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§1. Introduction

It is well known that many studies related to the differential geometry of curves have been
made. Especially, by establishing relations between the Frenet Frames in mutual points of two
curves several theories have been obtained. The best known of these: Firstly, Bertrand Curves
discovered by J. Bertrand in 1850 are one of the important and interesting topics of classical
special curve theory. A Bertrand curve is defined as a special curve which shares its principal
normals with another special curve, called Bertrand mate or Bertrand curve Partner. Secondly,
involute—evolute curves discovered by C. Huygens in 1658, who is also known for his work in
topics, discovered involutes while trying to build a more accurate clock. The curve « is called
evolute of a* if the tangent vectors are orthogonal at the corresponding points for each s € I: In
this case, a* is called involute of the curve & and the pair of (o, @*) is called a involute-evolute
curve pair. Thirdly, Mannheim curve discovered by A. Mannheim in 1878. Liu and Wang have
given a new definition of the curves as known Mannheim curves [8] and [15]. According to the
definition given by Liu and Wang, the principal normal vector field of « is linearly dependent

on the binormal vector field of a*. Then « is called a Mannheim curve and o* a Mannheim
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Partner Curve of a. The pair (o, *) is said to be a Mannheim pair. Furthermore, they showed
that the curve is a Mannheim Curve « if and only if its curvature and torsion satisfy the formula
k= X (k% + 72), where Ais a nonzero contant [8], [9] and [15].

In three dimensional Euclidean space E® and three dimensional Minkowski space I R} the
spherical indicatrices of any space curve with the natural lifts and the geodesic sprays of fixed
pole curve of any space curve have computed and accordingly, some results related to the curve
« for the geodesic spray on the tangent bundle of the natural lifts to be an integral curve have
been obtained [5], [11]. On the other hand, the natural lifts and the curvatures of the spherical
indicatrices of the Mannheim Pair and the Involute-Evolute curves have been investigated and
accordingly, some results related to the curve « for the geodesic spray on the tangent bundle
of the natural lifts to be an integral curve have been obtained [2], [4], [5], [7] and [12].

In this paper, arc-lengths and geodesic curvatures of the spherical indicatrix curves with
the fixed pole curve of the («,a*) spacelike-timelike Bertrand curve pair have been obtained
with respect to IR} Lorent space and S7 Lorentz sphere or HZ Hyperbolic sphere. In addition,
the relations among the geodesic curvatures and arc-lengths are given. Finally, the condition
being the natural lifts of the spherical indicatrix curves of the a* timelike curve are an integral

curve of the geodesic spray has expressed depending on « spacelike curve.

§2. Preliminaries

Let Minkowski 3-space R? be the vector space R? equipped with the Lorentzian inner product
g given by
9(X,X) =a] +a3 - 23

where X = (z1,72,23) € R3. A vector X = (71,22, 73) € R? is said to be timelike if g (X, X) <
0, spacelike if g (X, X) > 0 and lightlike (or null) if g (X, X) = 0. Similarly, an arbitrary curve
a = a(s) in R} where s is an arc-length parameter, can locally be timelike, spacelike or null
(lightlike), if all of its velocity vectors, o’ (s) are respectively timelike, spacelike or null (lightlike)
for every s € R. The norm of a vector X € R} is defined by [10]

X1 = V19 (X, X)].

We denote by {T'(s), N (s), B(s)} the moving Frenet frame along the curve a.. Let a be a
timelike curve with curvature x and torsion 7. Let frenet vector fields of a be {T, N, B}. In
this trihedron, T is a timelike vector field, N and B are spacelike vector fields. Then Frenet
formulas are given by ([16])

T = kN
N' =kT —71B (2.1)
B'=7N

Let « be a timelike vector, the frenet vectors T timelike, N and B are spacelike vector, respec-
tively, such that
TxN=—-B,NxB=T, BxT=-N
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and the frenet instantaneous rotation vector is given by ([14])
W =7T—k&B, |[W|=+ |&?—-73|
Let ¢ be the angle between W and -B vectors and if W is a spacelike vector, then we can write

k= [[W|[coshp, 7 = [[W]|sinh ¢,

(2.2)
C = sinh ¢T — cosh pB
and if W is a timelike vector, then we can write
k = ||W]||sinh ¢, 7 = ||[W|| cosh ¢,
[Wlisinh g, 7 = W] cosh 0

C = cosh ¢T — sinh ¢ B.

The frenet formulas of spacelike with timelike binormal curve, o : I — R$ are as followings:

T = kN
N' =kT —71B (2.4)
B’ =7N.

(see [5] for details), and the frenet instantaneous rotation vector is defined by ([10])
W =7T — kB, (W] = /|72 — k2]

Here, T N =B ,NxB=-T,BxT =—N. Let ¢ be the angle between W and —B vectors

and if W is taken as spacelike, then the unit Darboux vector can be stated by

# = [[W||sinh e, 7 = |[W|| cosh,

(2.5)
C = cosh ¢T — sinh ¢ B.
and if W is taken as timelike, then it is described by
Kk = ||W||coshp, 7= ||W|| sinh ¢,
W ljcoshp, 7 = W] sinh ¢ 26

C = sinh ¢T — cosh pB

Let X = (21,72, 23) and Y = (y1, Y2, y3) be the vectors in R$. The cross product of X and
Y is defined by ([1])

X ANY = (z3y2 — 22y3, T1y3 — T3Y1, T1Y2 — T2Y1) -
The Lorentzian sphere and hyperbolic sphere of radius r and center 0 in R} are given by

St ={X = (z1,22,23) €R}| g(X,X)=r> reR}
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and
H02 = {X = (1'1,1'27113) IS R%‘ Q(X,X) _ _7,27 r ER}

respectively. Let M be a hypersurface in R3. A curve a : I — M is an integral curve of
X € x (M) provided o/ = X,; that is

—(a(s)) =X (a(s)) forall se T ([10]).

For any parameterized curve a : I — M, the parameterized curve, @ : I — T'M given by
a(s) = (a(s),d/ (s)) = &/ (8)|a(s) is called the natural lift of & on TM ([13]). Thus we can
write p d

fa)
o = 72 @ () |aw) = Dar)a (5)
where D is standard connection on R3. For v € TM the smooth vector field X € y (M) defined
by

X (v) =g (1,8 (v) |ags) » €= 9(& ) [7]

is called the geodesic spray on the manifold T'M, where £ is the unit normal vector field of M
and S is shape operator of M.

Let o : I — R be a spacelike with timelike binormal curve. Let us consider the Frenet
frame {T, N, B} and the vector C. Accordingly, arc-lengths and the geodesic curvatures of
the spherical indicatrix curves (T'), (N) and (B) with the fixed pole curve (C) with respect to
R3, respectively generated by the vectors T, N and B with the unit Darboux vector C are as

STZ/ k[, SNZ/ W | ds,
0 0, (2.7)

sp = |Tlds, sc = |’ |ds.
0 0

follows:

if W is a spacelike vector, then we can write

1 } %)
== ) N — 1+ ( )2’5
sinh ¢ W] 2.8)
1 W]
kp = ke =4/ 2|
B cosh ¢ ¢ +( @’ )
if W is a timelike vector, then we have
1 @’
br=——, kv =[[1- (02,
cosh ¢ W] (2.9)
1 W]
kp = L ke =4[ -1 ?
B sinh ¢ © + @’ )

(see [3] for details).

Definition 2.1([6]) Let abe spacelike with timelike binormal curve and o* be timelike curve
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in R3. {T, N, B} and {T*, N*, B*} are Frenet frames, respectively, on these curves. « (s)
and o* (s) are called Bertrand curves if the principal normal vectors N and N* are linearly

dependent, and the pair (o, «*) is said to be spacelike-timelike Bertrand curve pair.

Theorem 2.1([6]) Let (o, a*) be spacelike-timelike Bertrand curve pair. For corresponding
a(s) and o* (s) points
d(a(s),a”(s)) = constant, Vs € I .

Theorem 2.2([6]) Let (a.a*) be spacelike-timelike Bertrand curve pair.. The measure of the
angle between the vector fields of Bertrand curve pair is constant.

83. The Natural Lift Curves And Geodesic Curvatures Of The Spherical
Indicatrices Of The Spacelike-Timelike Bertrand Curve Pair

Theorem 3.1 Let (o, ™) be spacelike-timelike Bertrand curve pair. The relations between the

Frenet vectors of the curve pair are as follows

T* = sinh8T — cosh 8B
N*=N
B* = cosh 0T — sinh 6B

Here, the angle 0 is the angle between T and T*.

Proof By taking the derivative of o* (s) = a (s) + AN (s) with respect to arc-lenght s and
using the equation (2.4), we get

ds*

T*
ds

=T (1- k) — ATB. (3.1)

The inner products of the above equation with respect to T" and B are respectively defined

as s
sinh 0 - 1— Xk,
gs. (3.2)
cosh 6 = —\T.
ds

and substituting these present equations in (3.1) we obtain
T* = sinh T — cosh 6B. (3.3)
Here, by taking derivative and using the equation (2.4) we get
N* = N. (3.4)

We can write
B* = cosh 0T — sinh B (3.5)
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by availing the equation B* = — (T* x N*). O

Corollary 3.1 Let (o, a*) be a spacelike-timelike Bertrand curve pair. Between the curvature

Kk and the torsion 7 of the a, there is relationship
ur+ Ak =1 and p=—XAtanhd, (3.6)

where X\ and p are nonzero real numbers.
Proof From equation (3.2), we obtain

sinh 6 cosh 0

1—Xk  —=A7’

And by arranging this equation, we get

1—- Xk
tanh 6 =
an —
and if we choose p = —Atanh @ for brevity, then we obtain
ur + Ak =1. |

Theorem 3.2 There are connections between the curvatures k and k* and the torsions T and

7* of the spacelike-timelike Bertrand curve pair (o, o*), which are shown as follows

B cosh? 0 — \k
_cosh2 0 (37)
21

*

T =

Proof TIf (a, @*) be a spacelike-timelike Bertrand curve pair, we can write « (s) = o* (s) —
AN* (s). By taking the derivative of this equation with respect to s* and using equation (2.1)
we obtain ds* .

s s
1= A")+ A" B*—.
ds ( wT) + AT ds

The inner products of the above equation with respect to T* and B* are as following

T=T"

sinhf = — (1 — Ax™) ds ,
gst 0 (3.8)
coshf = At* p

s
respectively. The proof can easily be completed by using and rearranging the equations (3.2)
and (3.8). m

Corollary 3.2 Let (v, *) be a spacelike-timelike Bertrand curve pair.

. Ak —cosh?d
N = N tanhd (3.9)
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Proof By using the equations (3.6) and with substitution of them in 3.7 we get the desired

result. O

Theorem 3.3 Let (a,a*) be a spacelike-timelike Bertrand curve pair. There are following

relations between Darboux vector W of curve o and Darboux vector W*of curve o*

ho
| A— (3.10)
AT
Proof For the Darboux vector W* of timelike curve o*, we can write
W* = r*T* — k*B*.
By substituting (3.3), (3.5), (3.7) and (3.9) into the last equation, we obtain
ho |1
| a—— —coth® (1 — A k)T + KkB].
AT A
By substituting (3.6) into above equation, we get
W _cosh@w
AT
This completes the proof. O

Now, let compute arc-lengths with the geodesic curvatures of spherical indicatrix curves
with the (T*), (N*) and (B*) with the fixed pole curve (C*) with respect to R? and HZ or
2,

Firstly, for the arc-length sp« of tangents indicatrix (7*) of the curve o*, we can write

s
ST* :/
0

By taking the derivative of equation (3.3), we have

dr

ds.
ds s

s < |sinh9|/ |k|ds + |cosh9|/ |7]ds.
0 0
By using equation (2.7) we obtain
s+ < |sinh @] s7 + |cosh 8| sp.

For the arc-length sy« of principal normals indicatrix (N*) of the curve o*, we can write

s
SN*:/
0

dN*
ds

ds.
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By substituting (3.4) into above equation, we get
SN* = SN

Similarly, for the arc-length sp« of binormals indicatrix (B*) of the curve o*, we can write

s
SB* :/
0

By taking the derivative of equation (3.5), we have

dB*
ds

ds.

spx < |cosh9|/ |k| ds + |sinh9|/ |7| ds.
0 0
By using equation (2.7), we obtain
spr < |coshf| sp + |sinh 6] sp.

Finally, for the arc-length sc« of the fixed pole curve (C*), we can write

s
SO+ :/
0

If W* is a spacelike vector, we can write

ac*

ds.
ds iy

C* = sinh ¢*T* — cosh p* B*

from the equation (2.2). By taking the derivative of this equation, we obtain

s
SC* :/
0

On the other hand, from equation (2.2) and by using

/

(*")

ds. (3.11)

* *

K T
cosh ™ = ve sinhp* = ——
W= W
we can set
* T*
tanhp® = e

By substituting (3.7) and (3.9) into the last equation and differentiating, we obtain

r A&’ sinh @ cosh 0
© A2k2 4 (1 — 2)k) cosh® @

(¢") (3.12)

By substituting (3.12) into (3.11), we have

s
SC*:/
0

A/ sinh 6 cosh 6
A2k2 4 (1 — 2Xk) cosh? 6

S.




Natural Lift Curves and Geodesic Curvatures of Spherical Indicatrices of Spacelike-Timelike Bertrand Curve Pair 55

If W* is a timelike vector, we have the same result. Thus the following corollary can be drawn.

Corollary 3.3 Let (o, a*) be a spacelike-timelike Bertrand curve pair and {T*, N*, B*} be the
Frenet frame of the curve a*. For the arc-lengths of the spherical indicatriz curves (T*), (N*)
and (B*) with the fized pole curve (C*) with respect to R}, we have

1) sp«|sinh@|st + | cosh0|sp;

2)

3) sp= < |cosh@| st + |sinh 0] sp;

1) son = /S Ax’ sinh 6 cosh 6
0

A2x2 4 (1 — 2)k) cosh? f
Now, let us compute the geodesic curvatures of the spherical indicatrix curves (T*), (N*)

SN* = SN;

(
(
(
(

and (B*) with the fixed pole curve (C*) with respect to R$. For the geodesic curvature kr« of
the tangents indicatrix (7%) of the curve o*, we can write

kT* = ||DTT* TT*

(3.13)

By differentiating the curve aps (sp=) = T (s) with the respect to sy« and normalizing,
we obtain
Tr« = N.

By taking derivative of the last equation we get

—kT + 1B
Dt . Tr- = - .
T 2T |ksinhf — 7 cosh 6|

(3.14)

By substituting (3.14) into (3.13) we have

1w
7 |k sinh 6 — 7 cosh 6]

Here, if W is a spacelike vector, by substituting 2.5 and 2.8 into the last equation we have

kr - kp

A
T kp -sinhf — kp - coshf|’

if W is a timelike vector, then by substituting 2.6 and 2.9 we have the same result.

Similarly, by differentiating the curve ay« (sy+) = N* (s) with the respect to sy~and by

normalizing we obtain
K T

TN = ——T + B.
W] W]

If W is a spacelike vector, then by using equation (2.5) and (2.8) we have

Tn+ = —sinh T + cosh pB,

/

Dr,.Tn+ = m (= cosh T + sinh ¢B) + N, (3.15)
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2
s0/
kv = kny = R 1
A |(||W|>+

If W is a timelike vector, then by using of the equations (2.5) and (2.9) we have

Dr,. Ty~ = —2— (cosh T — sinh pB) —N, (3.16)

i
/ 2
= (o)

7]

By differentiating the curve ap« (sp=) = B* (s) with the respect to sp~ and by normalizing,

kn- =kn =

we obtain

TB* = N
By taking the derivative of the last equation we get

—kT' + 1B
Dr_ . Tp« = - 3.17
T 28 |k cosh @ — 7sinh 6 (3:17)

or by taking the norm of equation (3.17), we obtain

N 4
B |k cosh@ — 7sinh 6]

If W is a spacelike vector, then by substituting (2.5) and (2.8) we have

- kr - kg
" |kp-coshf — kp -sinh 6|’

kg

if W is a timelike vector, then by substituting (2.6) and (2.9) we have the same result. By
differentiating the curve ac« (s¢=) = C* (s) with the respect to s« and normalizing, if W* is

a spacelike vector, then by substituting (2.2) we obtain

To+ = cosh *T* — sinh ™ B*,

W*
Dr,. T+ = (sinh ¢*T™ — cosh " B*) + ”—,”N*, (3.18)
(")
W ’
feow = 4| 1+ (' |> . (3.19)
(¥*)

By substituting (3.10) and (3.12) into (3.19) and rearranging we have

(72 — k2) [A2k2 + (1 — 2)k) cosh® 9]2

+ 1.
(A27k)? sinh? 6

ke =
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If W* is a timelike vector, then by substituting (2.1) and (2.3) we get

To+ = sinh @*T™ — cosh ¢* B*,

W*
Dr,..Tc+ = (cosh™T™ — sinh p*"B*) — ” ,” N7, (3.20)
(%)
W ’
kow = | |—1+ <” ”) . (3.21)
(%)

By substituting (3.10) and (3.12) into (3.21) we have

(k% —72) [A\k2 + (1 — 2)k) cosh® 9]2
(/\27'/4)2 sinh? 0

ko =

—1].

Then the following corollary can be given.

Corollary 3.4 Let (o, a*) be a spacelike-timelike Bertrand curve cuople and {T*, N*, B*}
be Frenet frame of the curve a*. For the geodesic curvatures of the spherical indicatriz curves
(T*), (N*) and (B*) with the fized pole curve (C*) with the respect to R? we have

(1)

. k- kg ,
™= kg -sinh® — kr - cosh@|’
(2)
L\ 2
kn = kn = ‘ (”%”) + 1‘, W spacelike ise
N
kne = kn = ‘ 1— (H‘fVII) , W timelike ise
(3)
. kr - kp
B = kg -cosh® — kr -sinh@|"

72 _k2)[A2Kk24(1—2\k) cosh? 0]? . .
: )[(Azm,)(z Sinh2)9 E 11|, W~ spacelike ise

kc*_\/
kc*_\/

Now let us compute the geodesic curvatures (T*), (N*) and (B*) with the fixed pole curve
(C*) with respect to HZ or S%.

(k2—72)[A2K2+(1—2)k) cosh? §]? . .
(A27k)? sinh? 6 — 1|, W~ timelike

For the geodesic curvature - of the tangents indicatrix curve (T*) of the curve a* with
respect to Hg, we can write

(3.22)

YT = HETT* T~
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Here, D become a covariant derivative operator. By (3.3) and (3.14) we obtain

Dry. Tre = Doy Tre + 29 (S (Tr-) , Tre) T,

Dy Tpr« = —sinhé |- T hé|-B. (3.23
T 2T (|nsinh9—Tcosh9| St ) + (|nsinh9—Tcosh9| eos ) (3:23)

By substituting (3.23) into (3.22) we get

72 _ g2

—1}.
(ksinh @ — 7 cosh §)*

YT+ =

If W is a spacelike vector, then by using of the equations (2.5) and (2.8) we have

’YT* =

)

krkp 2 .
kpsinh 6 — kr cosh 6

if W is a timelike vector, then by using of the equations (2.6) and (2.9) we have

_ _ krkp ? _
e = kg sinh 6 — kg cosh 6 '

If the curve (F) is an integral curve of the geodesic spray, then fTT* Tpr« = 0. Thus, by

(3.23) we can write
L —sinhf =0

|k sinh 6—7 cosh 0]

T +coshf =0

|k sinh —7 cosh 0]

and here, we obtain k =0, 7 # 0 and 8 = 0. So, we can give following corollary.

Corollary 3.5 Let (a,a*) be a spacelike-timelike Bertrand curve pair. The natural lift (F)

of the tangent indicatriz (T*) is never an integral curve of the geodesic spray.

For the geodesic curvature vy« of the principal normals indicatrix curve (N*) of the curve
a* with respect to S? we can write

e = ||Dry. T (3.24)
Here, D become a covariant derivative operator. If W is a spacelike vector, by using of the
equation (3.15) we obtain

J— SD/

Dr,.Tn- = Wi (— cosh T + sinh pB) . (3.25)
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By substituting (3.25) into (3.24) we get

/

¥
VNS (3.26)
W]
On the other hand, from the equation (2.5) by using
K T
sinhp = —— ve coshp =
Wl Wl
we can set
K
tanh o = —.
T
By taking the derivative of the last equation we get
, K1—7k
Y = "9
W]
By substituting above the equation into (3.26) we have
KT —T1kK
W]
If W is a timelike vector, by using of the equation (3.16) we obtain
= ¢’ ¢’
Dr,.Tn« = ——— (—sinh¢T + cosh pB) yn+ = . (3.27)
" Wil Wl

On the other hand, from equation (2.6) by using

T

coshp = —
Wl

K .
W and sinhy =

we can set
K
tanhy = —.
T
By taking the derivative of the last equation we get

, Tr—kT
gp = ——

2
W]
or
'k —K'T
FYN* = ’YN = 73
W]

If the curve (W) is an integral curve of the geodesic spray, then D, Ty« = 0. Thus,

by (3.25) and (3.27) we can write ¢’ = 0 and here, we obtain £ —constant. So, we can give
T
following corollary.

Corollary 3.6 Let (a,a*) be a spacelike-timelike Bertrand curve pair. If the curve o is a heliz

curve, the natural lift (W) of the pirincipal normals indicatriz (N*) is an integral curve of the
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geodesic spray.

For the geodesic curvature yp» of the binormals indicatrix curve (B*) of the curve a*with
respect to S7 and substituting (3.5) and (3.17) we obtain

Dy,.Tp+ = Dr,.Tp- +¢g (S (Ts-),Tp-) B,

—K T

Dy, Tp- = ( + cosh 9) T+ ( — sinh 9) B, (3.28)

|k cosh 6 — 7 sinh 6] |k cosh @ — 7 sinh 6]

72 2
(—rsinh @ + 7 cosh ) |

VB = ‘-14—

If W is a spacelike vector, then by using of the equations (2.5) and (2.8) we have

)

B 1 krkp 2
B = kp.cosh@ — kp.sinh 6

if W is a timelike vector, then by using of the equations (2.6) and (2.9) we get

krkp ?
. —1 .
B ‘ + (kB.cosho—kT.smhe)

If the curve (?) is an integral curve of the geodesic spray, then ﬁTB* Tp~ = 0. Thus, by

(3.28) we can write
—K

+coshf =0

|k cosh 6 — 7sinh 6]
T

—sinhf =0
|k cosh 6 — 7sinh 6] S

and here, we obtain £ > 0, 7 =0 and § = 0. So, we can give following corollary.

Corollary 3.7 Let (a,a*) be a spacelike-timelike Bertrand curve pair. If the curve ais a
planary curve and frames are equivalent, the natural lift (ﬁ) of the binormals indicatriz (B*)

is an integral curve of the geodesic spray.

If W* is a spacelike vector, for the geodesic curvature o« of the fixed pole curve (C*) of

the curve o* with respect to S7 and by using of the equations (2.2) and (3.18) we obtain

Dr..Tc+ = Dr,.To +eg (S (Te+) , Tex) CF,

Dy, To- = W ,HN*, (3.29)

(¢*)

o — H W
(%)
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By substituting (3.10) and (3.12) into the last equation we have

W [A%RE + (1 - 2)k) cosh? 0]
N A27K! sinh @

c*

If W* is a timelike vector, for the geodesic curvature vo« of the fixed pole curve (C*) with
respect to HZ and by using of the equations (2.3) and (3.20) we have the same result. If the
curve (C*) is an integral curve of the geodesic spray, then ch* Teo+ = 0. Thus by (3.29) we
can write ||W*|| = 0 and here, we get k* = 7* = 0 or k* = 7*. Thus, by using of the equation

(3.7) and (3.9) we obtain

cosh? 6 — sinh 6 cosh §
3 .

So, we can give following corollary.

Corollary 3.8 Let (o, a*) be a spacelike-timelike Bertrand curve pair. If the curve a is a curve

h”§ — sinh 6 cosh § —
that provides the requirement k = cos ST €08 , the natural lift (C*) of the fized pole

A
curve (C*) is an integral curve of the geodesic spray.

Corollary 3.9 Let (o, a*) be a spacelike-timelike Bertrand curve pair and {T*, N*, B*} be
Frenet frame of the curve . For the geodesic curvatures of the spherical indicatriz curves
(T*), (N*) and (B*) with the fived pole curve (C*) with respect to HZ or S, we have

(1)

hrkn = w lik
. = — acelike
o kp sinh @ — kr cosh 6 ’ °p
krkp 2 o
. = —1-— W timelik
o (kB sinh 6 — kr cosh6‘> ’ rmenie
(2) o
KT -1k
YN+ = YN = ——=—, W spacelike
e
'k — KT
YN+ = YN = ———=—, W timelike
WP
3)
1 krkp 2 w lik
. = —-1- spacelike
B kg coshf — kpsinh§ ) | P
krkp 2 o
. = -1 W timelik
B | + <chosh9—kTsinh6‘) ’ Hmenie

W [A26% 4 (1 — 2)k) cosh® 0]
- 27K/ sinh 6

c*
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