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Abstract: We present a spectral theory of uniform, regular and linear hypergraph. The
main result are the nature of the eigenvalues of (k,r) - regular linear hypergraph and the
relation between its dual and line graph. We also discuss some properties of Laplacian

spectrum of a (k,r) - regular hypergraphs.
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§1. Introduction

The spectral graph theory [2, 3] is the study of the relation between eigenvalues and eigenvectors
of certain associated matrices of a graph and its combinatorial properties. There is some relation
between the size of the eigenvalues and maximum degree of the graph [8, 1]. Connection between
spectral characteristics of a graph and other graph theoretic parameters is a well explored area.

A graph structure is obtained when a non empty set (set of vertices) and a subset of all
unordered pairs of elements of the set of vertices (this subset is called the set of edges) are
taken together. When the set of unordered pairs is replaced by order pairs we get directed
graphs. For a regular graph G, eigenvalues of the adjacency matrix are well studied. The
second largest eigenvalue of the adjacency matrix is related to quantities such as diameter [6],
chromatic number [4] etc. The regular graph with small non trivial eigenvalue can be used as
good expanders and superconductors in communication network [12].

From the point of view of applications in social network and allied disciplines a more general
structure is very useful. This structure, called hypergraph is obtained by taking a subset of the
set of all proper subsets of the given set. The elements of the second set are called hyperedges.
A hypergraph is denoted by H. For basic ideas and definitions on hypergraph readers may
refer the text by [2], Chung [6] and Wen - Ching et al. [11] proposed the operator attached to a

regular and uniform hypergraph and obtained some estimate of the eigenvalues of the operation.
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K. Feng and W. C. Li [8] studeid the growth of the second largest eigenvalue and distribution
of the eigenvalues of the adjacency matrix attached to a regular hypergraph.
In the next section we go through the main definitions and important results needed to

understand the concepts included in the subsequent sections.

82. Preliminaries

We now discuss some basic terminology of hypergraphs, which we require in the sequel. A hy-
pergraph H is a pair (X, F) where X = {v1,vq, -+ ,v,} isafinite set and E = {F1, Es,--- , E;p }
of subsets of X, such that E; # ¢, j =1,2,3---m and |J]~; E; = X. The elements of X are
called vertices or hypervertices and the elements of the sets {E1, Ea,--- , F,, } are called hyper-
edges of H. The cardinality of X is called the order of H and cardinality of E is called the size
of H. In a hypergraph two vertices are adjacent if there is a hyperedge that containing both
of these vertices. Two hyperedge are said to be adjacent if E; N E; # ¢. A simple hypergraph
is a hypergraph such that E; C E; = ¢ = j. A hypergraph H is said to be k - uniform for an
integer k > 2, if for all E; in E, |F;| = k for all i.

A hypergraph H is said to be Smarandachely linear respect to a subset F' C E(H) if
|E; N E;| < 1lforall B;,E; € E' but |E; (| E;| > 1if E;, E; € E\ E'. Particularly, a hypergraph
H is said to be linear if |E; N E;| < 1for all i # j, i.e., a Smarandachely linear in case of E' = E.
A hypergraph in which all vertices have the same degree is said to be regular. An r - regular
hypergraph is a hypergraph with d(v;) = r for all i < n and an (r, k) - regular hypergraph is a
hypergraph which is r - regular and k - uniform. The following results are important.

Theorem 2.1([4]) Let T be a real n x n matriz with non negative entries and irreducible then

there exists a unique positive real number 0y with the following properties:

(1) there is a real number xo > 0 with T'xo = Opxo;

(2) any non negative right or left eigenvector of T has eigenvalue 6y. Suppose t € R and
>0, z#£0. If Te <tx, then x>0 and t > 0y and moreover t = 0y iff Tx = tx. If Tx > tz,
then t < 8y and moreover t = 0y iff Tx = tx.

Theorem 2.2([4]) Consider two sequence of real numbers 01 > 0 > -+- > 6,, and m1 > 12 >
- > mwith m < n.The second is said to interlace the first one whenever 0; > Ny for i =

1,2, ,m.

Theorem 2.3([4]) Let C be the quotient matriz of a symmetric matriz A whose rows and
columns are partitioned according to the partitioning {x1,xa, - ,xm} then the eigenvalues of

C interlace the eigenvalues of A.

Let A be a real symmetric matrix and u be a non zero vector. The Rayleigh Quotient
of w [2] with respect to A is defined as “;T"L“. The dual of the hypergraph H(X, FE) [?] is a
hypergraph H* = H(X*, E*) where X* = {ej,ea, -+, e} corresponding to the edges of H
and E* = {X1,Xs, -+, X, } where X; = {e; : ; € E; in H}. Also (H*)* = H. Given a
hypergraph H = (X, E), where X = {E1, Es, ..., E,, }. Its representative graph or line graph
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L(H), is a graph whose vertices are points {ej, ea, - - , e, } representing the edges of H and the
vertices e; and e; being adjacent if and only if E; N E; # ¢.

Theorem 2.4([2]) The dual of a linear hypergraph is also linear.

Proof Given H is linear. Suppose H* is not linear. Let X; and X5 in H* intersect at
two distinct points e; and es. Hence {e1,ea} C Eq and Es. Therefore |Ey N E2| > 2, which
contradicts |E; N E;| < 1. So H* is linear. O

V2

U1 U3

Us

() Ve

U8

U7 Vg

Figure 1 An example of (2,3)- regular and linear hypergraph on 9 vertices

Now we define the adjacency matriz [1] of a hypergraph H. Adjacency matrix of H is
denoted by Ay = (a;;), where

K{Ek € E:{vi,v;} C ER}  ifi#]

aij = .
0 otherwise.

The eigenvalues of the adjacency matrix Ay is called the eigenvalues of H. Since Ay is
a real symmetric matrix, all the eigenvalues are real. The spectrum of H is the set of all
eigenvalues of Ay together with their multiplicities. Spectrum of H is denoted by Spec(H) or
Spec(Ag). Let A1, \a, - -+ Ag be distinct eigenvalues of H with multiplicities my, ma, - - - mg then

we write

A A A
Spec(H) = ' 2

my Mo oo g

In the next section we derive some properties of the spectrum and Laplacian spectrum of
(r, k) - regular hypergraphs. Also discuss the relation between the Line graph and dual of 2 -
regular hypergraphs.

§3. Spectrum of (r, k) - Regular Hypergraphs

We know that the sum of the entries in each row and column of the adjacency matrix of an
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(r,k) - regular hypergraph H is § = r(k — 1). Thus 0 is an eigenvalue of A(H) [9, 11].

Theorem 3.1 Let H be an (r, k) - regular linear hypergraph then

(1) 0 =r(k—1) is an eigen value of H;
(2) if H is connected, then multiplicity of 0 is one;
(3) for any eigenvalue A of H we have |A| < 6.

Proof (1) Let Ag = A be the adjacency matrix of H. Also let v = (1,1,1,---,1)". Since
H is k-uniform, each edge has exactly k vertices. ie |E;| < k for ¢ < m. Since H is r- regular
each vertex z; belongs to exactly r hyperedge. Let v; € Ey, Es,---, E;, Then k hyper edge
consist of rk vertices. So different pair of vertices with xz; as one factor is rk —r = r(k — 1).
Let 0 = r(k —1). Then Au = Ou ie 6 is an eigenvalue of H.

(2) let z = (21,22, -+, 2n)", 2 # 0 be such that Az = 0z Let z; be the entry of z having
the largest absolute value (Az); = 0z;

m
E Aijjz5 = 921
Jj=1

We have each vertex z; is associated with r(k — 1) other vertices through a hyperedge.
By the maximality property of z;, z; = z; for all these vertices. Since H is connected all the
vertices of z are equal. ie z is a multiple of u = (1,1, -+ ,1). Therefore the space of eigenvector
associated with the eigen value § has dimension one. So the multiplicity of € is one.

(3) Suppose Ay = Ay,y # 0. Let y; denote the entry of y which is the largest in absolute
value. Then,

(Ay)i = \yi

implies that

n
> aiy; = M.
j=1

Thus,
n n
Mol = D ayy| <D ailyl
j=1 j=1
n
<yl Zaij =01yl
j=1
i.e.

A < 6. O

Proposition 3.2 Let H be a k - uniform hypergraph with largest eigenvalue \1. If H is reqular
of degree 7, then \; = 6 where 0 = r(k — 1). Otherwise (k — 1)0min <6 < A1 < (k — D)éma,

where Smin, Omaz and & are the minimum, mazimum and average degree respectively.

Proof Let 1 be the vector with all entries equal to 1. Then A1 < (k—1)d,421. By Theorem
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2.1, M < Opar where 000 = (k' — 1)0mas and equality happens if and only if A1 = A1, ie if
and only if \y = r(k — 1) where r is the degree of the vertices. Consider the partition of the
vertex set consisting of a single part. By Theorem 2.3 we have § < ;. Equality happens if and
only if H is regular. |

Proposition 3.3 Let H be a linear hypergraph with eigenvalues @ = Ay > Ao > +-- > X\, then

the following are equivalent.

(1) H is an (r, k) - reqular hypergraph;
(2) AJ = 0J where  =r(k —1) and J is an n x n matriz with all entries equal to 1;
(3) iy A =0 .

Proof The statements (1) and (2) are equivalent. In order to complete the theorem, we
prove that that (1) and (3) are equivalent. First assume H is an (r, k) - regular hypergraph.
Then

n

Z)\? =tr(A?) =0 n.

i=1

Conversely, assume (3) is true. Then

1 n
=3 N =0=r(k—1)=\.
n -
=1
By Proposition 3.2, H is regular. O

Theorem 3.4 The dual H* of a (2,k) - regular hypergraph H is k - reqular. Hence k is an

eigenvalue of H*.

Proof Let H be a (2,k) - regular hypergraph. We know that d(v;) = 2 for ¢« < n and
|E;| =k, for j <m . X; = {e;/x; € E; in H}. Each x; belongs to exactly two edges in H.
So |z;] <2 for j < n. Since |E;| = k, each e; is adjacent to exactly k, e’s hence d(e;) = k.

Therefore H* is a k - regular simple graph. Hence k is an eigenvalue of H*. |

Theorem 3.5 Let H be a (2,k) - reqular linear hypergraph. Its line graph £ = H*.

Proof By Theorem 3.4 , H* is a k - regular simple graph. Let {x1,z2, -, 2} be the
vertices of £. In H, each edge E; has k - vertices. Since the vertex z; is adjacent to k other
vertices, d(z;) = k for j < m. L is a k - regular simple graph. Hence £ and H* have same
number of vertices and edges. Also incidence relation is preserved. Therefore L(H) =2 H*. O

§4. Laplacian Spectrum of (r, k) - Regular Hypergraphs

We define the itLaplacian degree of a vertex v; € X (H) as §(v;) = Y_7_; aij. We say that the
hypergraph H is Laplacian regular of degree d; if any vertex v € X (H) has Laplacian degree
0;(v) = &;. If H is a simple graph, then §;(v;) = §(v;). The Laplacian matrix of a hypergraph H
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is denoted by L = L(H) and is defined as L = D — A where D = diag{d;(v1),;(v2), -, 01(vn)}.
The matrix L is symmetric and positive semi definite. All the eigen values are real and non
negative. The smallest eigen value is 0 and the corresponding eigen vector is j = (1,1,---,1).
Moreover the multiplicity is the number of connected components of H. Second smallest and
largest Laplacian eigen values and parameters related are studied by Rodrigues [10]. The eigen
values of L are denoted by 0 = u1 < puo < --- < up and their multiplicities mq, mo, mg, -+ , myp.

Thus the Laplacian spectrum of H and Laplacian degree of its vertices are related by

b n
Zmlﬂl =tr(L(H)) = Zél(vi). (4.1)
1=1 i=1

If H is a regular hypergraph of degree §(1), then L = D — A = §;1 — A. Thus the eigenvalues
of A and L are related by u; =6; — A, i=1,2,---b.

The second smallest eigenvalue of the graph gives the most important information contained
in the spectrum. This eigenvalue is called the algebraic connectivity and is related to several
graph invariants and imposes reasonably good bounds on the value of several parameters of
graphs which are very hard to compute. The concept of algeraic connectivity was introduced
by Fiedler [7]. Also pus > 0 with equality if and only if H is disconnected. Algebraic connectivity

is monotone. It does not decrease when edges are added to the graph.

Theorem 4.1 Let H be a k - uniform hypergraph. Also let po be the algebraic connectivity of

H. For any non adjacent vertices s and t in H we have
k—1
p2(H) < T(deg(s) + deg(t)).

Proof We have,

Min [ < Lu,u >
Hy="u"{>20" 7 1>=0).
H2(H) {<u,u> “ }

The vector u is defined by

1 frx=s
0 otherwise.

Clearly < u,1 >= 0 and by definition,

< LU, u > o ZzyGEj a’my(uw - uy)2

<u,u> D owev Uz
(k =D, aus + 2o, ata) _ (K—1)

= 5 = (deg(s) + deg(t)). O

p2(H)

Let G be the weighted graph on the same vertex set X. Two vertices z and y are adjacent
in X if they are adjacent in H also. The edge weight of xy is equal to (a;;), the number of
edges in H containing both z and y. Clearly L(G) = L(H). Rodriguez [10] obtain the result
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from Fiedler [7] on weighted graph as

> c€E; Ay (U — uy)2
= 2n mi A : 1 R 4.2
po = 2n min { S S =) u#al fora€ : (4.2)
Ez C€E; Ay (U — uu)2
=2 Ve ~ 1 R. 4.3
b n mazx { >l —uy)? u#al forace (4.3)

This eigenvalues po and pp, are bounded in terms of maximum and minimum degree of
H. For any vertex z, e, denote the corresponding unit vector of the canonical basis of R™ by

putting u = e, in equations (4.2) and (4.3) we get,
n
po < ——0, < .
n—1

This leads to

n n
M2 < 5l min < 6l max < Hb-
n—1 n—1

Theorem 4.2 Let H; and Hy be two edge disjoint hypergraphs on the same vertexr set and
Hi U Hy be their union. Then

po(Hy U Hy) > po(Hy) + po(Hz) > po(Hy).

Proof Let Li,Ls and L be the Laplace adjacency matrix of Hy, Ho and H = H; U Hy
respectively. We have,

zn <Luu>
/,LQ(H) = {<uu> u, 1l >= O}
_ zn{ L1+L2UU> 1> 0}
<u,u >
in L L
- My < (Laut 2“)u>:<u,1>:0}
<u,u >
<L1uu>
> <u,1>=0
< Uu,u >
L
{w <u,1>:0}
<u,u >
> pa(Hy) + pa(Hz) > pa(Hy). O
Acknowledgments

A part of this research was done when the first author visited the Kerala School of Mathematics
(KSOM) at Kozhikodu, Kerala in India. He is indebted to KSOM for research facilities given
by the institute.



(k, r) - Regular Hypergraphs 59

References

[1] M. Astuti, A.N.M. Salman, Hami Garminia and Irawati, The properties of some coefficients
of the characteristic and Laplace polynomials of a hypergraph, International Journel of
Contemperary Mathematical Science, Vol. 7, 21(2012), 1029 - 1035.

[2] C. Berge, Graphs and Hypergraphs, North - Holland Publishing Company, 1989.

[3] N. Biggs, Algebraic Graph Theory, Cambridge Mathematical Library, Cambridge Univer-
sity Press, 1983.

4] A. E. Brouwer and W. H.-Haemers, Spectra of Graphs, Springer 2012.

5] M. Fiedler, Algebraic connectivity of graphs, Czech. Math. J., 23 (98), 1973, 298 - 305.

6] F. R. K. Chung, Diameter and eigenvalues, J. Am. Math. Soc., 2(1989), 187 - 196.

7] F. Friedman, On the second eigenvalue and random walks in random d-regular graphs,
Combinatorica, 11(1991), 331 - 362.

[8] Keqin Feng and Wen Ching Li, Spectra of hypergraph and applications, Journal of Number
Theory, 60(1996), 1-22.

[9] Maria G. Martinez, Harold M. Stark and Audrcy A. Terras, Some Ramanujan Hypergraphs
Associated to GL(n, F,)’ Proceedings of the American Mathematical Society, Vol. 129,
No.6, Jan. 2001, 1623-1629.

[10] J. A. Rodriguez, Laplacian eigenvalues and partition problem in hypergraphs, Applied

Mathematics Letters, 22(2009), 916 - 921.
[11] Wen-Ching, Winnie Li and Patrick Sole, Spectra of regular graphs and hypergraphs and

[
[
[
[

orthogonal polynomials, Furopean J. Combinatorics, 17(1996), 461 - 477.
[12] Xiaobo Wang, Xianwei Zhou and Junde Song, Hypergraph based modal and architecture
for planet surface network and orbit access, Journal of Network, Vol.7, No.4(2012), 723-729.



