geometric Mean Labeling of Some Cycle Related Graphs 85

placed in a path in order to get G and the edges of the j* cycle be identified with the edge (vij, vij+1)
of the path having the length n; and n1 # 3 when i; = 1. For 1 < j < m, the vertices of the jth cycle

be vijyhl <1 < n; where Vij 1 = Vi and Vijn; = Vij+1-

Define f: V(G) — {172737-~~ ,y.nj+p— m} as follows:

Jj=1

fuk) =k, for 1 <k <1y,
j—1
fi) =i+ Y (nk—2)+j—1, for 1<j<m,

k=1
f(ij41) = f(vi;) +ny, for 1< j <m,
f(vij+k) = f(vij+1) +k—-1for2<k<ijy1—i;—land1<j<m—1,
Fipti+1) = fWipe4r) + =1, for 2< kb <p—in

and for 1 < j < m,

Fo) +1=1, 2 <0< [ f )] = Fo) =1,

f Vij,1) =
) Fw)+L I @] = feg) <1<ng -1,

Then, the induced edge labeling is obtained as follows:

frlogvgs1) =k+1, for 1 <k <4 —1,
f*(vij+kvij+k+1) = Vij+k + 1, for 1<k<ijy1—i;j—land 1 <j<m—1,

I Wi +5Vigth41) = f(Ui k) + 1, for 1 <k <p—im — 1
and for 1 < j < m,
f(vij)+l7 1<1< ’V f(vij)f(vij+1) _f(vij)_17
f(vij)+l+17 [ f(vij)f(vifrl)—‘ _f(vij)glgnj_lv

f*(vijvij+l) = [ f(vij )f(vij+1)—‘ , for 1 <j <m.

f* (Uij,lvij,l+1) =

Hence, the graph G admits a C-Geometric mean labeling. Thus the graph G is obtained from a
path by identifying any of its edges by an edge of a cycle and none of the pendent edges is identified
by an edge of a cycle of length 3, is a C-Geometric mean graph. a
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