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Abstract: In this paper we introduced Smarandache-2-algebraic structure of R-module
namely Smarandache-R-module. A Smarandache-2-algebraic structure on a set N means
a weak algebraic structure A0 on N such that there exist a proper subset M of N, which
is embedded with a stronger algebraic structure Al, stronger algebraic structure means
satisfying more axioms, by proper subset one understands a subset from the empty set, from
the unit element if any, from the whole set. We define Smarandache- R-module and obtain
some of its characterization through S-algebra and Morita context. For basic concept we

refer to Raul Padilla.
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81. Preliminaries

Definition 1.1 Let S be any field. An S-algebra A is an (R, R)-bimodule together with module
morphisms pt: AQrA — A andn: R — A called multiplication and unit linear maps respectively
such that

A@RA@@RA‘I‘%?A@RALAwithuow@u):uo(u@u) and
AN

RY%‘]A@RA&Awuhuo(n@u):uo(u@n).

Definition 1.2 Let A and B be S-algebras. Then f: A — B is an S-algebra homomorphism
if,UBo(f®f):fO,uA and fona =np.

Definition 1.3 Let S be a commutative field with 1r and A an S-algebra M is said to be a
left A-module if for a natural map m: A®@r M — M, we have 1o (14 @7) =7o (1 ® 1py).

Definition 1.4 Let S be a commutative field. An S-coalgebra is an (R, R)-bimodule C with R-
linear maps A : C — CRQrC and e : C — R, called comultiplication and counit respectively such
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A le®a ) A le®e
that C — CRrC = CRrCRRC with (1c®A)oA = (ARlg)oA andC = CerC = R
A®lc e®1c
with (lc ®@e)oA=1c=(e®1¢c)oA.

Definition 1.5 Let C and D be S-coalgebras. A coalgebra morphism [ : C — D is a module
morphism if it satisfies Apo f=(f® f)oA¢ andepo f =ec.

Definition 1.6 Let A be an S-algebra and C' an S-coalgebra. Then the convolution product is
defined by f+g=po(f®g)oA with lLHompg(C,A) =no € (1g) for all f,g € Homg(C, A).

Definition 1.6 For a commutative field S, an S-bialgebra B is an R-module which is an algebra
(B,p,n) and a coalgebra (B, A, e) such that A and e are algebra morphisms or equivalently p
and n are coalgebra morphisms.

Definition 1.7 Let R, S be fields and M an (R, S)-bimodule. Then, M* = Hompg(M, R)
is an (S, R)-bimodule and for every left R-module L, there is a canonical module morphism
oM M*®p L — Homp(M, L) defined by oM (m* @1)(m) = m*(m)l for allm € M,m* € M*
and | € L. If o} is an isomorphism for each left R-module L, then pMsg is called a Cauchy
module.

Definition 1.8 Let R, S be fields with multiplicative identities M, an (S, R)-bimodule and N,
an (R, S)-bimodule. Then the siz-tuple datum K = [R,S, M, N, {, )R, {,)s] is said to be a Morita
context if the maps {,)r : N ®s M — R and {,)s : M @g N — S are binmodule morphisms

satisfying the following associativity conditions:
m/(n,m)g = (m',n)s m and (n,m)Rn’ = n{m,n’)s

(,)r and {,)s are called the Morita maps.

82. Smarandache-R-Modules

Definition 2.1 A Smarandache-R-module is defined to be such an R-module that there exists

a proper subset A of R which is an S-Algebra with respect to the same induced operations of R.

83. Results

Theorem 3.1 Let R be a R-module. There exists a proper subset A of R which is an S-coalgebra
iff A* is an S-algebra.

Proof Let us assume A* is an S-algebra. For proving that A is an S-coalgebra we check

the counit conditions as follows:

AR A®RS LY Ay A YA R
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Next, we check the counit condition as follows:

A:A & AepSagps W

A®p (A" ®r A) ®@r A”
HEA (AR A) @r (AR A) 5 (AR A) @R (A®R A)°

"9 (AR A)@r A* =5 (ARRA) @rA 5 A®r A =5 A.

Thus, A is an S-coalgebra.

Conversely, Let us assume A is an S-coalgebra. Now to prove that A* is an S-algebra, we

check the unit conditions as follows

n:R"™TEW pop A 1,04 2 A

We check the multiplication conditions as follows A is a Cauchy module. Notice that

A®r A — R,
A~ Aop Aor R 4 A @p A®p A* — Rog A* = A%,
i Aor AR A*9p A S Rop A* =5 A%

1a®y Endgs
—

Thus, A* is an S-algebra. By definition, R is a smarandache R-module. |

Theorem 3.2 Let R be an R-module. Then there exists a proper subset Endg(M)* of R which
is an S-algebra.

Proof Let us assume that R be an R-module. For proving that Endg(M) is an S-coalgebra
which satisfies multiplication and unit conditions i : Ends(M)®gr Ends(M) — Endg(M) and

7 : R — Endg(M), we check the comultiplication condition as follows:

lena(m)®n

A E?’Lds(M) ~ E?’Lds(M)@R — E?’Lds(M) ®Rr Ends(M).

Next, we check the counit conditions as follows:

End(M)®n
—

c: Ends(M) ~ Ends(M)®rR Ends(M) ® 5 Ends(M)

=2 Homp(M, M) @5 Homp(M, M)

2% (M @p M) @ (M @5 M) V"% Reg R = R.

12

Thus Ends(M) is an S-coalgebra. By Theorem 3.1, Endg(M)* is an S-algebra. Hence, R is a
Smarandache R-module. ad

Theorem 3.3 Let R be an R-module. Then there exists a proper subset M @ M* of R which

is an S-algebra.

Proof For proving that M ®g M™* is an S-algebra, we check the multiplication and unit
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conditions as follows:

~

w:(MrM*)0 (M er M™) — Mer(M*"®@rM)®Qr M*
1MM1M M ®@r RQr M*
1NMZ\J M@RM*

As M is a Cauchy module, we have
n:R— Ends(M) =5 M ®p M*,

which implies that M @ p M* is an S-algebra. Hence, R is a Smarandache R-module. O

Theorem 3.4 Let R be an R-module. Then there exists a proper subset the datum [R, M, N, {,)r]
a morita context (M @r N)* of R which is an S-algebra.

Proof Let us assume that R be an R-module. For proving that M ®pr N is an S-algebra,

we have

p:(MerN)®Rg(M®grN) — M ®gr (N®r M)®r N

1M®<—7>>®1N M®RR®RNE>M®RN,

which shows that the multiplication condition is satisfied.
Also, since M and N are Cauchy R-modules, there exist maps
nEndr(M): R— M*®r M and nEnds(N): R— N*QrN

that can be used to prove the unit condition as follows:

Ends(M Ends(N
n:RERRR R nfnds (M)@nEnds (N) (M*®r M) ®r (N*®gr N)
(M*®r N*)®r (M ®r N)

S8lugn (M®rN)*"®r (M ®gN)

ERIMeN
—

§®M®N R*®pr (M ®gN)
=, R®r (M &g N) =5 (M @5 N),

which implies that M ® g N is an S-algebra. By definition, R is a Smarandache R-module.

Theorem 3.5 Let R be an R-module. Then there exists a proper subset the datum [R, M, N, (, )R]
a morita context M @r N of R which is an S-coalgebra.

Proof Let us assume that R be an R-module. For proving that (M ®gN) is an S-coalgebra,
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we have
A:M®grN = (M®rN)@r (RrR)
1M®N®7]Endﬂ)®nE”dS(N) (M* QR M) R (N* QR N)
tuon @ (Mg N)@r (M@ N) @ (M* @ N7)
1]\/[%@& (M®RN)®R(M®RN)®R(M®RN)*
Lo ()R (M ®r N)®r (M ®r N)®r R
=R (M ®r N)®r (M ®g N).

Also, we have the counit condition as follows:

e:M®rN = (M QR N) @r R 1]\/]®N®77_E;n.ds(M) (

(YR®Lyrgmr
—

M®rN)®r (M*®@g M)
R®RM*®RM3>M*®RMMR,

which implies that = M ®pr N is an S-coalgebra. Hence, R is a Smarandache R-module. O

Theorem 3.6 Let R be an R-module. Then there exists a proper subset the datum [R, M, N, {, )R]
a Morita context iff M @pr N is an S-bialgebra.

Proof First, if M @ N is an S-bialgebra by Theorem 3.5, we know that M ®r N is an
S-algebra and M ®pr N is an S-coalgebra. Hence by definition, R is a Smarandache R-module.
If M ®p N is an S-bialgebra, we have the map

E:<.>R:M®RN—>R.

Associativity of the map € = (,)r holds because the diagram
(M®rN)®r M = M®g (N @r M)
e® 1y \, S 1ly®e
M

is commutative. Hence the datum [R, M, N, (, )R] is a Morita context. O
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