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Abstract: The book graph denoted by B2 is the Cartesian Product Sp41 x P> where
Sn+1 is a star graph with n vertices of degree 1 and one vertex of degree n and P» is the path
graph of 2 vertices. Let X, , denote the generalized form of Book graph where a family of
p cycles which are n in number, is merged at a common edge. The generalized flower graph
is obtained by merging ¢ copies of X, , with a base cycle C; of length ¢ at the common
edges. The resultant structure looks like flower with petals. In this paper we discuss some

properties satisfied by Tutte polynomial of this special graph and the related graphs.
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§81. Introduction and Preliminaries

Tutte polynomial is a polynomial in two variables x,y with remarkable properties and it can
be defined for a graph, matrix and more generally for matroids. Tutte polynomial is closely
associated with many graphical invariants and in fact the following are the special cases of
Tutte polynomial along particular curves of (z,y) plane.

1) The chromatic and flow polynomial of a graph;

2) The partition function of a Q-state Pott’s model;

4) The weight enumerator of a linear code over GF(q);

(
(2)
(3) The Jone’s polynomial of an alternating knot;
(4)
(5) The all terminal reliability probability of a network;
(6) The number of spanning trees,number of forests, number of connected spanning sub-
graphs, the dimension of bicycle space and so on.
Tutte polynomial is widely studied for the reason that it provides structural information

about the graph.
Definition 1.1 (i) Let G = (V, E) be an undirected connected multi-graph. The Tutte polyno-
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mial of the graph G is given by

T(G,ay) = 1if B(G) =6
= 2T (G.e,x,y) if e € FE and e is a cut edge;
= yT'(G—e,z,y) if e€ E and e is a loop;
= T(G-e,x,y)+T(Ge,x,y)if e € E and e is neither a loop nor a cut edge.

(ii) If G is a disconnected graph with connected components Gy,Ga, -+ , Gy with t > 2,
t

then the Tutte Polynomial of G denoted by T'(G,x,y) is defined as T(G,z,y) = [[ T(Gi,x,y).
i=1

Tutte polynomial of some of standard graphs are given below.

Theorem 1.2 Let T, be a tree on n vertices and let Cy, be a cycle on n vertices then

(1) T(Tn, x, y) — xnfl;i1
(2) T(Cryzy) =y + . o',

=1

Theorem 1.3 Let G be a bi connected graph. Let u,v be two vertices in G such that u,v are
joined by a path P? of length s where degree of each vertex in P?® is two except possibly for u,v
then

TG)=(1+z+2*+-- 2" HT(G - P*) + T(G.P%).

Proof Let e, eq,---es be the s edges in the path P?, then

T(G) T(G—e1)+T(G.e1)
= 25T(G - P*) + 2" 2T(G — P*) +---2°°T(G — P*) + T(G.P?)
(G is bi — connected, e’ is not a bridge in G — G; — Gy --- — G4_1)

1+z+2>+- 25 HT(G - P*) + T(G.P*). O

We study the Tutte polynomial of generalized Book graph. Cartesian product of two graphs
G1,Gs denoted by G1 x G is a graph with V(G x G2) = V(G1) x V(G2) and two vertices
(u1,v1), (uz,v2) of G1 x Go are adjacent if and only if either u; = uz and (vq, v2) is an edge in
G2 or v1 = vy and (u1,uz) is an edge of Gy. The book graph denoted by By, 2 or simplyB,, is
the Cartesian Product S,,+1 X P» where S,,+1 is a star graph with n vertices of degree 1 and
one vertex of degree n and P is the path graph of 2 vertices. It can be observed that book

graphs are planar. Some book graphs and their planar representation are given below.

— — .

Figure 1 Book graph B4 , Bs and their Planar representation
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We make a generalization of this graph. Through out this section T(G,z,y) = T(G)
denotes the Tutte polynomial for the graph G. We make use of the following notation. X, ,
denote a graph with n number of p-cycles with a common edge e = zy and let Y, , = X,, , — €
and Z,, = X, p.e. Note that Z,, , is actually a graph with n number of p — 1 cycles with a

common vertex.

Figure 2 X35, X535 ,X26

Thus B,, = X, 4 is a particular case of the graph we have defined which we call as gener-
alized book graph. We first arrive at some recurrence relation satisfied by these graphs. Before

we prove the relations satisfied by these graphs we will prove some preliminary results.

Notations and Conventions 1.4

(1) Let G; and G4 be two disjoint graphs each of them having a unique identified vertex.
The graph obtained by merging an identified vertex of G; to an identified vertex of Ga is
denoted by G1 x Gos.

(2) Let G1, G2 be two disjoint graphs each of them having two designated vertices namely
z,y and z’,y’. The graph obtained by merging the identified vertex x with 2’ and the vertex y
with 3’ is denoted by G1 * Ga.

(3) Let G be a graph with an identified vertex v. The graph obtained by taking n copies
of G and joining all the copies at the identified vertex v is denoted by G(*).

(4) Let G1,G2 be two disjoint graphs each with two identified vertices x,y and z/,y’
respectively. Let zy € FE(G) and z'y’ € E(G’). The graph obtained by merging the two
vertices x, 2’ and y,y’ and the edges xy and 2y’ to a single edge is denoted by G1 ® Gs.

Proposition 1.5 G be a graph which can be expressed as G = H x P, where P} is a tree of
order | + 1, then T(G) = z'T(H).

p=1 "
Proposition 1.6 T(C’é")) =T(Cp)" = [y + > xk} .
k=1

p—1
Proof Induction on n. Forn = 1,T(C,) = y+ Y. 2* by Theorem 1.2. Let v be the identified
k=1

vertex. Assume that the result is true for n — 1. Let G = C,(,n). Note that Clg") = C,(,nfl) x Chp.
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Let e be any edge adjacent to v. By recurrence relation

TG) = T(G—-e)+T(G.e)
= T(C{"™V x Pyy) + T(C"Y x Cpy)
= 2P ')+ T(C Y x Cpoy)
= 2P T(C) + T(C Y x Pyg) + T(C ™Y x Cps)
= 2O V) + 2P 2T(C V) + T(C ™Y X Cps)
by using Proposition 1.5
= @ ' +a" P4 )T(C) + T(C Y x Ch)
= (PP 44 I)T(C’Ignfl)) + yT(CZ(,”*l)) as C1 is a loop
= (@ 4P 4t y)T(CIS"*”)
p—1 p—1 n—1 p—1 n
S Ty y+zxk] | .
k=1 k=1 k=1

§2. Tutte Polynomial of Generalized Book Graph

Theorem 2.1 Let X,, , denote a graph with n number of p-cycles with a common edge e = xy
and let Y, , = X, p — € then,

Xnp and Yy, , satisfy the following recurrence relations
(1) T(Xnp)=TYnp)+T(Cp-1)";

(it) T(Yn,p) = [E xk} T(Yn-1,p) +T(Xn-1,) for n > 2 with T(Yy,) = aP~1.
Proof (i) e is neither a loop nor a cut edge and hence using recurrence relation of Tutte
polynomial

T(Xn,p) = T(Xnyp —e)+ T(Xn,p.e)
= T(Yny) + T(CS) = T(Ynp) + T(Cpor)"

using Proposition 1.6. This proves (1).

(ii) Clearly, Y7 , = a path of length p — 1 and hence T'(Y1,) = 2P~1. We prove this result
by induction on n.

For n =2, T(Ys,) = T(Ya, —€') + T(Y2p.¢') where ¢’ is any edge of Ys, adjacent to =
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other than e.

T(Yap) = 2" *T(Y1p)+T(Y1p+Pp-2)
= 2T (Y1p) + 2" T (Y1) + T(Y1p * Pp3)
= aPPT(Yi,) + 2" T (Vi) + -+ 2T (Yip) + T(Yap + Pr)

SRR

which proves the result for n = 2.

Yl p + T(Xl p)

Assume that the result is true for a graph Y,,_1 ,. Consider Y,, , and let €’ is any edge of
Y,,—1, adjacent to x other than e. Then,

T(Ynp) =TYn1p—€)+T (V1€

= 2" 2T (Yyo1,p) + T(Yno1,p * Pp2

=27 (V1) + 27 T(Ye1) + T(Yn 15 %Pp s

=aP T (Y1) + 2P T (Yao1p) + -+ + xT(Yn 1p) + T(Yn_1p %Py

Zx

which proves the result for n > 2. O

)
)
)
)

'n, 1 P + T(anlqp)a

n—2
Theorem 2.2 (i) T(Y,,) = b" 1P~ + [Z Vb+y— 1)"_1_7“] forn >2;

n—2 p—2
(ii) T(Xpp) =b""taP™! + [E bE(b+y — 1)"1]“} +(b+y—1)", where b= Y z* for
k=0 k=0

n > 2.

Proof By Theorem 2.1,
T(Yop) = | 2" T(Vac1p) + T(Xao1y)
= Z " T(Ynflﬁp) + T(Ynfl,p) + T(Opfl)nil

= Z z* T(Yn—l,p) + T(Cp—l)nil
Lk=0 i
= V(Y1) + T(Cy)

Note that T(Cp—1) = 2?24+ 2P 2 + .-+ +y = b+y — 1. We solve the recurrence
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relation,

T(Y1,) = a7
T(Y2p) = bT(Yl,p)"'T(Cp—l)

= bxP 7l 4+ (y+b—-1)= blaP~ ! 4+

2—-2
S b4y - 1)2—1—’f1 ,

k=0
T(Y3,p) = bT(Y2,p)+T(Cp—1)2

= V2P L4 0T(Cpy) + (y+b—1)?
= VP 4 bly+b—1)+(y+b—1)32

3—2

by — 1Ptk
k=0

T(Y47p) = bT(Y&p) + T(Cp,1)3

= V2P 0?T(Cpy) + 0T (Cpr)* + T(Cpy)?
= V2 +Pb+y—1)+bb+y—1P2+0b+y—1)>°

4-2
> b4y - 1)41’“] :
k=0

= plgpl g

)

= prlgpl g

Assume that by induction

n—3
T(Vary) = W20 4 | 050+ y - 1>"“] ,
k=0
T(Yn,p) = bT(Yn—l,p)'i‘T(Cp—l)n_l
n—3
— b{bn_2$p_1 + Zbk(b-i-y— 1)n—2—k }—l—(b—i—y— 1)71—1
k=0

= T 00+ y = )" A0+ y = )"+ by — 1)
= 0P by =) T b0y - 1) P (b y - 1)

n—2

k=0

— bnflxpfl 4

This completes the proof of (7).
T(Xnp) = T(Yap)+0+y-1)"

n—2
= P D ey - )R+ by - D),
k=0

which completes proof of (7). O
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Remark 2.3 Forn =1,

T(Xnp) = T(Cp)
= P 4Py by — 1),

which matches with the Theorem 2.2

An equivalent representation of Tutte polynomial for generalized book graph is the follow-

ing.

n

—1
bk(y +b— 1)n—1—k:| y

Theorem 2.4 T(X,,) = zb" + [
k=0

Proof By Theorem 2.2,

T(Xp,p) =b" 1o~ 4 +b+y-1)"<

n—2
S b +y -1k
k=0

p—1 _ 1
b = 2P 24P 34 ... 1041 =
z—1
= 2P l=blz—-1)+1=br—b+1

= 2Pt = (br — b+ 1B = 2b™ — b+ b
Hence,

T(Xpp) = xb"—b"+b" !+ +(b+y—1)"

n—2
Sk (h 4y — 1)k
k=0

= 2" ="+ bty - bbby — 1)
"0 +y — 1)+ (b+y -1 (*)

Now consider

zb"™ +

n—1
Z bk(y +b— 1)71—1—19] y
k=0

=ab" +y[(y+b— D" by +b— 1" b
=ab" + (y+b—1—(b—1)[(y+b—1)"" by +b—1)""2 4 "]
="+ (y+b—1) [(y+b—1)" by +b—1)"2 4 0]
-1 [(y+b—1)"" by +b—1)" 24 D]
:xbn‘F[(y_b_1)n+b(y—b—|—1)”*1+...+bn71(y+b_1)}
~b([ly+b—1)" " by +b—1) 2 b
+[(y‘f'b—l)n_l+b(y+b—1)"_2+...+bn—1]
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=ab"+ (y+b—1D)"+by+b—1D" b (y+b— 1)

“by+b—-1)" =Py +b—1)" = =" by —1) = D"

+y+b—1D" by +b—1)" 2 0" R (y b — 1) F 0
=zt +(y+b—1)" ="+ (y+b—1)""+by+b—1)""2

0"y +b— 1)+ b (%)

From (*) and (**) we get

n—1

T(Xpp)=ab"+ [ Y bFy+b-1)""""y m
k=0

§3. The Generalized Flower Graph

The generalized flower graph is obtained by merging X,, , at each of the edge of a basic cycle of
length t. We define the generalized complete flower graph and generalized Flower graph with
k petals.

Definition 3.1 (i) A graph in which i copies of X, p is taken and is merged with any of the i
out of t edges of the base cycle C; of length t where, 1 <1i < t—1 is called a generalized flower
o

(79) A graph obtained by taking a base cycle Cy of length t and t copies of X, , and merging

the two graphs at the common edge of X, , with each of the edge of the basic cycle Cy is referred

graph with i petals and is denoted by G

to as Generalized Flower Graph or Generalized Complete Flower graph and is denoted by Gy, p ;.
In fact Gy pt = Gﬁf}pyt.

(i4i) The graph obtained by taking i copies of X, , with each of the cycle containing a
designated edge and joining the i copies at the end vertices of the designated edges is denoted
by H,(fgg

(3)
2,4,6

Figure 3 Generalized complete flower graph G2 4 5 and flower graph G
with 3 petals and generalized flower graph with one petal

Theorem 3.2 Let X,, ,, has the common edge e. Let Gﬁ});,t be the generalized flower graph with
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one petal. Then,

TG, = (Lt +a 4+ 22T (X ) +yly+b - 1"

Proof Let e; be any edge on C; other than e. By deletion contraction formula we get

T(Gn,p,t) = xt_QT(Xn p) + T(Gn,p,t—l)

= 33t72T(Xn,p) + xtigT(Xn,p) et ‘TT(Xnyp) + T(Gn7p72)
= (@422 4+ 2" DT(Xp,) + T (X)) + yT( 1)
= (L+a+a® 4+ 42" )T (Xpp) +yly +b—1)",

which completes the proof. O
Corollary 3.3 T(Gypp) =b"a" 1+ S bF(b+y—1)"F 4+ (y+b—1)"F!
k=1

Proof By Theorem 2.5 taking p = ¢t we get

T(Gupp) = (Lta+a®+ o ta )T (Xnp) +yly +b-1)"
n—2
— b{bnll'pl + Zbk(b+y _ 1)n717k + (b+y— 1)11} +y(y+b— 1)71
k=0

n—2
= paP 4 Z P b+y—1)" R bbb+ y—1D)"+yly+b—1)"
Lk=0

n—2
= Va4 DOV oy )" o+ y) by — 1)
Lk=0

= Va4 DY VT oy )" R bty -1+ ) (y+b— )"

- prgp—1 + Z bk+1(b_|_ y— 1)n717k + (b—|— y— l)n + (y +b— 1)n+1
Lk=0 J
= VP 4 bb+y— 1) by 1) 0 (D y — 1)

++y—1"+ (b+y—1)"

Z bk-i-l(b + y— 1)n—k
k=0

= bl 4 +(y+b—1)",

Lemma 3.4 Let u,v be two vertices of a graph G which are joined by n disjoint paths of length
p—1, namely Py, Ps,--- P, such that degree of each of vertices in Py, Ps,--- P, other than u,v
is 2 in G and removal of these n paths does not disconnect u and v, then

T(G) = b"T(G") + T(G),

n—1
Z by 4+b—1)n ik
k=0
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where G’ is obtained from G by removing the n disjoint paths of length p — 1 between u,v and
identifying u,v and G" is the graph is obtained by removing the n disjoint paths of length p — 1
from G.

Proof Using Theorem 1.3, T(G) = bT(G — P1) + T(G.Py). But

T(G.P)=T(C}~| xG)=(y+b—1)"""T(G).

Hence
T(G) = bT(G—-P)+(y+b—1)""'T(G"
= bI(G—Pi—P)+(y+b—1)"T(G)] + (y+b-1)"""T(G")
= VPT(G-P —P)+[bly+b—1)"2+(y+b—1)""']T(G)
= VT(G—-P —P—Py)+ [VP(y+b—1)"3 +by+b—1)""2
+y+b-1)"T(G)
= VI G—-Pi—P P+ [V N y+b—1)"+b0"2(y+b-1)" +---
+b(y+b—1)""+ (y+b— )" T(G)
n—1
= VTG + | D y+b-1)"F| TG,
k=0
which completes the proof. O

From the above theorem we get another method of proving Theorem 2.4.
n—1
Corollary 3.5 T(X,,) =ab"+ | 3. VF(y+b—1)""17k |y,
k=0

Proof Applying Lemma 3.5 to X,, ;we get G” = Ky and G’ = a single loop so that
T(G") =2z, T(G') = y and we obtain the result. m|

Theorem 3.6 Let H,(f,) denote a graph obtained by taking i copies of X, , and joining it at a

common vertex in succession. Then, H,(fz, = [T(Xnp)]"

Proof Let e = uv be the common edge of the i*" copy of X, ,,. If G” is the graph obtained
by removing the n distinct paths of length p—1, then the resultant graph is a graph obtained by
joining the ¢ —1 copies of X, , with edge e = uv at the vertex u and hence T'(G") = xT(Hr(f;;l)).
If G’ is obtained by removing n disjoint paths of length p — 1 between wu,v and identifying u
and v then, T(G") = yT(H,(zi,;l)). Thus using Lemma 3.4
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@

Figure 4 HSL graph G” and G’ segregation

n—1

T(HS),) = ab"T(HGD) +y |30y +b— 1) | T(H, )
k=0
n—1
= {xb" +y > ty+b—1nth } T(H)
k=0
= [T(Xnp ) T(HTY)
= [T(Xn,p)]2 T(Hr(zi,;z))a
[T(Xn,p)]i_l T(Hr(z%z))) = [T(Xn,p)]i_l T(me) = [T(Xn,p)i} : o

Corollary 3.7 Let G denote a graph obtained by taking i copies of X, , and t copies of Ko

and joining it in succession in any order then,
T(G) = xtT(HT(Z;) =z [T(Xn,p)]l .
Theorem 3.8 Let Gy denote a graph obtained by taking t copies of X, , and taking ©

product with Cy in succession, then

t—2
T(Gnpe) = 0" Z(bn + ay)k(bnx + ay)t_l_k
k=0

+(" + ay) Pay(b+y — 1) + (0" + ay) Py(b+y — 1)*",

n—1
where a = {Z by +b— 1)"‘1_7“} .
k=0
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Proof Let G” be the graph obtained by removing n distinct paths of length p — 1 between

the two vertices which are end points of common edge e of any copy of X,, , on the cycle C;
and let G’ be the graph obtained by removing n distinct paths of length p — 1 as described for
G" and identifying the two end vertices of e in Cy. Then by Lemma 3.4.

Figure 5 G, . graph G” and G’ segregation

T(Gnpt) =0"T(G") + aT(G"),

n—1
where o = | 3 b¥(y +b— 1)""17%|. Also using deletion contraction formula of Tutte polyno-
k=0

mial T(G) = yT (G ps—1) and
T(GH) = T(Hr(zt,;l)) + T(Gnm,t—l) = T(Xn,p)t_l + T(Gnm,t—l)

from Theorem 3.6. But by Corollary 3.5,

n—1

Z iy4+b—1)"" 1k y=b"z +ay
k=0

T(Xpp) =xb™ +

Thus, T(G") = (b"z + ay)' ' + T(Gn pi—1) and

T(Gnpt) = "0z +ay) ™ +0"T(Grpi-1) +ayT(Grpi-1)
= b"(b"z+ ay)t T+ (b" + ay)T(Gnm,t—l)
= 0"z +ay) T+ (0" +ay) B0 " + ay) T+ (0" + ay)T (G pi—2)]
= 0"z +ay) T 0"+ ay) (0" + ay) + (0" + ay)?* T (G pi—2)
= b"(b"z +ay) Ly (b + ay)t72(b” + ay)
+(O" + ay)? [0 (0" + ay)' P + (0" + ay)T (G pt—3)]
= H(b"x+ ay)t_l + 0" (b"x + ay)t_Q(b" + ay)
+0" (b + ay) 20" 4+ ay)? + (0" + ay)*T(Grpi—3)
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= V'(b"x+ay) 070" + ay) 20" + ay)
+0" (V" + ay) 0" +oy)? 4+ (0" 4 ay) T (Gt -2))

= (0" +ay) T+ 00" + ay) 20" + ay) + (b + ay) (0" + ay)?
+o A (0" + o) TPT(Grp )

But

T(Gnp2) = b"T(Xnp)+ayb+y—1)"+yb+y—1)>"
= b'(V"z+ay)+ayb+y—1)"+yb+y—1)*>"

Thus

T(Gupi) = b0 0"z +ay) ™" +0" 0"z + ay) (0" + ay)
FO (0" + ay) 0" + ay)? + - + ("2 + ay)2 (" + ay)i >
+(" + ay) 2 (0" + ay) + ay(b+y —1)" + y(b+y — 1)*"]
O+ ay) 4 B + ay) (" + ay)
+0" (0" 4+ ay) 30" + o) + - -
(0" + ay)2 (0" + ay)' " + 6"V + ay) (" + ay)' 2
+(b" + ay)tﬂay(b +y—1"+ (" + ay)t72y(b ty— 1)2n

t—2

- Z(bn—kay)k(bnt’t—kay)tilik
k=0

+(" +ay) Pay(b+y — )"+ (0" + ay) 2y(b+y — 1)*"
which completes the proof. a

. . i_2 .
Theorem 3.9 T(Gsp )= (+z+ a7 e+ ay) +0" S (B Hay) (e +ay) TR+

k=0
(0" +ay) Pay(b+y—1)" + (0" + ay) " y(b+y — 1)*"

Proof In G .t there are t —i sides of C; without petals. Let e be any side of G .t Without
petal. Clearly e is neither a loop nor a bridge. Applying deletion and contraction formula

G = A TTHD) + TG, , )
= @ TIT(H)) + 2T T (HS)) + TG, )
i— i— —i—(t—1 i (2)
L e I AV 40 5 ())+T(G e z))

= (Il4z+ 427 YTHD, +TGD )

I
o)

n,p,i

= (I+z+-+27" (X} ,) + T(Gnpa)
i—2

_ (1—|—x—|—---—l—CL't_i_l)(bnx—l—ay)i—l—bn Z(b”—l—ay)k(bnx—i—ay)i_l_k
k=0

+(" +ay) Pay(b+y —1)" + (0" + ay) Py(b+y — 1)*"
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84. Conclusion

Tutte Polynomial has been an open topic for research for mathematicians for the last 30 years.
It is a two variable polynomial which reduces to many graph polynomials associated with the
graph. It gives various information about the graph like the number of spanning trees, number
of cyclic orientations not resulting in oriented cycles and colorability of graphs.

In this research paper, Tutte polynomial of many specialized graphs have been studied in
detail. The properties and Tutte polynomials of , generalized Book graph, Generalized Book
graph with petals, Complete Generalized Book graph have been arrived at which in turn reveal

various other related information by substituting appropriate values for the two variables.
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