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§1. Introduction

A function f: I CR — R is said to be convex if the inequality

[+ (1 —ty) <tf(x)+ 1 -1)f(y)

is valid for all z,y € I and ¢t € [0, 1]. If this inequality reverses, then the function f is said to be concave
on interval I # (.

This definition is well known in the literature. It is well known that theory of convex sets and
convex functions play an important role in mathematics and the other pure and applied sciences. In
recent years, the concept of convexity has been extended and generalized in various directions using

novel and innovative techniques.

Theorem 1.1 Let f: I CR — R be a conver function defined on the interval I of real numbers and

a,b € I with a <b. The following inequality

f(aer>S 1 a/bf(x)deM, (1.1)

2 b—a 2

holds. This double inequality is known in the literature as Hermite-Hadamard integral inequality for

convex functions.

The classical Hermite-Hadamard integral inequality provides estimates of the mean value of a
continuous convex or concave function. See [2-4, 7, 9], for the results of the generalization, improvement

and extension of the famous integral inequality (1.1).
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The following inequality is well known in the literature as Simpson’s inequality:

Let f : [a,b] — R be a four times continuously differentiable mapping on (a,b) and Hf(‘l)H

sup ‘f(4) (:c)‘ < 00. Then the following inequality holds:

z€(a,b)
{f(a);f(b) +2f(a§b)} b—a/f = 2880 waH (b~ a).

In recent years many researchers have studied error estimations for Simpson’s inequality; for

1
3

refinements, counterparts, generalizations and new Simpson’s type inequalities, see [1,10-12].

In this paper, in order to provide a unified approach to midpoint inequality, trapezoid inequality
and Simpson’s inequality for functions whose derivatives in absolute value at certain power are multi-
plicatively P-functions, we derive a general integral identity for differentiable functions. Finally some

applications for special means of real numbers are provided.

Definition 1.2 Let I # 0 be an interval in R. The function f : I — [0,00) is said to be multiplicatively
P-function (or log-P-function), if the inequality

fte+ (1 —t)y) < f(z)f(y)
holds for all x,y € I and t € [0,1].

In [8], some inequalities of Hermite-Hadamard type for differentiable multiplicatively P-functions

were presented as follows.

Theorem 1.3 Let the function f: I — [1,00),be a multiplicatively P-function and a,b € I with a < b.
If f € Lla,b], then the following inequalities hold:

b
0 1(45) <55 [ F@f @b -0 do < @O
@) 1 (452) < @102 [ 1@ < @

In [5], i§can obtained inequalities for differentiable convex functions using following lemma.

Lemma 1.4 Let f: I CR — R be a differentiable mapping on I° such that f' € Lla,b], where a,b € I
with a < b and a, A € [0,1]. Then the following equality holds:

Maf(@) + (L—a) f(B) + (1 N) f(aa + (1 — a)b b_a/f (1.2)
(b—a) / t—a)) f (tb+ (1 —t)a )dt+/(t—1+A(1—a))f’(tb+(1—t)a)dt
0 150

§2. Main Results

In this section, in order to prove our main theorems, we shall use the identity (1.4).
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Theorem 2.1 Let f : I C R — R be a differentiable mapping on I° such that f' € Lla,b], where
a,b € I° with a < b and a, X € [0,1]. If |f'|? is multiplicatively P-function on [a,b], ¢ > 1, then the
following inequality holds:

b
Maf(@) + (1= ) f0) + (1= X) flaa+ (L= a)t) - 72— [ fla)do (2.1)

O=a)|[f (@] Oz +ve], ad<l-a<1-A(l-aq)

<9 @=a)|f (@f®)lhz4+v] ax<l-A1-a)<1l-a
(b—a)|f (@]f ®))[n+wv] T-a<ard<l-X(1-a)
where
v = (1-0a) {a)\—(l—a)},’yzz(a)\)z—%, (2.2)
v = #—a[l—)\(l—a)], (2.3)
ve = w—(xﬂ)u_a)u_m_a)],

Proof Suppose that ¢ > 1. From Lemma 1.4, the well known power mean inequality and property

of multiplicatively P-function of |f’|? on [a,b], that is
| (o + (1 =t)a)|" <[ ®)]"|f (@], tel0,1],

we have

Maf(@) + (1) FB) + (1 X) flaa+ (L -a)b) = 71— [ fla)do

<(b—a)[/ [t — Al [f (tb+ (1 —t)a)| dt + / |t—1+,\(1—a)||f’(tb+(1—t)a)|dt}

0 11—

<(b-a) (/ |t—a)\|dt> (/ It—aAl\f’(tb+(1—t)a)!th)

0 0

+ (/ |t—1—|—)\(1—a)|dt) (/ |t—1+A(1—a)|\f’(tb+(1—t)a)\th)

—x

Q=

1—a 1
< (b=a)|f'(@)]|f (b)] { / [t — a)|dt + / [t—1+X(1- a)|dt} . (2.4)
0 12a
Hence, by simple computation
1—a
/|t—ax|dt—{”2’ eAsl-a (2.5)
) Y1, aA>1—«
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1

v, 1-A(l—-a)<1l—-«
/|t—1+)\(1—a)|dt: ! (1-a)< 7 (2.6)
2 v, 1=-A(l—-a)>1—-a

2
v = #—Oz[l—)\(l—a)]7
2
vy = #—(A—l—l)(l—a)[l—)\(l—a»
11—« -«
/ [t —al|f (tb+ (1—t)a)|"dt < / [t — Xl [f ()| | (a)|" dt
0 0
11—«
= FOL 1@ [ - o
0
@B, ax<1-—
_ [wr@rsor. asi-a .
NI @I IO, ad>1-a
1
/ [t—1+X(1—a)||f (tb+ (1 —t)a)|"dt
1
< / [t—=1+X1—=a)||f®)]"|f (a)dt
l;a
1
— O I @ [ le-1aa- ol
[ wlrorirer. 1-aa-a<i-a 08)
v 'O [f @, 1-A1-a)21-a
Thus, using (2.5)-(2.8) in (2.4), we obtain the inequality (2.1). This completes the proof. O
Corollary 2.2 Let the assumptions of Theorem 2.1 hold. Then for a = % and A = %7 from the
inequality (2.1) we get the following Simpson type inequality
1 a+b 5
g{f(a)+4f< 5 )+f } dx 3—b—ayf a)| | £ (b)]- (2.9)

Corollary 2.3 Let the assumptions of Theorem 2.1 hold. Then for a = % and X = 0, from the
inequality (2.1) we get the following midpoint inequality

Com

Remark 2.4 We note that the result obtained in Corollary 2.3 coincides with the result in [8].

x)dx < — y’(a)Hf’(b)y (2.10)
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Corollary 2.5 Let the assumptions of Theorem 2.1 hold. Then for a« = L and X\ = 1, from the
inequality (2.1) we get the following trapezoid inequality

b

HAPI0 L [ pwys| < 2227 @] 17 0)

a

Remark 2.6 We note that the result obtained in Corollary 2.5 coincides with the result in [8].

Using Lemma 1.4 we shall give another result for multiplicatively P-functions as follows.

Theorem 2.7 Let f : I C R — R be a differentiable mapping on I° such that f' € L[a,b], where
a,b € I° with a < b and a, X € [0,1]. If |f'|? is multiplicatively P-function on [a,b], ¢ > 1, then the
following inequality holds:

b
Maf(@) + (1) F0) + (1= X) flaa+ (- a)t) = ;1 [ fla)de (2.11)
\ (1—a)y 07 +a%07, ar<l—a<1-A(1—-a)
s(b—a)lf'(a)llf’(b)|<ﬁ>p (1—a) 07 +a%07, ad<1-A(1—a)<l—a
(l—a)%9§+a%9§, l-a<ar<1l1-A(1-a)
where
0 =N+ 1 —a—a)T, =1 -)T Fa—A(1 - ) (2.12)
O3 = (@A) —(1—a—aP™,  O=PD1-a) —[a—A(1— )t '
and%—k%:l.

Proof From Lemma 1.4 and by Holder’s integral inequality, we have

b
Maf(@) + (1= a) fO) + (1= X) flaa+ (1= a)8) - 71— [ fla)do

<(b—a) /|t—a,\||f’(tb+(1—t)a)|dt+ / [t—=1+ X1 —a)||f (tb+ (1—t)a)|dt
) .

11—«
1 1
11—« P 11—« q
<(b—a) /|t—a,\|Pdt /\f’(tb+(1—t)a)yth
0 0

q

1 P 1
+ /|t—1+)\(1—a)|pdt /‘f’(tb—t—(l—t)a)‘th

1
o P

<b—a)|f' @7 )| |- /|t—awdt
0
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P

tau / lt—1+A(1—a)dt (2.13)
—x
By simple computation
1/a L
[t —aX|Pdt = AN o - (2.14)
(aX)PT —(aX—14a)P
) , ad>1—«
and
D)t e 2a—a)?T gy < - A (1 - @)
t—1+A(1—o)dt= P ’ - 2.1
/ | A= o)l LY CETE) ) e YT B S IR Y (1-w (249)
p+1 ’ =
Thus, using (2.15) in (2.13), we obtain the inequality (2.11). This completes the proof. O
Corollary 2.8 Let the assumptions of Theorem 2.7 hold. Then for a = % and X = %, from the

inequality (2.11) we get the following Simpson type inequality

é{f(a)wf(“;b) e }

Corollary 2.9 Let the assumptions of Theorem 2.7 hold. Then for a = %

inequality (2.11) we get the following midpoint inequality

(3

b—a 1420t 1\ |,
(up+n)’f“

bga(giq)%u%mufw>

)] (2.16)

and A = 0, from the

Remark 2.10 Notice that the result obtained in Corollary 2.9 coincides with the result in [8].

Corollary 2.11 Let the assumptions of Theorem 2.7 hold. Then for a = %
inequality (2.11) we get the following trapezoid inequality

b 1
a b b—a P 4
@0 L [ < b (;$T>\fwﬂﬁw)

and A = 1, from the

Remark 2.12 Notice that the result obtained in Corollary 2.11 coincides with the result in [8].

§3. Some Applications for Special Means

Let us recall the following special means of the two nonnegative numbers a and b with « € [0,1] :

(1) The weighted arithmetic mean

Ao = Ao (a,b) ;= aa+ (1 — a)b, a,b>0.
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(2) The unweighted arithmetic mean

a+b

A= A(a,b) = 2

, a,b>0.
(3) The weighted geometric mean
Ga = Ga(a,b) := a®b' ™, a,b>0.
(4) The unweighted geometric mean
G = G(a,b) := Vab, a,b> 0.

(5) The Logarithmic mean

L=L(ab)=—2=9

.:m7 a;éb, a,b>0.

(6) Then n-Logarithmic mean

bn+1 _ an+1

Lo=Loah) = (s

)n , n€Z\{-1,0}, a,b>0, a#b.

Proposition 3.1 Let a,b € R with0 <a <b and n € Z* U{0}. Then, for a, A € [0,1] and ¢ > 1, we
have the following inequality:
Mo (@™, 0") + (1= \) A" — L7
(b—a)n?(ab)" 'z +v2] arx<l—a<l-A(1-a)
<9 (b—a)n®(@h)" '[p+ur] arx<l-A(l-a)<l-a ,
(b—a)n? (@) '[y14+wv] 1l—a<ar<1l-A(1-a)

where y1, y2, v1, v2, numbers are defined as in (2.2) — (2.3).

Proof This assertion immediately follows from Theorem 2.1 in the case of f(z) = 2™, = €
[1,00), n € ZT U{0}. O

Proposition 3.2 Let a,b € R with 0 < a <b and n € Z* U{0}. Then, for a, A € [0,1] and ¢ > 1, we
have the following inequality:

M (@™ 57) + (1 = \) A — L7 < (b— a) n?G2"2 (L);
«@ b « n — p+1
.1 11
1-a)d6f +a10s|, ard<l-a<1l-A(1-a)
. L !
X 1-a)a0f +adb)|, ad<l-A(l-a)<1l-a ,
.1 11
1-a)d6; +ad0s|, 1—a<ar<1l-A(1-a)
where 01, 02,03, 04 numbers are defined as in (2.12).
Proof This assertion immediately follows from Theorem 2.7 in the case of f(z) = 2", = €

[1,0), n€eZT U{0}. O
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Proposition 3.3 Let a,b € R with 0 < a <b. Then, for a,\ € [0,1] and g > 1, we have the following

inequality:
‘AA (Aa (e“7eb) ,Ga (ea7eb>) —L (€a7€b)‘
(b—a)e* [y2+12] ad<l—a<1l-A(l—a)
<9 b—a)ea+vi] adx<l-A1-a)<l-a ,
b—a)e* A [y +v2] 1l—a<ar<1l—-A(l—a)

where y1, y2, v1, v2, numbers are defined as in (2.2) — (2.3).

Proof The assertion follows from Theorem 2.1 in the case of f(z) = €%, x € [0,00). O

Proposition 3.4 Let a,b € R with 0 < a < b. Then, for a,\ € [0,1] and g > 1, we have the following

inequality: )
‘AA (Aa (e“7eb) .Gy (ea7eb)) - L (€a7€b)‘ < (b—a) e24 (1%) v

ad<l—-a<1-X(1-a)

—
=
|
Q
=
Qe
D
+
Q
N
>

X
—~

ard<l-A(l-ao)<l-a ,

=
Qe
>

R ) T
Q
Q=
>

Vg B Ny

— —
| |

Q Q
+

Q

Q=

>

—

N
Q=
>

l-a<ar<1-A(1-aq)
where 01,602, 03,04 numbers are defined as in (2.12).

Proof The assertion follows from Theorem 2.7 in the case of f(z) = e®, x € [0,00). O
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