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Abstract: Let G be a (p,q) graph. Let f be a function from V(G) to the set {1,2,--- k}
where k is an integer 2 < k < |V(G)|. For each edge uv assign the label r where r is
the remainder when f(u) is divided by f(v) (or) f(v) is divided by f(u) according as
flw) > f(v) or f(v) > f(u). The function f is called a k-remainder cordial labeling of
Gif lvp (i) —vs(§)| <1,4,5 € {1, -, k} where vs(z) denote the number of vertices labeled
with 2 and |n.(0) — no(1)] < 1 where 7.(0) and 7,(1) respectively denote the number of
edges labeled with even integers and number of edges labeled with odd integers. A graph
with admits a k-remainder cordial labeling is called a k-remainder cordial graph. In this
paper we investigate the 3-remainder cordial labeling behavior of dumbbell graph, butterfly
graph, umbrella graph, C3 © Ki n.
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§1. Introduction

All graphs considered here are finite and simple. The origin of graph labeling is graceful labeling which
was introduced by Rosa (1967). The concept of cordial labeling was introduced by Cahit [1]. Motivated
by this Ponraj et al. [4, 6], introduced remainder cordial labeling of graphs and investigate the remainder
cordial labeling behavior of several graphs. Also the notion of k-remainder cordial labeling introduced in
[5] and investigate the k—remainder cordial labeling behavior of grid, subdivision of crown, subdivision
of bistar, book, Jelly fish, subdivision of Jelly fish, mongolian tent, flower graph, sunflower graph and
subdivision of ladder graph, L, ® K1, L, ® 2K1, L, ® K2. Recently [9, 10] they investigate the 3-
remainder cordial labeling behavior of the subdivision of the star, wheel, subdivision of the path, cycle,
star, complete graph, comb, crown, wheel, subdivision of the comb, armed crown, fan, square of the
path, K1, ® K2. In this paper we investigate the 3-remainder cordial labeling behavior of dumbbell
graph, butterfly graph, umbrella graph, Cs ® K1 ,,, etc. Terms are not defined here follows from Harary
[3] and Gallian [2].
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§2. Preliminary Results

Definition 2.1 The corona of Gi1 with G2, G1 ® G2 is the graph obtained by taking one copy of G1

and py copies of G and joining the i*" vertex of G1 with an edge to every vertex in the i'" copy of Ga.

Definition 2.2 The graph obtained by joining two disjoint cycles, uirusz - - - upui and v1vz ...v,v1 wWith

an edge uiv1 s called dumbbell graph Db,,.

Definition 2.3 The butterfly graph BFy, n is a two even cycles of the same order say Cy, sharing a

common vertexr with m pendant edges attached at the common vertex is called a butterfly graph.

Definition 2.4 The umbrella graph Uy, is obtained from a fan F,, = P,+ K1 where Py, : ui,u2, -+ , Un
and V(K1) = {u} by pasting the end vertex of the path Py, : v1,v2,- - ,vm to the vertex of K1 of the
fan F,.

§3. k-Remainder Cordial Labeling

Definition 3.1 Let G be a (p,q) graph. Let f be a function from V(G) to the set {1,2,--- ,k} where k
is an integer 2 < k < |V(G)|. For each edge wv assign the label v where r is the remainder when f(u)
is divided by f(v) (or) f(v) is divided by f(u) according as f(u) > f(v) or f(v) > f(u). The function
f is called a k-remainder cordial labeling of G if |vs(i) —vs(§)| < 1, 4,5 € {1,---,k}, otherwise,
Smarandachely if |vs (i) —vp(5)| > 1 or |ef(0) — es(1)| > 1 for integers i,j € {1,--- ,k}, where vy(z)
denote the number of vertices labeled with x and |ne(0) — no(1)] < 1 where n.(0) and 1n,(1) respectively
denote the number of edges labeled with even integers and number of edges labeled with odd integers. A

graph with a k-remainder cordial labeling is called a k-remainder cordial graph.

Now, we investigate the 3—remainder cordial labeling behavior of the dumbbell graph Db,.

Theorem 3.2 The dumbbell graph Dby, is 3-remainder cordial for all n.

Proof Let C) : uiuz---u,ur and C’;L s vive -+ - vpv1 be two disjoint cycles of the same order n.
Let V(Db,) = V(Cn) UV (C,) and E(Db,) = E(C) U E(C,)U{uiv:}. Then the order and size of the
dumbbell graph are 2n and 2n + 1 respectively.

Case 1. n=0 (mod 3).

Assign the labels 2,3 and 1 respectively to the vertices ui,u2 and wus. Next assign the labels
1,2 and 3 to the vertices u4,us and ug respectively. Then assign the labels 2,3 and 1 respectively
to the vertices ury, us and ug. Then next assign the labels 1,2 and 3 to the vertices uio,u11 and w12
respectively. Proceeding like this until we reach the vertex w,. If n is odd then assign the labels 2,3
and 1 respectively to the vertices up—2,un—1 and u,. If n is even then assign the labels 1,2 and 3
respectively to the vertices up—2,un—1 and u, of C,. On the other hand assign the labels 3,2 and 1
respectively to the vertices vi1,v2 and vs. Next assign the labels 1,3 and 2 to the vertices v4,vs and
ve respectively. Then assign the labels 3,2 and 1 respectively to the vertices vr,vs and vg. Then next
assign the labels 1,3 and 2 to the vertices vip,v11 and vi2 respectively. Continuing like this until we
reach the vertex v,,. If n is odd then assign the labels 3,2 and 1 respectively to the vertices vn—2, vyn—1
and v,. If n is even then assign the labels 1,3 and 2 respectively to the vertices v,,—2,vn—1 and v,

of C,/I. Table 1 shows that this vertex labeling is called 3-remainder cordial labeling of the dumbbell
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graph for n =0 (mod 3).

Nature of n | vs(1) | vr(2) | vs(3) Ne Mo
n is odd % % % n+1 n
n is even 27" 27" 27" n n+1

Table 1

Case 2. n=1 (mod 3).
Subcase 2.1 n is even.

Assign the labels to the vertices u;, 1 < i < n in the following way.

2, ifi=1,35-,i+2 - ,n—1,

flui) = o .
3, ifi=24,6,---,i+2--- n.
we consider the vertices v;, 1 < ¢ < n of the cycle C,;. Assign the label 1 to the first 2”,;1 vertices
V1,V2, - ,V2nt1. Next assign the label 2 to the vertices Uzntl 1, VU2ndl o, " Usntd. Finally assign
3 3 3 6

the label 3 to the remaining vertices of the cycle C’;.
Subcase 2.2 n is odd.
Assign the labels to the vertices u;, 1 < i < n in the following ways.

3, ifi=1,3,5,--,i+2,m,
2, ifi=246-,i+2 - ,n—1

Jlus) =

Next assign the labels to the vertices v;,1 < i < n of the cycle C’; in the following way. As-

sign the label 1 to the first 2”3¢ vertices vi,v2,...,V2n+1. WNext assign the label 2 to the vertices
3

V2nt1 ,V2n41 o, ., Usnt1. Finally assign the label 3 to the remaining vertices of the cycle C;. Ta-
3 3 6

ble 2 shows that this vertex labeling is called 3-remainder cordial labeling of the dumbbell graph for

n=1 (mod 3).

Nature of n,n =1 (mod 3) | v(1) | v#(2) | v(3) Ne o
n is odd 2"_3+1 27L_3+1 % n+1 n
n is even 2”_;1 2n_3+1 % n n41
Table 2

Case 3. n =2 (mod 3).

Fix the labels in the following pattern : 3,2,1,1 and 2 to the vertices ui,uz2,us, un—1 and un,
respectively and 2,3,2,1 and 3 to the vertices vi,v2,v3,v,—1 and v, respectively. Next assign the

labels to the remaining vertices u;, and v;, (4 < i < n — 2) in the following two cases.

Subcase 3.1 First assign the labels to the vertices u;,4 < ¢ < n —2. Assign the labels 1,2 and 3
to the vertices u4, us and ug respectively. Then assign the labels 2,3 and 1 respectively to the vertices
u7,us and ug. Then next assign the labels 1,2 and 3 to the vertices w10, w11 and w12 respectively. Then

assign the labels 2,3 and 1 respectively to the vertices uis,u14 and uis. Proceeding like this until we
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reach the vertex un—2. When n is odd then the vertices un—4, un—3 and un—2 are receive the labels 2,3
and 1 respectively. When n is even then the vertices un—4,un—3 and u,—_2 are receive the labels 1,2

and 3 respectively.

Subcase 3.2 We consider the vertices v;, (4 <4 < n —2). Assign the labels to the vertices v; for
(4 <1i <n—2) as in subcase(i). Table 3 shows that this vertex labeling is called 3-remainder cordial
labeling of the dumbbell graph for n =2 (mod 3).

Nature of n,n =2 (mod 3) | vs(1) | vr(2) | vs(3) Ne Mo
n is odd % 2”—;2 %Tfl n+1 n
n is even 2n;1 27L3+2 27L371 n n+ 1
Table 3
This completes the proof. a

Theorem 3.3 The umbrella U, ., is 3-remainder cordial for all n.

Proof Let F,, = P, + K1 where P, : ui,u2, -+ ,un, and V(K1) = {u}. Let P;Z D v1,V2,0 0, Up be
another path. Identify v; with u. Clearly the umbrella graph has 2n vertices and 3n — 2 edges.

Case 1. n =0 (mod 3).
Subcase 1.1 7 is odd.
Assign the labels to the vertices u;, (1 <7 < n) as follows:

2, ifi=1,3,5,...,i+2.,n

flui) = . ‘
3, ifi=246,...,i+2---,n—1

Next assign the labels to the vertices v;, 1 < ¢ < n. Assign the label 3 to the first ”TH vertices

V1, V2, vn+a and assign the label 1 consecutively to the vertices vnHH, vn+e+2, -+ ,Usnt3. Next
6
assign the label 2 to the remaining vertices.
Subcase 2. n is even.
Assign the labels to the vertices u;, (1 <7 < n) as follows:
2, ifi=1,3,5,---,i+2...,n—1,
flui) = . ,
3, ifi=246,---,i+2...,n
Next we consider the vertices v;, 1 <4 < n. Assign the label 3 to the first F vertices v1, vz, - - - Un
and assign the label 1 consecutively to the vertices VB 1, VR g9, Usn Next assign the label 2 to the
remaining vertices Vsn 1,VUsn o5« Un. Table 4 shows that this vertex labeling is called 3-remainder

cordial labeling of U, for n =0 (mod 3).

Nature of n,n =0 (mod 3) | vp(1) | vp(2

~

vr(3) | me Mo

. 2n 2n 2n 3n—3 3n—1
n is odd 3 3 3 5 5

: 2n 2n 2n 3n—2 3n—2
n 1S even 3 3 3 | "3 | T3

Table 4
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Case 2. n=1 (mod 3).
Subcase 2.2 n is odd.
Assign the labels to the vertices u;, (1 <7 < n) as follows:

2, ifi=1,35-,i+2 - ,n
3, ifi=246-,i+2 - ,n—1

Next assign the labels to the vertices v;, 1 < ¢ < n. Assign the label 3 to the first ”25 vertices

V1, V2, vn+) and assign the label 1 consecutively to the vertices vn+-s+1, vn+5+2, e ,vsnfw. Next
%

assign the label 2 to the remaining vertices.

Subcase 2.2 n is even.

Assign the labels to the vertices u;, (1 <7 < n) as follows:

2, ifi=1,35-,i+2 - ,n—1,
3, ifi=24,6-,i+2 - .,n

Assign the label 3 to the first ”TH vertices

Next we consider the vertices v;,1 < ¢ < n.
vm+4 consecutively. Next

vn+z and assign the label 1 to the vertices vn+z+1, vn+z 4o

7_)17 1)27 e
. Table 5 shows that this vertex

assign the label 2 to the remaining vertices Usndd g, Usndd oy 0,V
labeling is called 3-remainder cordial labeling of Unmn for n=1 (mod 3).

Nature of n,n =0 (mod 3) | v(1) | v£(2) | v#(3) Ne Mo
: 2n4+1 | 2n—2 | 2n41 | 3n=3 | 3n—1
n is Odd 7L3 "'LS 7L3 "'L2 "'L2
: 2n4+1 | 2n—2 | 2n41 | 3n—2 | 3n—2
n is even N i B i B
Table 5

Case 3. n =2 (mod 3).
Subcase 3.1 n is odd.

Assign the labels to the vertices u;, (1 <7 < n) as follows:

2, ifi=1,35-,i+2 - ,n
3, ifi=24,6,-,i+2 - ,n—1

Next assign the labels to the vertices v;, 1 < ¢ < n. Assign the label 3 to the first ”TH vertices
vn+1 and assign the label 1 to the vertices vn+1+1,vn+1+2, cee

V1,02,
*5) vertices.

VUsnts consecutlvely Next assign the label 2 to the remaining (*

Subcase 3.2 n is even.

Assign the labels to the vertices u;, (1 < i < n) as follows:

2, ifi=1,35-,i+2 - ,n—1,
3, ifi=24,6,,i+2 - ,n

Next we consider the vertices v;,1 < i < n. Assign the label 3 to the first "sz vertices
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v1,v2, - ,Un—2 and assign the label 1 to the vertices vn—2 ,,vn_2 ,Usn+2 consecutively. Next
6 6 6

JUSERE .
assign the label 2 to the remaining "sz vertices Usnt2 1, Vsnt2 o, " Un. Table 6 shows that this
6 6

vertex labeling is called 3-remainder cordial labeling of U, for all n = 2 (mod 3).

Nature of n,n =2 (mod 3) | ve(1) | vs(2) | ve(3) Ne o
n is odd 2"—3“ % % % %
n is even 2"—3*2 % % % %
Table 6
This completes the proof. 0

Theorem 3.4 The butterfly graph BF, , is 3-remainder cordial for all n.

Proof Let C : uiuz -« - unur and C; 1 v1v2 - - - vpv1 be two cycles of the same order n. Identify
the vertex u; with the vertex vi. Let w1, w2 -+ ,w, be the n-pendant vertices adjacent to the vertex
u1. Then the given graph has 3n — 1 vertices and 3n edges.

First assign the labels to the vertices u;, (1 <147 < n) as follows:

2, ifi=1,35,i+2 - ,n—1,
3, ifi=24,6,,i+2 - ,n.

flui) =

Next assign the labels to the vertices v, (2 < ¢ < n). Assign the label 1 to the vertices v, vs, ..., Un.

Finally assign the labels to the vertices w;, (1 < i < n) as follows:

2, ifi=1,3,5---,i+2---,%,
3, fi=2+1,2+42-,i4+2 ,n

flwi) =

Thus vs(1) = n — 1, v4(2) = v4(3) = n and ne = 3 = n,. Hence this vertex labeling is called

3-remainder cordial labeling of butterfly graph for all n. a

Theorem 3.5 The graph Cs ® Ki,n is 3-remainder cordial for all n.

Proof Let V(Cs ® Ki,n) = {u,v,w,us,vi,w; : 1 < i < n}, E(Cs® Ki,n) = {uww, vw, wu, uu;,
vv, ww; : 1 < i < n}. Clearly the order and size of the given graph are 3n + 3 and 3n + 3 respectively.
Fix Tables 1,2 and 3 respectively to the central vertices u,v and w of C3 ® K1, and also fix the

label 3 to the vertices v1,v2,v3,- -+ , v, into the following two cases.
Case 1. n is even.

First we consider the vertices u;, (1 < i < m). Assign the label 1 consecutively to the vertices
U1, U2, ,Uns1. Next assign the label 2 to the remaining vertices wnt1 4, Unt1 oy, Un.
2 2 2
Next we consider the vertices w;, (1 < i < n). Assign the label 2 consecutively to the vertices

wi, W2, ,Wn+1. Next assign the label 1 to the remaining vertices wn+1 s W,
2

Wn+1
> T

4o

Case 2. n is odd.

Assign the label 1 to the first (5) vertices ui,uz,- - yun and assign the label 2 to the remain-

ing (3) vertices uzii,unys,...,un. Next we consider the vertices wi, (1 < ¢ < n). Assign the

label 2 consecutively to the vertices w1, w2, - ywa and assign the label 1 to the next (%) vertices
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Wg41, W2, Wn. Table 7 shows that this vertex labeling is called 3-remainder cordial labeling of
C3 ® K1, for all n.

Nature of n | vs(1) | ve(2) | v#(3) Ne To
n is odd n+l1|n+1|n+1 ‘3n_2+3 %
n is even n+1l|n+1|n+1 % %
Table 7
This completes the proof. O

Example 3.6 A 3-remainder cordial labeling of C3 ® K9 is shown in Figure 1.
11 2,

Figure 1
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