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Abstract: A radio mean labeling of a connected graph G is a one to one map f from the
vertex set V' (G) to the set of natural numbers N such that for each distinct vertices u and
vof G, d(u,v)+ [w-‘ > 1+diam (G). The radio mean number of f, rmn (f), is the
maximum number assigned to any vertex of G. The radio mean number of G, rmn (G) is
the minimum value of rmn (f) taken over all radio mean labeling f of G. In this paper we
find the radio mean number of Jelly fish, subdivision of jelly fish, book with n pentagonal
pages and (K1, : m).
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§1. Introduction

For standard terminology and notion we follow Harary [6] and Gallian [4]. Unless or otherwise
mentioned, G = (V(G), E(Q)) is a simple, finite, connected and undirected graph. A graph
labeling is an assignment of integers to the vertices, or edges, or both, subject to certain
conditios. Graph labeling used for several areas of science and few of them are communication
network, coding theory, database management ete. In particular, radio labeling applied for
channel assignment problem. The concept of radio labeling was introduced by Chatrand et al.
[1] in 2001. Also in [2, 3], radio number of several graphs were found. Motivated by the above
labeling, Ponraj et al. [7] introduced the notion of radio mean labeling of G. A radio mean

labeling is a one to one mapping f from V (G) to N satisfying the condition
d (u,v) + {MW > 14 diam (@) (1.1)

for every u,v € V (G). The span of a labeling f is the maximum integer that f maps to a
vertex of Graph G. The radio mean number of G, rmn (G) is the lowest span taken over all
radio mean labelings of the graph G. The condition 1.1 is called radio mean condition. In
[7, 8, 9], they have found the radio mean number of some graphs like three diameter graphs,
lotus inside a circle, gear graph, Helms, Sunflower graphs, subdivision of complete bipartite,

corona of complete graph with path, one point union of cycle Cg and wheel related graphs. In
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this article we find the radio mean number of Jelly fish, subdivision of jelly fish, book with n
pentogonal pages and (K7, : m). We write d(u,v) for the distance between the vertices u and
v in G. The maximum distance between any pair of vertices is called the diameter of G and
denoted by diam(G). Let  be any real number. Then [z] stands for smallest integer greater

than or equal to z.

82. Main Results

First we look into the Jelly fish graphs. Jelly fish graphs J (m,n) obtained from a cycle Cjy :
uvzyy by joining x and y with an edge and appending m pendent edges to v and n pendent

edges to v.

Theorem 2.1 The radio mean number of a jelly fish graph J(m,n) is m + n + 4.

Proof Let V(J(m,n)) = {u,v,z,y} U{u;v; : 1 <i<m;1l<j<n}and E(J(m,n)) =
{uy, yv, vz, zu, zy} U {uu;,vv; 0 1 <3 < m;l < j < n}. Itis clear that diam(J(m,n)) = 4.
The vertex labeling of J(1,1), J(1,2) given in Figure 1 shows that their radio mean numbers

are 6, 7 respectively.

5

Figure 1

Assume m > 2 and n > 3. We define a vertex labeling f as follows. Assign the label 1 to
u1. Then put the label 2 to vy, 3 to v and so on. In this sequence v,, received the label n + 1.
Then assign the label n 4+ 2 to us, n + 3 to ug and so on. Clearly label of u,, is m + n. Then
assign the labels m+n+ 3, m+n+ 1, m +n + 2, m + n + 4 respectively to the vertices u, v,
x, y. Now we check the radio mean condition

d (u,v) + {M-‘ > 1+ diam (J(m,n))

for all u,v € V(J(m,n)). It is easy to verify that the vertices u, v, x, y are mutually satisfies

the radio mean condition.

Case 1. Check the pair (u,u;).

> 6.

Al + [ LTI ] gy [t S L]
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Case 2. Consider the pair (u,u;).

> 8.

e e e R e

Case 3. Check the pair (z,u;).

> 6.

o [LELEL W) 5 g [mtns2id]

Case 4. Verify the pair (z,v;).

Aoy + | LRI gy [t 2222 5 g

2 2

Case 5. Consider the pair (y, u;).

d(y,us) + [MW S04 {ww >

2 2

Case 6. Check the pair (y,v;).

)+ [LOSI0] 5o [meneds2] o

Case 7. Check the pair (v,v;).

O e R e

2 2
Case 8. Verify the pair (v,u;).

MW z3+{m+n—+1+ﬂ >

b+ [0 :

Case 9. Consider the pair (u;,v;).

PPN FACAE 001 BN 11 Y

Hence rmn(J(m,n)) =m+n+ 4. O

Now, we find the radio mean number of subdivision of jelly fish graph. If z = uv is an edge
of G and w is not a vertex of of G, then z is subdivided when it is replaced by the lines uw and

wv. If every edges of G is subdivided, the resulting graph is the subdivision graph S(G).

Theorem 2.2 For a subdivision of graph Jp, n,

rmn (S (Jmn)) =
2m 4+ 2n + 11 otherwise
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Proof Let V(S(Jmn)) ={zi:1<i <9 U{u,u): 1 <i <mpU{v;,0}:1<j<n}and
E(S(Jmmn)) = {zizig1 : 1 <@ < T} U{zg21, 2729, 2923} U {zlui,uiug,zwj,vjv;— 1<i<m,1<
j <n}. Clearly diam(S(Jmn)) = 8.

Casel. m=n=1.

In this case 1 should be a label of the vertex u; or ) or v1 or v{. If not, 1 is a label of any

one of the remaining vertices , say x, and suppose 2 is a label of any other vertex, say z’. Then
! 142
d(w, ') + [7"”(@;“3”1 <6+ [—; w <3,

a contradiction.
Subcase 1. wu; receives the label 1.

Then 2 should be a label of v} otherwise we get a contradiction as previously. For satisfying
the radio mean condition, 3 should be a label of a vertex which is at least at a distance 6 from the

vertex v and 7 from uy, such a vertex doesn’t exists. Therefore, in this case, rmn(S(Jy,1)) > 14.
Subcase 2. u) receives the label 1.

Then 2 should be a label of either v; or v{. Otherwise as in subcase a, the radio mean
condition is not satisfied. If vy or v} receives the label 2 then 3 can not be a label of any of the

remaining vertices. Suppose 3 is a label of any other vertices , say z, then

i)+ [ L)
or

)+ [LEHI0]
or

o)+ [HOLELE]

a contradiction. Thus, here also rmn(S(J1,1)) > 14. By symmetry, the same case arises when
v1 or v} receives the label 1. Therefore in all the cases rmn(S(J11)) > 14. Now we will try to
label the vertices of S(J1,1) with the property that the sum of the distance between the any pair
of vertices and the mean value of labels of that pair of vertices exceeds the integer 9. We drop
the label 1 from the set of integers {1,2,---,13} and add a new label 14 . Thus the labels are
{2,3,---,14}. Suppose [, m, n are any three vertices of S(.J1,1) with their respective labels are
2, 3, 4. Then d(I,m) > 6, d(I,n) > 6 and d(m,n) > 5. It is clear that, such type of vertices [,
m, n doesn’t exists. So rmn(S(J1,1)) > 15. Now consider the labels from the set {3,4,---,15}.
Since the vertices with labels 3 and 4 are at least at a distance 5, any one of the vertices with
these label should be a pendent vertex and the other is either zg or z9 or z4. Now suppose

either 3 or 4 is a label of zg or z4 then 5 can not be a label of any of the rest vertices. So 3 or
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4 should be a label of z9. Suppose 3, 4 are the labels of u/, z9 then 5 should be the label of v}.
Then 6 can not be a label of any of the remaining vertices. The same problem arises when 4, 3
are the labels of u}, zg. By symmetry, if we assign the label 3 or 4 to the vertex v} , then 6 can
not be a label of any other vertices as discussed above. Hence rmn(S(Jy,1)) > 16. Consider

the labeling given in Figure 2.
8

4 15 10 -BI 13 6 14

11 2 12

Figure 2
From Figure 2, it is clear that rmn(S(J1,1)) < 16. Hence rmn(S(J1,1)) = 16.
Case 2. m#1,n#1.
Subcase 1. m +n <4.
As discussed in case 1, clearly it is not possible to label the vertices of S(Jp, ) from the

sets {1,2,---,2m+2n+9} and {1,2,--- ,2m+2n+10}. That is rmn(S(Jm.n)) > 2m+2n+11.
The following Figure 3 shows that rmn(S(Jm,n)) < 2m + 2n + 11 where m +n < 4.

6 10 15_e5
13y 8 16 ~e4

Figure 3

Hence rmn(S(Jmn)) =2m+2n+ 11 form+n <4 and m # 1, n # 1.
Subcase 2. m+n > 4.

Define an injective map f : V(S(Jm,n)) — {1,2,---,2m+2n+ 11} by f(v]) =3, f(v1) =
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2m + 2n + 2,
flu,) = i+3, 1<i<m
f) = m+2+1, 2<1<n
fn—iy1) = m+n+2+i, 1<i<n-1
fUm—iy1) = m+2n+1+i, 1<i<m

f(zs) =2m+2n+3, f(z2) =2m+2n+4, f(z1) =2m+2n+5, f(zg) = 2m + 2n + 6,
=2

f(z7) m—+2n+7, f(z6) =2m+2n+38, f(z5) =2m+2n+9, f(z4) = 2m + 2n + 10 and
f(z9) =2m + 2n + 11. Now we check the radio mean condition that
sy [HE10]

for every pair of vertices u,v € V(S(Jm,n))-

Case 1. Consider the pair (z;, ;).

Az, 25) + [f(zi)Jrf(zj)w S14 [2m+2n+3+2m+2n+ﬂ > 1.

2 2

Case 2. Check the pair (u;, u}).

d(uiauli)+ ’Vw-‘ >1+ ’727%—*—722”4_5-‘ > 0.

Case 3. Check the pair (u}, u;), i # j.

>34

> 9.

) [ L0

{4+m+2n+2—‘
2

2

Case 4. Examine the pair (u;, u;).

duss, 03) + {f(ul»)Jrf(uj)w > 94 {m+2n+2+m+2n+3-‘ > 11,

2

Case 5. Verify the pair (uj, u}).

i) + |
Case 6. Check the pair (u}, z;).

d(uj, z;) + [Mw >2+ [ww 2 11.

2 2
Case 7. Examine the pair (u;, 2;).

S (ui) +f(2j)w

>1
5 +

2m+2n+3++m+2n+2
d(uivzj)+

—‘212.
2
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Case 8. Verify the pair (u;,v;).

Case

Case

Case

Case

Case

Case

Case

Case

Case

f(ui)‘f'f(vj)-‘ > 64 {m+2n+2+m+n+3

s > 14.
d(ui,vi) + { 5 5 -‘ > 14

9. Consider the pair (u;,v}).

10.

11.

12.

13.

14.

15.

16.

17.

i)+ ’
d(ui,v;) + {M-‘ > 74+ ’Vw-‘ > 13.
Examine the pair (u;, v}).
N+ A
d(vz’-,v'-) + M > 8+ ﬁ > 12.
J 2 2
Verify the pair (u},v;), i # j.
! .
o+ [OEH0) o frmenes)

Check the pair (v;,v;), 7 # j.

> 11.

d(vi, vj) + {w-‘ S 94 {m+n+3—;—m+n+4"

Verify the pair (vj,v}), i # j. In this case, obviously m > 2.

> 9.

d(vi,v) + >

Consider the pair (v;, v}).

d(vi,v}) + [7“”);“””} > 1+ [Lf“ﬂ > 9.

Check the pair (v;, v}).

flvi) + f(vﬂ

d(vi,v}) + { )

Verify the pair (v;, 2;), i # j.

d0r, 25) + {w" S 14 {m+n+3+22m+2n+3-‘ > 12,

Check the pair (v}, z5), © # j.

f (i) +f(2j)w

>2
5 +

2
d(), =) + [ [M

> 10.
aaE



58 R.Ponraj and S.Sathish Narayanan

Hence rmn(S(Jmn)) < 2m + 2n + 11 where m +n > 4. As in argument in case 1,
rmn(S(Jm,n)) > 2m + 2n + 11 for this case also. Hence rmn(S(Jm,n)) = 2m + 2n + 11 when
m-+n > 4. O

Next investigation is about book with n pentogonal pages. n copies of the cylce C5 with

one edge common is called book with n pentogonal pages.

Theorem 2.3 The radio mean number of a book with n pentogonal pages, BP,, is 3n + 2.

Proof Let V(BP,) = {u, v}U{u;, v;,w; : 1 <i < n}and E(BP,)U{u, v}U{uu;, u;w;, wv;, v;v :
1 <4 < n}. Note that

) 2 if n=1
diam(BP,) =
4  otherwise

For n = 1,2, the labeling given in Figure 4 satisfies the radio mean condition.

5

1 5

Figure 4

For n > 3, define an injective map f : V(BP,) — {1,2,--- ,3n+ 2} by

flw;) =1, 1<i<n
f(Op—iv1) =n+i, 1<i<n
fup—it1) =2n+1 1<i<n

fu)=3n+1, and f(v)=3n+2

Now we check the condition

for every pair of vertices u,v € V(BP,).

Case 1. Check the pair (u;, w;).

(s, wi) + V(ui)Jrf(wi)w >4 FmJﬂ > 6.

Case 2. Verify the pair (v;, w;).

A0 w5) + lrf(vi)-i-f(wi)—‘ S14 Prﬁﬂ > 5,
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Case 3. Examine the pair (u;,v;).

> 8.

g 4 [ LI g ot e 2]

Case 4. Consider the pair (w;,u;).

A, ;) + ’Vf(wi);‘f(uj)-‘ >34 F+22n+1-‘ 57

Case 5. Consider the pair (v;, w;).

d(vi, w;) + {MW >3+ {LHW > 6.

Case 6. Verify the pair (u;,v;).

d(uz, v;) + [WW >34 {L;Hﬂ > 9.

Case 7. Check the pair (w;, w;).

s, 05) + V(wi);f(wj)w S 4q Fizf‘ > 6.

Case 8. Examine the pair (u;, u;).

d(ui,uj) + {w—‘ > 2+ {w—‘ > 10.

Case 9. Consider the pair (v;, v;).

f(vi)';f(vj)-‘ >,

Sog {n—i—l—;—n—i—f‘

o+ |

Since W(”);f(m)—‘ = 3”“;“”} > 6, the pair (u,z) for every x € V(BP,) satisfy the
radio mean condition. Similarly the pair (v, y) for every y € V(BP,) also satisfy the condition.
Hence rmn(BP,) < 3n+ 2. Since f is injective, rmn(BPF,) = 3n + 2. O

The following result is used for the next theorem.

Theorem 2.4([7]) Let G be a (p,q)-connected graph with diameter = 2. Then rmn(G) = p.

Let (K5, : m) denotes the graph obtained by taking m disjoint copies of K7 , and joining
a new vertex to the centers of the m copies of Kj ,,. Let V({(K1, :m)) = {v}U{v; : 1 <i <
m}U{u} 1 <i<m,1<j<n}and E(Ki,:m)) = {vv;:1<i<m}U{vul:1<i<
m,1 <j<n}
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Theorem 2.5 For integers m,n > 1,

6 if m=2n=1
rmn((Kypn:m)) =
mn +m -+ 1 otherwise

Proof First we observe that

2 if m=1
diam({(Kypn:m)) =
4 otherwise

Casel. m=1.

In this case (Kj 1) = Kq 11, which is a 2-diameter graph and hence by Theorem 2.4,
rmn({(Ky,: 1)) =n+ 2.

Case 2. m =2.

Subcase 1. n =1.

Since 1 and 2 are labels of the vertices which are at least at a distance 3, either 1 or 2 is a
label of a pendent vertex. Assume that the label of ui is 1. Then 2 is a label of either vy or u?.
Then 3 can not be a label of the remaining vertices. Similarly we can show that if 2 is a label
of u}, 1 is a label of either vy or u? and then 3 can not be a label of the remaining vertices.
Hence rmn({K1 1 : 2)) > 6. Obviously, Figure 5 shows that rmn({(Ky1 :2)) <6.

5§ 3 41 b
Figure 5
Hence rmn({K11 :2)) = 6.
Subcase 2. n > 2.

Define an injective function f : V((K1,:2)) — {1,2,---,2n + 3} by f(ul) =1, f(v) =
27’L+1, f(vl) :2TL+3, f(UQ) :2TL+2,

We now check whether the labeling f is a required labeling. It is easy to check that the

pairs (v1,v2), (v1,v) and (ve, v) satisfy the radio mean condition.

Subcase 1. Check the pair (uf,u3), i # j.

u? u?
iy [ o [123).
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Subcase 2. Verify the pair (u7,u}).

d@&@)+{ﬂﬁﬁgiﬁﬁw24+{E§iw2@

Subcase 3. Consider the pair (uj,uj), i # j.

d(u},u}) +

R

Fui) + f(uj)
2

224%]25.

2

Subcase 4. Examine the pair (u},v;).

S eI g [LE2058] 5 5

Subcase 5. Check the pair (u},v).

d(u},v) + {ww > 24 {%w > 5.

Subcase 6. Consider the pair (u},vs).

d( 1 )JMWZH{MWZI

Uis 2 2 2

Subcase 7. Verify the pair (u?,vs).

Mw 21+[ww > 5.

. va) + | 19 !

Subcase 8. Check the pair (u?,v).

d(u?,v) + [ww >2+ [%w > 6.

Subcase 9. Examine the pair (u?,vy).

LR -

d(u, v1) + >3+

2+2n+3
2
Therefore, rmn({Ki . : 2)) < 2n + 3. But rmn({(K1,, : 2)) > 2n + 3 and hence

rmn((Kin:2)) =2n+ 3.

Case 3. m > 3.

For n = 1, m = 3, Figure 6 shows that rmn((K7,1 : 3)) = 7. Now we consider the cases
n>2,m=3andn>1,m > 4. Define a function f: V((Ki,:m)) — {1,2,--- ,mn+m+1}
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2
5

1 7 a4 6 3
Figure 6

We show that f is a valid radio mean labeling.

Subcase 1. Check the pair (u?, ui)

oty | L LOD o Lo

’ 2

Subcase 2. Consider the pair (u],u}), j # r.

d(u,up) + {Mw >4+ Fizﬂ > 6.

Subcase 3. Verify the pair (v;,v;).

fvi) +f(Uj)-‘

> 2+

> 8.

2

2 3
d(’Uiu’Uj)‘f"’ {mn—i— —;—mn—i— -‘

Subcase 4. Examine the pair (v, u?).

i

d(v,ul) + {M—‘ >94 {mn—;l—l—l" > 5.

Subcase 5. Verify the pair (v, v;).

d(v,v;) + [MW >1+ [m"“LHm””W > 6.

2 2
Subcase 6. Check the pair (v;, u;)

For n > 2 and m = 3,
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If n > 1 and m > 4 then,

s ) + F(vi) +f(u§)l — {mn+2+1-‘ .-

2 2

Subcase 7. Consider the pair (vi,uf), i # k.

. :
s, b) + [f(w);f(uﬂ - {mn+22+2" .
Hence rmn({K1 : m)) = mn+m+ 1. O

Example 2.6 A radio mean labeling of (K7 5 : 4) is given in Figure 7.

»Nn

22
20 2
16 6
12 o10

25 21 23

8 14
4 8

4

19 15 11 7 3

Figure 7
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