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Abstract: In this article, one Galilean (or called Isotropic) plane moving relative to two
other Galilean planes (or Isotropic Planes), one moving and the other fixed, was taken into
consideration and the relation between the absolute, relative and sliding velocities of this
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81. Introduction

Galilean Geometry, is described by Yaglom, [1]. So far, many researcher has done a lot of studies
as [2-4], etc in the Galilean Plane (or Isotropic Plane) and Galilean Space. Also, Euler-Savary’s
formula is very famous theorem. It gives relation between curvature of roulette and curvatures
of these base curve and rolling curve, [14]. Tt takes place in a lot of studies of engineering and
mathematics. A few of them are studies worked by Alexander and Maddocks,[5], Buckley and
Whitfield, [6], Dooner and Griffis, [7], Ito and Takahaski, [8], Pennock and Raje, [9].

In 1959, Miiller, [10]; defined one-parameter planar motion in the Euclidean plane E?. He
studied the moving coordinate system and Euler-Savary’s formula during one parameter planar
motions. Then, Ergin in 1991 and 1992, [11-[12]; considering the Lorentzian Plane L2, instead
of the Euclidean plane E?, introduced the one parameter planar motion in the Lorentzian plane
L? and gave the relations between both the velocities and accelerations and also defined the
moving coordinate system. Furthermore, in 2002 Aytun [13] studied the Euler Savary formula
for the one parameter Lorentzian motions as using Miiller’s Method [10]. And in 2003, Tkawa
[14] gave the Euler-Savary formula on Minkowski without using Miiller’s Method [10].
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In 1983, Otto Roschel, [15]; studied kinematics in the isotropic plane. He investigated
fundamental properties of the point-paths, developed a formula analog to the wellknown formula
of Euler-Savary and studied special motions: An isotropic elliptic motion and an isotropic four-
bar-motion. And in 1985, he [16]; studied motions ) />, in the isotropic plane. Given
C? -curve k in the moving frame Y he found the enveloped curve kg in the fixed frame )
and considered the correspondance between the isotropic curvatures A and Ay of k& and k.
Then he investigated third - order properties of the point-paths. And then in 2013, Yiice,
[17], considering the Galilean Plane G2, instead of the Euclidean Plane E? or instead of the
Lorentzian Plane L2, defined one parameter planar Galilean motion in Galilean Plane G2 analog
[10] or [11]. Moreover, they analyzed the relationships between the absolute, relative and sliding
velocities of one-parameter Galilean Planar motion as well as the related pole lines.

Now we investigate the moving coordinate system and Euler Savary’s Formula during the
one parameter planar Galilean motion in Galilean Plane G? analog [10] or [11] by using Miiller’s
method.

82. Preliminaries

In this section, the basic information about Galilean geometry which is described by Ya-
glom, [1], will be given.

Let {z} and {2’} be two relative frames and origin point O with velocity v on a line o
move according to relative frame {2’} that is, b (¢) = b+ vt where ¢ is time and b is coordinate

of point O with respect to coordinate system {z’} at the moment ¢t = 0 (see, Figure 1).

Figure 1 The rectilinear motion

Then, relation between coordinates of x and x’ is

= x+b(t) (1)
= x+b+ut. (2)

Also, since time would be t' =t 4+ a (example, t is Gregorian calendar, ¢’ is Hijra calendar), we
can write
=xz+vt+b
, 3)
t'=1t+a.
This transformations (1.1) are called Galilean Transformations for rectilinear motions. If point
A (x,t) with coordinate x and t of a (two-dimensional) plane 2Ot (see, Figure 2) represents
position of point A (z) on a line o at time ¢, then two-dimensional Geometry which is invariant

under the Galilean Transformations for rectilinear motions is obtained.
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A(z,t)

Figure 2 xOt plane

So, this geometry is called the geometry of Galileo’s principle of relativity for rectilinear motions
or two-dimensional Galilean geometry and is represented by G2. Since we shall only talk about
the two-dimensional Galilean geometry in this work, we shall shortly call Galilean plane. If

transformation (3) is arranged as x instead of t and y instead of z, we get

=x+a )
y =y+vx+b.

This transformation (4) composed of the shear transformation

r1 =
(5)
Y1 =y +vz
and the translation transformation
=z +a
, (6)
Yy =y1+0.

Theorem 2.1([1]) Transformation (4) maps

1

lines onto lines;

cD

. . IRl i C'D .
3) collinear segments AB, C'D onto collinear segments A'B',C'D" with S5 = 355

(1)

(2) parallel lines onto parallel lines;

3)

(4) a figure F onto a figure F' of the same area.

In the Galilean plane, the vectors {g; = (1,0),g2 = (0,1)} are called orthogonal basis vec-
tors of G2, and also a vector which is parallel to vector gs is called special vector. If {g1 g2} are
orthogonal basis vectors and a, b € G* whose coordinates are (1, 72) and (y1,y2) according to
this basis vectors {g1 g2}, respectively, then the Galilean inner product of vectors a,b € G?

with respect to bases {g1 g2} is defined by
(a,b)g =21y (7)

(also you can see in [4]). If a, b are special vectors, then the Galilean special inner product of
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special vectors is defined by
(a,b)s = T2yn. (8)

Hence, the norm of every vector a = (z1,x2) € G? on the Galilean plane is denoted by ||a|

and is defined by
lallg = /(a,a) = |21 (9)

and the norm of every special vector a = (0, z2) € G? on the Galilean Plane is denoted by ||a/|;

and is defined by
lally = 1/{a,a); = [z2]. (10)

The distance between points A (x1,x2) and B (y1,y2) on the Galilean Plane is denoted by dap
and is defined by

dap = \/(AB,AB), = y1 — 71, (11)
where y1 > 1 (see, Figure 3).
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Figure 4 The special distance between two points

That is, dap is equal to ||[PPq]| in the sense of Euclidean Geometry. If the distance between
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A (z1,22) and B (y1, y2) is equal to zero (z1 = y1), then special distance of the points A (21, x2)
and B (y1,y2) is denoted by d4p5 and is defined by

6AB = <1&B7 AB>5 = Y2 — T2 (12)

here yo > x2 (see, Figure 4). The set of points M (x,y) whose distances from a fixed point
Q (a,b) have constant absolute value r is called a Galilean circle, and is denoted by S. Thus,
the circle S in the Galilean Plane is defined by

(z—a)® =r? (13)

or
2?2 +2pr+q=0 (14)
where p = —a, ¢ = a® —r2. Also in the Galilean Plane, lines are parallel to y-axis are separable

from class of lines and these lines are called special lines and others are called ordinary lines.
Therefore, the circle S in the Galilean Plane consists of two special lines whose distance from
Q is r (see, Figure 5).

M(xy)

\
e

=
L4

Figure 6 The angle between two intersecting lines
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However, the angle between two ordinary lines y = kx + s and y = kix + s1 intersecting at a

point @ = (x0,yo0) (see, Figure 6) is defined by
Suy = k1 — k. (15)

But the right angle is defined by angle between ordinary line and special line in the Galilean
Plane. So, the special lines are perpendicular to ordinary lines and also special vectors are
perpendicular to ordinary vectors. Consequently, let S be a unit circle with centered at O and
M (z,y) be a point on S. Assume that [ denotes line OM and « denotes do; (see, Figure 7).

&
¥

)
1 '—-f/#f;?’ i i

A

Figure 7 The trigonometry in G2

Then, we have
cosga =1 (16)

and
singa = a. (17)

Also, suppose that [; be another ordinary line and d;;, = 5. Then we get
cosg(a+0)=1 (18)
and
sin g (o + ) = singa cos g8 + cos gasin g3. (19)

We can define a circle by another definition in Euclidean Geometry that the set of points M
from which a given ordinary segment AB (i.e., a segment on an ordinary line) is seen at a
constant directed angle a.. If we use this definition in the Galilean Plane, we have equation

az® + 2012 4 2byy + ¢ =0 (20)

which are (Euclidean) parabolas and this set is called a Galilean cycle and denoted by Z. Here
each of lines which are parallel to y-axis, is a diameter of cycle Z and it is denoted by d (see,

Figure 8).
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Figure 8 The cycle in G? and circle in E?

Also, the length of an arc AB of a curve T is equal to the length s = dap of the cord AB (see,
Figure 9).

-y

O

s=d

Figure 9 The length of an arc in G2

Thus, the radius of cycle Z is defined by

1

r=go (21)

Furthermore, the curvature p of I' at A is defined as the rate change of the tangent at A, that

is, the curvature of I" at A is
Ap
p= lim

As—0 A—S (22)

where Ay = T AT] is angle between the two neighboring tangents, As = arcAM is the scalar
arc element of I" such that M is a point of curve I' (see, Figure 10).
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Figure 10 The curvature in G2

Therefore, the radius of curvature of I at A, denoted 7, is

r =

1 (23)
p

Now, let consider all cycles passing through the points of I' and having the same tangent AT = [
at A as I'. From these cycles, we select that for any other cycle Zy which is closest distance
M M’ between points on I' and Z sufficiently close to A which project to the same point N on
[ is larger than the distance between the corresponding points M and M| of T and Z,. This
cycle Zy is called the osculating cycle of curve T at A (see, Figure 11), [1].

Figure 11 The cycle in G?

83. One Parameter Planar Galilean Motion

Let Gand G’ (G = G’ = G?) be moving and fixed Galilean planes and {O; g1, g2} and {O’; g/, g}
be their coordinate systems, respectively. The motion defined by the transformation

x=x%x"—u (24)
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is called as one parameter planar Galilean motion and denoted by B = G/G’ where
00’ =u=u1g; + usgo (25)

for u1,us € R, x,x’ are the coordinate vectors with respect to the moving and fixed rectangular
coordinate systems of a point X = (z1,x2) € G respectively. Also, these vectors x,x’ and u
and shear rotation angle ¢ between g and gj are continuously differentiable functions of a
time parameter ¢ (see, Figure 12).

Figure 12 The motion B = G/G’

We can write
g1 = g} + pgh

(26)
g2 =g)
for the shear rotation angle ¢ = ¢ (t) between g1 and g}. In this study, we suppose that
d
o(t) = — #0 27
o) = 22 2 (21)
where 7.7 denotes the derivation with respect to ”¢”. By differentiating the equations (25) and
(26), the derivative formulae of the motion B = G/G’ are
g1 = ¥
g2=0 (28)

u=wu1gr + (u2 + u1¢) go.

The velocity of the point X with respect to G is defined as the relative velocity V,. and is
founded by
V., 2181 + Z282. (29)

Furthermore, velocity of the point X € G according to G’ is known as the absolute velocity,
and is found as

Vo= —ti1g1 + (e —u1p+219) g2 + V. (30)



The Moving Coordinate System and Euler-Savary’s Formula 97

Thus, we get the sliding velocity
Vi =—tig1 + (—tiz — w1 + 219) 82 (31)

In the general one parameter motions, the points whose sliding velocity is zero, i.e.,Vy= 0 are
called the pole point or instantaneous shear rotation pole point and in the Galilean Plane G,
the pole point P = (p1,p2) € G of the motion B = G/G’ is defined by

tz(t)

Pr=1
p2 =p2(t(N))

(32)

for A € R (see, Figure 13) [17].

Figure 13 The pole line in Galilean plane

Corollary 3.1([17]) During one parameter planar motion B = G/G' invariants points in both
planes at any instant t have been on a special line in the plane G. That is, there only exists
pole line in the Galilean Plane G at any instant t. For all t € I, this pole lines are parallel
to y-axis and these pole lines form bundles of parallel lines. Using equations (31)and (32), for

sliding velocity, we can write

Vi ={0g1+ (z1 —p1) g2} ¥ (33)

Corollary 3.2([17]) During one parameter planar motion B = G/G’, the pole ray PX =
(x1 —p1) g1 + (x2 —p2)ge and Vy = {0g1 + (z1 — p1) 82} ¢ are perpendicular vectors, i.e.,
<PX,Vf>G = 0. Thus, under the motion B = G/G', the focus of the points X € G is an orbit

curve that is normal pass through the shear rotation pole P.
Corollary 3.3([17]) Under the motion B = G/G’, the norm of the sliding velocity Vs is
IVills = IPX]l¢ [¢]- (34)

That is, during the motion B = G/G', all of the orbits of the points X € G are such curves
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whose normal lines pass thoroughly the pole point P. At any instant t, the motion B = G/G’

is a Galilean instantaneous shear rotation with the angular velocity ¢ about the pole point P.

Since there exist pole points in every moment ¢, during the one-parameter plane motion
B = G/G" any pole point P is situated various positions on the plane G and G’. The position
of the pole point P on the moving plane G is usually a curve and this curve is called moving
pole curve and is denoted by (P). Also the position of this pole point P on the fixed plane G’
is usually a curve and this curve is called fized pole curve and is denoted by (P’).

84. The Moving Coordinate System on the Galilean Planes

In this section, we study on three Galilean planes, and investigate relative, sliding and absolute
velocity, a point of X on a plane according to the other two plane and relations between the
pole points. Let A and G be moving and G’ be fixed Galilean plane and {B, ay,a,},{0;g1,82}
and {O’; g, g5} their coordinate systems, respectively (see, Figure 14).

Figure 14 The two moving and one fixed coordinate system

Assume that ¢ and ¢ are rotation angles of one parameter planar motions A/G and A/G’,

respectively. Let us consider a point X with the coordinates of (z1,22) in moving plane A.

Since
BX = r1a; + Troag (35)
OB =b = bja; + boas (36)
O'B =b' = b\a; + byay (37)

are vectors on the moving system of A, we have
x=0X=0B+BX=b+za; + z2a (38)

X/ = O/X = O/B + BX = b’—|—:1:1a1 + xoa2 (39)

where vector x and x’ denote the point X with respect to the coordinate systems of G and G,

respectively. Let’s find the velocities of one parameter motion with the help of the differentiation
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the equations (38) and (39). Assume that ”d...” denotes the differential with respect to G and
7d’” denotes the differential with respect to G'.

The derivative equations in motion B = A/G, are

da; = dyag (40)
daz =0 (41)
db = db1a1 + (bldQD + dbz) ag (42)

and the derivative equations in motion B = A/G’ taking d'b = d'b’, are

d’a1 = d/1/)az (43)
day =0 (44)
d'b = dbyay + (b;dip + dbly) as. (45)

So differential of X with respect to G is
dX:(0’1+d$1)al+(02+T$1+d$2)&2 (46)

where 01 = dby,02 = dbs + bidp, ™ = dp. Therefore the relative velocity vector of X with
respect to G is

dx
V, = — 47
o (47)
and also differential of X with respect to G’ is
d'x = (0] +dzi)as + (05 + 7@ + drg) ay (48)

where o = db}, ol, = dbly, + b} dp, 7' = dip. Thus, the absolute velocity vector of X with respect
to G’ is 7
X
V,=—. 49
=D (49)
Here 01, 092,0%,0%,7 and 7" are the Pfaffian forms of one parameter motion with respect to t.
If V., = 0 and V, = 0 then the point X is fixed in the planes G and G’, respectively. Thus, the

conditions that the point is fixed in planes G and G’ become
dry = —01,drg = —01 — T21 (50)

and

dl‘l = —Ull,dxz = —0’5 — Tlxl, (51)

respectively. Substituting equation (50) into equation (48) and considering that the sliding
velocity of the point X is Vy = dcf—tx, we have

dix={o] —o1}a; + {(ch —02) + (7' — 7) } as. (52)
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Therefore from (46), (48) and (52) we may give the following theorem.

Theorem 4.1 If X is a fized point on G, then we have
d'x = dsx + dx, (53)
that is, Vo=V ;+V,.. Thus, velocities law is preserved.
Remark 4.2 In the motion A/G, the absolute velocity Va corresponds the differential of
dx = o1a1 + {02 + 721 } a3 + dr1a; + dzoay (54)

according to plane G of the point X, and the relative velocity V, which is the velocity of X
according to the plane A, is equal to the differential of

da:lal =+ d:cgag (55)

with respect to A of the point X. Thus the sliding velocity \fo with respect to motion A/G is
the differential of
01a1—|—{02+7'331}a2 (56)

according to G of the point X. Similarly, in the motion A/G’, the absolute velocity \Nf; is equal
to the differential of

d'x = cla; + {oh + 7'z1} as + dria) + droas (57)
with respect to G’ of the point X, and the relative velocity \N/"T is the differential of
dria; + dxoas (58)
with respect to A of the point X. So the sliding velocity \N/"f corresponds the differential of
ova; + {oh + 71} as (59)

with respect to G’ of the point X .Since the motion G/G’ is characterized by the inverse motion
of A/G and the motion A/G’, we have the sliding motion dyx when we subtract from the
sliding velocity of the motion A/G’ to the sliding velocity of the motion A/G. So we can write

V=V, -V, (60)

To avoid the cases of pure translation we assume that ¢ # 0, # 0.

In one parameter planar Galilean motions the pole point is characterised by vanishing
sliding velocity, i.e., dyz = 0. So, the pole point P of the one parameter planar motion G/G’ is

obtained as ,
09 — 02
= — 61
p - (61)
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p2=p2(N),A€R (62)

where BP = p1a; 4+ poas. Note that here we find

oy —o1=0. (63)

85. The Shear Rotation Poles for Moving Galilean Planes with
Respect to the Other

Let us have three planes such as A, G, G’ moving with respect to together and also occur in
two one parameter planar Galilean motion with respect to each other. In the determined time
t, pairs of plane (A, G), (4,G’) and (G, G’) have a determined shear rotation pole line, and in-
stantaneous shear rotation motions arise with angular velocity about the pole line. Accordingly,
three planes moving with respect to together constitute a three-member kinematic chain.

Motion A/G of plane A with respect to plane G is formulated by equation system (41).

T

Here dy = 7 is infinitesimal shear rotation angle, that is, 7 is an angular velocity. Differential

of point X with respect to plane A
dBX :da:lal + d:cgag. (64)

The differential corresponds to relative velocity with respect to plane A. If point X is fixed,
then we can write dBX = 0. In the equation (46), the differential of point X is given with
respect to plane G. From here, sliding velocity of point X with respect to motion A/G is

Ulal+(02+T£L'1)a2. (65)

However the shear rotation pole of motion is characterized by vanishing the sliding velocity.

So, for the shear rotation pole line ¢ of motion A/G, we have

qm{fh Z—%,(h:fh € €eR (66)
Similarly for the shear rotation pole line ¢’ of motion A/G’, we get

q’---{qi=—i—%7q£=q£ (1), p€R. (67)

And also, the angular velocity of motion G/G’ is

d—g) 7=

= 68
dt dt (68)
and for the shear rotation pole line p, from equations (61) and (62) we can rewrite
=22
D (69)

p2=p2(A),AeR
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So, we give following theorem.

Theorem 5.1 If three Galilean planes form one parameter planar Galilean motions pairwisely,
there exist three shear rotation pole lines at every moment t, and each of these three lines is

parallel to the others.

Corollary 5.2 Generally, if there are n— Galilean planes which form one parameter planar

Galilean motions pairwisely, then we tell of n—member kinematic chain. If the each motions is

n
connected time (real) parameter t , there exit relative shear rotation pole lines at every
2

moment t and every each line is parallel to each others.

Theorem 5.3 The rate of the distance of three shear rotation poles is as the rate of their

angular velocities.

/

Proof Since g1 = —2,¢} = —2% and p; = —UT;,:?, it is hold
(@ —a): i —a): (@ —p)= (7" —7):7:=7" (70)
Thus, we can write
I - o

86. Euler-Savary’s Formula for One Parameter Motions in the Galilean Plane

We studied one parameter Galilean motion adding {B,a;,a,} moving system to the motion
of G with respect to G’. Now, in this section, we choose a special relative system {B,a;,a,}
satisfying the following conditions:

(7) The initial point B of the system is a pole point P on the pole line that coordinates
are p; and ps.

(i4) The axes {B;a;} coincides with the common tangent of the pole curves (P) and (P’).

If we consider the condition 7), then from equations (61) and (62) we have

p1=p2 = 0. (72)
Thus, we can write
o1 = 01,05 = 0. (73)
Therefore we get
db = dp = o01a] + 0ga2 = d/p = dbl (74)

Considering the condition i), then we have o}, = o2 = 0. So if we choose o] = 01 = 0, then the
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derivative equations for the canonical relative system {P,a;,a,} are

da1 = Tag, d’a1 = T/aQ
dag = 0, d/ag =0 (75)

dp =ca;, d'p=oca;.

Moreover, T is the cotangent angle, that is, two neighboring tangets angle of curve (P), and
7’ is also the cotangent angle of curve (P’) where, o = ds is the scalar arc element of the pole
curves (P) and (P’). And so 7 : o is the curvature of the moving pole curve (P). Similarly,
7' : o is the curvature of the fixed pole curve (P’). Hence from (23) the radius of curvature of

the pole curves (P) and (P') are

r=— (76)
T
and
o
’f'l = ; (77)

respectively. Moving plane G rotates the infinitesimal instantaneous angle of the d¢ = 7/ — 7
around the shear rotation pole P within the time scale dt with respect to fixed plane G’ .
Therefore the angular velocity of shear rotational motion of G with respect to G’ is

-7 @7

ds — ds

é. (78)

Hence we get
-7 dp 1 1
= === 79
ds ds r r (79)
from equations (76), (77) and (78). We accept that for the direction of unit tangent vector a;,

ds
) dt

pole curves (P) and (P’) are drawn to the positive x-axis direction that is > 0, and so we

have r > 0. Similarly we can write r’ > 0.

Now we will investigate case of the point X’ which is on the diameter d of osculating cycle
of trajectory curve which is drawn in the fixed plane G’ by a point X of moving plane G in
the movement G/G’. In the canonical relative system, let coordinates of points X at plane G
and X’ at plane G’ be the (z1,z2) and (2, %), respectively. In the movement D/D’, there
is a point X’ which is on center of curvature of osculating cycle of trajectory curve of X are

situated together with the instantaneous rotation pole P in every moment ¢ such that
PX = riay + roas

and
PX' = 2)a; + rhay

have same direction which passes the pole point P. So we can write

T :my =) T
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or

x1xh — xhxe = 0. 80
2 =T

Considering the condition i) we obtain the condition that the point X to be the fixed in the
moving plane G is

dl‘l = —0, dxg = —TX1 (81)

and the point X’ to be the fixed in the moving plane G’ is
dr| = —o,dxl, = —7'x]. (82)
Differentiating the equation(80) and from the conditions (81) and (82) we have
(xo —ah) o+ x12y (T —7") =0. (83)

If the polar coordinates are passed, then we get

T1 =acosga = a, To = asinga = aw (84)

2y =d cosga=d', ¥, =ad singa = d'a. (85)
Thus, we can write

(asinga —a’'singa)o +ad’ (1 —7")=0. (86)

So from last equation and equation (79) we have

(&—%)singaz%—%:fl—f. (87)
Here, r and 7’ are the radii of curvature of the pole curves P and P’, respectively. ds represents
the scalar arc element and d¢ represents the infinitesimal Galilean angle of the motion of the
pole curves. The equation (87) is called the Fuler-Savary formula for one-parameter motion in
Galilean plane G.
Consequently, the following theorem can be given.

Theorem 6.1 Let G and G’ be the moving and fized Galilean planes, respectively. A point
X € G, draws a trajectory whose a point at the normal axis of curvature is X' on the plane G’
in one-parameter planar motion G/G'. In the inverse motion of G/G', a point X' assumed on
G’ draws a trajectory whose a point at the normal axis of curvature is X on the plane G. The
relation between the points X and X' which is given by the Euler-Savary formula given in the
equation (87).
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