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Abstract: Let G be a (p,q) graph, H < G and f : V(G) — {1,2,--- ,k} be a map. For
each edge uv, assign the label ged (f(u), f(v)). Then, f is called Smarandachely k-prime
cordial labeling on G to H if ’vf(z) - v;{(])’ <1,¢,j5€{1,2,---,k} and ‘efZI(O) — e?(l)‘ <
1, but there exist integers 0 < ¢ # j < k such that ‘v?\H(i) — v?\H(j)‘ > 2, or
e?\H(O) — e?\H(l)’ > 2, where vf (z), v?\H(x) respectively denotes the numbers of ver-
tices of H, G\ H labeled with z, e (1), e} (0) and e?\H(l)7 e?\H(O) respectively denote the
number of edges labeled with 1 and not labeled with 1 in H, G\ H. Particularly, a Smaran-
dachely k-prime cordial labeling on G to G is called k-prime cordial labeling with vy (x),
er(1) and ey (0) replacing notations vf' (z), e} (1) and ef (0) for abbreviation. A graph with
a k-prime cordial labeling is called a k-prime cordial graph. In this paper we investigate
4-prime cordial labeling behavior of lotus inside a circle, sunflower graph, S(K2> + mKi),

S(P, ® K1), dodecahedron, and some more graphs.
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§1. Introduction

In this paper graphs are finite, simple and undirected. Let G be a (p,q) graph where p refers
the number of vertices of G and ¢ refers the number of edge of G. The number of vertices of
a graph G is called order of GG, and the number of edges is called size of G. In 1987, Cahit
introduced the concept of cordial labeling of graphs [1]. Sundaram, Ponraj, Somasundaram
[5] have introduced the notion of prime cordial labeling of graphs. Also they discussed the
prime cordial labeling behavior of various graphs. Recently Ponraj et al. [7], introduced k-
prime cordial labeling of graphs. They have studied 3-prime cordiality of several graphs in [7,
8]. In [9, 10] Ponraj et al. studied the 4-prime cordial labeling behavior of complete graph,
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book, flower, mC,,, wheel, gear, double cone, helm, closed helm, butterfly graph, and friendship
graph and some more graphs. In this paper we have studied about the 4-prime cordiality of
lotus inside a circle, sunflower graph and some more graphs. Let x be any real number. Then
|z] stands for the largest integer less than or equal to x and [x] stands for smallest integer

greater than or equal to . Terms not defined here follow from Harary [3] and Gallian [2].

82. Preliminaries

Remark 2.1([6]) A 2-prime cordial labeling is a product cordial labeling.
Remark 2.2([5]) A p-prime cordial labeling is a prime cordial labeling.

Definition 2.3 The join of two graphs G1 + Gg is obtained from Gi1 and Go and whose
vertex set is V (G1+ G2) = V (G1) UV (G2) and edge set E(G1+ G2) = E(G1) U E(G2) U
{uv:u eV (G1),veV(Ga)}.

Definition 2.4 The graph C,,+ K1 is called a wheel. In a wheel, the vertex of degree n is called

the central vertex and the vertices on the cycle Cy, are called rim vertices.

Definition 2.5 The sunflower graph SF, is obtained by taking a wheel with central verter u

and the cycle Cy, : ujug - - - uyu1 and new vertices vy, va, ..., v, where v; is joined by vertices

Uiy Ujg1 (mod n)-

Definition 2.6 The lotus inside a circle LC), is a graph obtained from the cycle C,, : v1v3 - - - vy U1

and a star K ,, with central vertex w and the end vertices uy,ug, - ,un by joining each w; to

v; and Vi4+1 (mod n)-

Definition 2.7 The subdivision graph S (G) of a graph G is obtained by replacing each edge

uv by a path uvwv.

Definition 2.8 The graph P? is obtained from the path P, by adding edges that joins all

vertices u and v with d (u,v) = 2.

Definition 2.9 Let Gy, Gy respectively be (p1,q1), (p2,q2) graphs. The corona of Gy with Ga,
G, ® Gy is the graph obtained by taking one copy of Gy and p1 copies of Ga and joining the ith
vertez of G with an edge to every vertex in the it" copy of Go.

Definition 2.10 The one-point union of t copies of the cycle Cs is called a friendship graph
b,

Definition 2.11 The DH,, is a graph with vertex set V(DH,) = {u;,v;,x;,y; : 1 < i < n}
and the edge set E(DHp) = {utit1, Yivir1, Titip1 : 1 < i <n— 1 U{uwi, vy, 2y 01 <i <
n} U{ui1tn, ynv1, z12,}. DHp is called a Tetrahedron.

Definition 2.12 The Cartesian product graph G10G> is defined as follows: Consider any two
points u = (ug,u2) and v = (vy,v2) in V. = Vi X Va. Then u and v are adjacent in G10Go
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whenever [u; = vy and ugve € E (G2)] or [uz = vy and uiv; € E (Gy)].

Definition 2.13 A ladder L, is the graph P, x Pa. Let V(L) = {uj,v; : 1 < i < n} and
E(L,) = {utir1, 0041 : 1 <i <n— 1} J{uv; : 1 < i < n}Hurun, viv,}.

The graph GL,, is obtained from the ladder L, with V(GLy) = V(L,) and E(GL,) =
E(L,) U{uwiyr : 1 <i<n-—1}.

Theorem 2.14([7]) The cycle Cp, n # 3 is k-prime cordial where k is even.

83. Main Results

3.1 Cycle Related Graphs
Theorem 3.1 The lotus inside a circle LC,, is 4-prime cordial if and only if n > 4.

Proof Note that the order and size of LC,, are 2n + 1 and 4n respectively. Suppose n = 3
or 4 then one can easily check that there does not exists a 4-prime cordial labeling and so we

assume n > 4. Here we divide the proof into four cases.
Case 1. n =0 (mod 4).

We construct a labeling f as follows: assign the label 4 to the vertices vy, vg, - - - vz then put
the label 3 to the vertex vz 1. The remaining vertices of the cycle, namely, Vnyo,Unyg, Uy
are labeled by 1. Now we consider the center of the star u. The vertex u is labeled by 2. For
the vertices u1,ug, - , Uy, first we consider the vertices u,_; and u,. Assign the labels 1,2
respectively to the vertices u,_1 and wu,,. Consider the vertices uy, us, - - U 1. Fix the label 2

to this vertices. Then the vertices uz,uz 41, -+, up—2 are labeled by 3.
Case 2. n=1 (mod 4).

Assign the labels to the vertices u, u;, 1 <9 <n—3,v;,1 <j<n-—1asin case 1. The
assign the labels 3, 1, 2 to the vertices uy,—2, u,—1, uy, respectively. Finally we assign the label 4

to the vertex v,,.
Case 3. n =2 (mod 4).

Assign the label 4 to the vertices vy, vo, - Un. For the vertex CENSI assign the number
3. The remaining vertices of the cycle from vz i9,vz43, -+, v, receives the label 1. Put the
label 2 to the vertex u. Now we consider the vertices u;, 1 < i < n. Assign the label 2 to the
vertices un, u; where 1 <14 < 5 —1, then assign the integer 3 to the vertices uz,uz 41, -, up—2.
Finally we assign the label 1 to the vertex u,_1.
Case 4. n =3 (mod 4).
n+1
o
Put the label 3 to the vertex Ungs. The unlabeled vertices of the cycle are now labeled by 1.

First we consider the vertices of the cycle. The label 4 is used to the vertices v;, 1 < i <

Then put the number 2 to the vertex u. If we consider the vertices u;, 1 < i < n, we assign

the label 2 to the vertices u; where 1 < j < "T_l then assign 3 to the vertices wn+1,- -+, Up—1.
2
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Finally put the number 1 to the vertex wu,,. O

The following Table 1 establish that the above mentioned labeling f is a 4-prime cordial

labeling.
Values of n vy(l vy(2 vr(3 vy (4 er(0) | ef(1)
n=0 (mod4) | [#5=] | [255] | [*7] | [*57] | 20 | 20
n=1(mod4) | [25=] | [252] | [22] | [*2] ] 20 | 20
n=2 (mod 4) | |25 | (2] | (28] | 2] | 20 | 20
n =3 (mod 4) LGjlj {2”4“] 2”4“] [2"4“1 2n 2n

Theorem 3.2 The sunflower graph SF,, is 4-prime cordial for all n.

Proof First we observe that the order and size of SF,, are 2n + 1 and 4n respectively. We

consider the following cases.
Case 1. n =0 (mod 4).

Assign the label 2 to the vertices ui,ug,---uz. Then put the number 4 to the next
consecutive vertices un 1, -+ ,uz41. The next vertex uz 1o is labeled by 3. Then the remaining
vertices of the cycle, namely, uz 43, ,u, are labeled by 1. For the central vertex u, we use
the label 2. We now move to the vertices v;, 1 < i < n. Assign the label 2 to the vertices
v1,v2,-+-vz_1. Then assign the label 4 to the vertices vz,vniq,---,v2_1. The next three
vertices vz, vni1,vn4o are labeled by 1,3,1 respectively. Finally the remaining unlabeled

vertices received the integer 3.
Case 2. n=1 (mod 4).

First we consider the vertices of the cycle C,,. For the vertices uy, us, - - - Un—s, We assign the
label 2. The successive vertices un-1,--- ,un—1 are labeled by 4. Put the label 3 to the vertex
Ungt. The vertices Ungs, - ,un_f are labeléd by 1. Put the label 2 to the vertex u,. Then
assign the label 2 to the central vertex u. We now move to the vertices v;, 1 < i < n. Assign the
label 2 to the vertices vy, va, - -vn—s. Then put the number 4 to the vertices vn—1, -+ ,vn-3s.
Put the labels 33,1 respectively to4L the vertices Un_1,Uni1. Assign the label 3 t(é)]L the vertiées

Ungs, oo, Un1. Finally we assign the number 2 to v,.
Case 3. n =2 (mod 4).

We first consider the vertex u. Label it by 2. Then we consider the vertices of the cycle
C,,. Assign the label 2 to the vertices uy,us, - - - Unyz. Then put the integer 4 to the vertices
Ungo, -+, Uniz. The next vertex u nia is labeled by 3. The remaining vertices of the cycle are
labeled by 1. Then consider the vertices v;, 1 < i < n. Assign the label 2 to the vertices v;
4 where 1 < i < "ff are labeled with 4. Put the

labels 1,3, 1 to the next consecutive vertices vz, Ung2,Unga. Finally put the number 3 for the

where 1 < i < "T_2 then the vertices vn-2
4

unlabeled vertices.
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Case 4. n =3 (mod 4).

Assign the label 2 to the vertices u;, where 1 < i < ”T“, then assign 4 to the vertices

Untr where 1 < i < "T“. The next vertex un+s received the label 3. Then assign the label 1
4 2

to the remaining vertices of the cycle. Put the integer 2 to the vertex u. Then we consider the

vertices v;, 1 < i < n. Assign the number 2 to the vertices vy, vs,--v=-3. Then assign 4 to
4

the vertices v nil, e, Unot The next two consecutive vertices v nt1,Ungs are labeled by 3,1
respectively. The rest of the unlabeled vertices are labeled by 3.
The Table 2 shows that the above labeling f is a required 4-prime cordial labeling. a
Values of n vr(1) | vr(2) | vr(3) | vr(4) | er(0) | er(1)
n=0 (mod 4) 5 5 5 5+1| 2n 2n
n=1 (mod4) | 2% whl whl el 2n 2n
n =2 (mod 4) 5 5+1 5 5 2n 2n
n=3 (mod4) | 2 ntl ntl ntl 2n 2n
Table 2

A 4-prime cordial labeling of SFjy is given in Figure 1.
3

Figure 1

Theorem 3.3 DH, is 4-prime cordial.

Proof Clearly DH,, consists of 4n vertices and 6n edges. We now give the label to the
vertices of DH,, as follows: Assign the label 2 to the vertices u;, 1 < i < n and assign the label 4
to the vertices v;, 1 < i < n. Now we move to the vertices y;. Assign the label 1 to the vertices
Y1,Y2, -+ ,Yn. Finally assign the label 3 to the vertices x1, 9, - ,z,. This vertex labeling f
is obviously a 4-prime cordial labeling of DH,,. Since, v;(1) = v;(2) = v7(3) = v;(4) = n and
es(0) =ef(1) = 3n. O

Theorem 3.4 Let C, be the cycle ujus - - - upuy. Let Gy, be the graph with V(Gy,) = V(Cy, J{v;
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1 <i<n}and E(G,) = E(Cp) U {uiv; : 1 <i<n}U{ujpiv; : 1 <i<n—1}. Then G, is
4-prime cordial for all n # 4.

Proof Clearly for any vertex labeling of G4, the maximum possible edges with label 0 is

4. Hence G, is not 4-prime cordial.

Case 1. n=0 (mod 4), n #4.

Let n = 4¢. Assign the label 2 to the vertices ui,usg, -+ ,ug and 4 to the vertices
v1, Vg, , 9. Next assign the label 3 to the vertices ugiy1, ugiro and ugri3. Next assign the
label 1 to the cycle vertices ugst4, Usits, - - - , uar and 3 to the vertices voi44, Vorts, - -+, Vagr—1, Vag.

Finally assign the remaining non labeled vertices by 1.

Case 2. n=1 (mod 4).

Let n = 4t + 1. In this case, assign the label 2 to the vertices ui,us, -+ ,ug:41 and 4 to
the vertices vy, va, - - ,va41. Next assign the label 1 to the cycle vertices ugiyo, usiys, -+ and
ug¢+1. Finally assign the label 3 to the non labeled vertices voit2, V2i+3, -, Vagt1-

Case 3. n =2 (mod 4).

Let n = 4t + 2. In this case we assign the label 2 to the vertices u; (1 <i<2t+1) and 4
to the vertices v; (1 < i < 2¢t+1). Next assign the label 3 to the cycle vertices ugtq 2, o3 and

Ug¢+4. NOw we assign the label 1 to the vertices uoiis, uotte, -+ , usrr2. Next assign the label
3 to the vertices vg¢42,V4¢41,- - ,V2t+4. Finally assign the label to the non labeled vertices by
1.

Case 4. n =3 (mod 4).

Let n = 4t + 3. Assign the label 2 to the vertices ui,usg, -+ ,ug 12 and 4 to the vertices
V1, Vg, ,Uggro. Next assign the label 1 to the vertices ussys3, Ugtta, < -, Ugrt+3. Finally assign
the label to the vertices voi4+3, V2i+4, -, Varts.

Hence the vertex labeling given above is obviously a 4-prime cordial labeling of G,,. O

3.2 Subdivided Graphs
Theorem 3.5 S(K3+ mK;) is 4-prime cordial.

Proof Let V(S(K2 + mKy)) = {u,v,w,u;,v;,w; : 1 < i < m} and B(S(K2 +mKy)) =
{uv, vw, uu;, u;w;, wv;,viu : 1 < i < m}. Note that S(Ko + mK;) has 3m + 3 vertices and

4m + 2 edges. The proof is divided into four cases depending upon the nature of n.
Case 1. n =d4t.

Assign the label 2 to the vertex u. Next assign the label 2 to the vertices wuy,us, - - - us;.

We now assign the label 4 to the vertices wsiy1,usiq2, - ,uq. Next we move to the ver-
tices w;. Assign the label 4 to the vertices wiy,ws, - ,wg. Next assign 3 to the vertices
W3t41, W3tt2, -+, Wqae. Next assign the label 3 to the vertices vgy, v4—1,- -+ ,v3¢4+1. We now as-

sign the labels 4, 3 respectively to the vertices w,v. Finally, assign 1 to all the remaining non

labeled vertices.
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Case 2. n=4t+1.

Assign the labels to the vertices u;, v;, w;, 1 <i < 4t+1, u,v,w as in case 1. Finally assign

2,4 and 1 respectively to the vertices ugsy1,wqp4+1 and vgpqq.
Case 3. n =4t + 2.

As in Case 2, assign the labels to the vertices u;, v;, w;, 1 <i < 4t+1, u,v,w. Next assign

the labels 2,1, 3 to the vertices ugyq2, wqr+2 and vgyyo respectively.
Case 4. n =4t + 3.

Assign the labels to the vertices u;,v;, w;, 1 < i < 4t + 2, u,v,w as in case 3. Finally assign
4,1, 3 respectively to the vertices w413, war+3 and vge4s.
Clearly, the above labeling is a 4-prime cordial labeling of S(K3 + mK7). O

Theorem 3.6 S(P, ® K1) is 4-prime cordial.

Proof Let P, be the path wjus..., and V(P, © K1) = V(P,)U{wvi : 1 < i < n},
E(P, ® K1) = E(P,) U{uiv; : 1 <i <n}. The graph S(P, ® K1) is obtained by subdividing
the edge u;u;11 with w; and the edge w;v; with z;. Note that S(P, ® K;) has 4n — 1 vertices

and 4n — 2 edges. The proof is divided into four cases.

Case 1. n =0 (mod 4).

Let n = 4t. Assign the label 2 to the vertices ui,usg, -+ ,uqy and 4 to the vertices
wy, Wa, -+ ,Wet—1 and x1. We now assign the label 1 to the vertices x2,x3, -+ ,x4. Finally
assign the label 3 to the pendent vertices vy, vo, - - , V4.

Case 2. n=1 (mod 4).

Assign the label to the vertices u;,v;,z; (1 <i<n—1)and w; (1 <i<n-—2)asin Case

1. Finally assign the labels 2,4, 3 and 1 respectively to the vertices wy,_1, Upn, Ty, Vn-
Case 3. n =2 (mod 4).

As in Case 2, assign the label to the vertices u;, v;,2; (1 <i<n—1)and w; (1 <i<n—2).

Next assign the labels 2,4, 3 and 1 to the vertices w,—1, Un, Tn, vy, respectively.
Case 4. n =3 (mod 4).

In this case also assign labels to the vertices except wy,—1,Un, Ty, v, as in case 3. Then
assign the labels 2,4,3 and 1 to the vertices wy_1, Uy, Tpn, v, respectively.

Clearly, the vertex labeling given in all cases is a 4-prime cordial labeling of S(P,, ® K1).O

Theorem 3.7 S(C’ét)) is 4-prime cordial.

Proof Note that S’(Cét)) = Cét). Let the i*" copy of the Cg be uiubuiuiuiul, where
1§i§tandu}:u%:u:{’:u‘f:u?:u?.
Case 1. tiseven,t>4.

Assign the label 2 to the central vertex.
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Subcase 1.1 ¢t =0 (mod 4).

Assign the label 2 to all the vertices of first % copies of the cycle C5. Next we move to the
(L +1)" copy. Assign the label 4 to all the vertices of the (£ +1)" (2 +2) . (L) copies
of the cycle C5. We now consider the (4 + 1) copy. Assign the label 1 and 3 alternatively
to the vertices of the (% + 1) copy of the cycle. In a similar fashion assign the label 1 and 3

th ... tth copy of the cycle Cs.

alternatively to the vertices of the (% +2)
Subcase 1.2 t=2 (mod 4).

In this case assign the label 2 to all the vertices of first % copies of the cycle C5. Now

consider the (%)tb copy. Assign the label 4 to all the vertices of the cycle (%)tb copy.
Similarly assign the label 4 to the (48)" ... (152)™ copies of the cycle C5. We now move

to the (L) copy. In this copy, assign the label 2 to the vertices ub,u4 and 4 to the vertices

2
ufy, ub, uf. Next assign 1, 3 alternatively to the vertices of the (5 4 1), .- #*" copies of the

cycle.
Case 2. tisodd.
Subcase 2.1 t=1 (mod 4).

As in subcase la, assign the label to the vertices of all the ith, 1 <i<t—1 copies of Cs.
In the last copy, assign the labels 2,4,4,1 and 3 respectively to the vertices ub, u}, uf, ul and

uk.
Subcase 2.2 ¢ =3 (mod 4).

Assign the label to the vertices of (¢ — 1) copies of the cycle as in subcase 1b. Finally,

assign the labels 2,4,3,3 and 1 to the vertices ub, u}, u}, uf and u§ respectively.

The Table 3 establish that the above vertex labeling f is a 4-prime cordial labeling of
S(CSY, ¢ > 4.

Nature of t | vp(1) | vr(2) | vr(3) | vr(4) | ef(0) | ef(1)
t =0 (mod 4) & g+1 & & 3t 3t
t=1 (mod 4) | 21 | 2483 | 5zl | 5043 3t 3t
t=2 (mod4) | 342 | 22 | B2 o2 3y 3t
t=3 (mod 4) | 2t | ttl | ekl | Sl 3t 3t

Table 3

S (03(1)) =~ (g is 4-prime cordial follows from Theorem 2.14. The 4-prime cordial labelings
of S(C§2)) and S(Cég)) are given in Figure 2. O
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3_—3 2 2

1

3 1 4 4
Figure 2

3.3 Miscellaneous Graphs
Theorem 3.8 P? is 4-prime cordial if and only if n # 4.

Proof Let P, be the path uj,ug, -+ ,u,. Clearly, the order and size of P2 are n and
2n — 3 respectively. It is easy to verify that P? does not admits a 4-rime cordial labeling. Let

us assume that n # 4.
Case 1. n =0 (mod 4).

Let n = 4¢. Assign the label 1 to the vertices ui,us, - ,u2:—1. Next assign the label 3
to the vertices wa, ug, - -+, ug:. Assign the label 2 to the next t vertices uagy1,- - ,us:. Finally,
assign the label 4 to the next ¢ non labeled vertices ugi41, -+ , Ugg.

Case 2. n=1 (mod 4).
Subcase 2.1 n =1 (mod 8).

Assign the labels to the vertices of u;, 1 <i <mn —1 as in Case 1. Finally, assign the label

2 to the vertex u,,.
Subcase 2.1 n =5 (mod 8).

As in Case 1, assign the labels to the vertices u;, 1 < i < n —1. Then assign the label 1 to

the vertex u.,,.
Case 3. n =2 (mod 4).
Subcase 3.1 n =2 (mod 8).

Assign the labels to the vertices of u;, 1 < i < n — 1 as in Subcase 2.1. Then assign the

label 1 to the vertex u,,.
Subcase 3.2 n =6 (mod 8).

As in Case 1, assign the labels to the vertices u;, 1 < i <n — 2. Then assign the labels 2

and 1 respectively to the vertices u,—1 and u,,.

Case 4. n =3 (mod 4).
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Subcase 4.1 n =3 (mod 8).

As in Subcase 3.1, assign the labels to the vertices of u;, 1 <i < n — 1. Finally, assign the

label 4 to the last vertex wu.,.
Subcase 4b. n =7 (mod 8).
Assign the labels to the vertices u;, 1 < i < n — 1 as in Subcase 3.2. Finally, assign the

label 4 to the vertex u,,.

It is easy to verify that the above vertex labeling pattern is 4-prime cordial labeling. O

The following Figure 3 is an example of a 4-prime cordial labeling of Pf).

i1 3 1 3 2 2 4 4 2 1

Figure 3

Theorem 3.9 The graph GL,, is 4-prime cordial for n > 2.

Proof Here we consider the following cases.
Case 1. n =0 (mod 4).

Clearly GL,, has 2n vertices and 4n — 3 edges. Let n = 4t. Assign the label 2 to the
vertices uy, ug, - -+ ,uz: and assign the label 4 to the vertices vg, vs3, -+ ,v9t41. Next assign the
label the labels 3,1 alternatively to the vertices to the vertices uoii1, Ugsya, - ,uqe. Assign
the label 1 to the vertices vg¢,Vaz—2,Var—q,- - - ,V2¢+5 and assign the label 3 to the vertices
Vgt—1, Vat—3, Vat—5, -+ ,Vaet4. Finally assign the labels 1,1,3 and 3 respectively to the vertices

V243, U2¢42, V241 and v1.
Case 2. n=1 (mod 4).

Assign the label to the vertices u;,v;, 1 < i < n —1 as in case 1. Next assign the labels

2,4 to the vertices u,, v, respectively.
Case 3. n =2 (mod 4).

As in Case 2, assign the label to the vertices u;,v;, 1 <7 < mn — 1. Next assign the labels
1, 3 respectively to the vertices u,, v,. Finally interchange the labels of usso and wugsys, that

is the label of ugsyo is 3 and the label of ugti3 is 1.
Case 4. n =3 (mod 4).

As in Case 3, assign the label to the vertices u;,v;, 1 <7 < n — 1. Then assign the labels
2,4 to the vertices u,, v, respectively. Clearly the above vertex labeling is a 4 prime cordial
labeling of GL,, for all n > 4 and n # 2. A 4-prime cordial labeling of GL3 is shown in the
following Figure 4. O



Some More 4-Prime Cordial Graphs 115

1 4 3
2 2 4
Figure 4
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