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Abstract: In this paper we have studied an anisotropic model of space time with Finslerian

spaces with (γ, β)-metrics as suggested by one of the co-author in his paper [21] with an extra

requirement of γ3 = aijk(x)yiyjyk . Here γ, is a cubic metric and β = bi(x)yi, is a one form

metric. The observed anisotropy of the microwave background radiation is incorporated in

the Finslerian metric of space time.
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§1. Introduction

The concept of cubic metric on a differentiable manifold with the local co-ordinate xi, defined

by

L(x, y) = {aijk(x)yiyjyk}
1
3

was introduced by M. Matsumoto in the year 1979 ([1]), where,aijk(x) are components of a

symmetric tensor field of (0, 3)-type, depending on the position x alone, and a Finsler space with

a cubic metric (called the cubic Finsler space). During investigation of some interesting results

we have gone through papers/research outcomes regarding cubic Finsler spaces as referred in

the papers [3, 4, 5, 6, 7, 8]. It has been observed that there are various interesting results on

geometry of spaces with a cubic metric as a generalization of Euclidean or Riemannian geometry

have been published in recent years. It is further noticed that one of the paper published by

one of the coauthor of this paper [21] in the year 2011, define the concept of (γ, β)-metric

considering γ is a cubic metric and β is a one-form and discussed various important results in

stand-point of the Finsler Geometry in this paper. Here we wish to mention that in paper [2]

concerned with the unified field theory of gravitation and electromagnetism Randers wrote that
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Perhaps the most characteristic property of the physical world is the uni direction of time-

like intervals. Since there is no obvious reason why this asymmetry should disappear in the

mathematical description it is of interest to consider the possibility of a metric with asymmetrical

property.

It is also noticed that many researchers are interested to investigate something new result

in physics and those possible application in modern cosmology and other reference of the same

kind [9, 10, 11].We are fully agreed with the theory expressed in the above referred publication

regarding, as it is based on tangent bundle on space time manifold are positively with local

Lorentz violations which may be related with dark energy and dark matter models with variable

in cosmology. Certainly this may also be one of the most recent hidden connections between

Finsler geometry and cosmology. Recently many researchers are constructing suitable cosmo-

logical models with variable Lambda term including our own research group [12, 13, 14, 15, 16].

So in extension of our research work, we have decided to study Cosmological model of General

Theory of Relativity based on the frame work of Finsler geometry in this communication.

§2. Results

In the present paper we try to generalize the above changes by defining a Lagrangian which

expresses this anisotropy as such

L = L(γ, β), (2.1)

where γ = {aijk(x)yiyjyk} 1
3 is a cubic metric and β = φ(x)b̂iy

iis a one-form and for this

metric. The purpose of the present study is to obtain the relationship between the anisotropic

cosmological models of space time with above generalized Finslerian metric motivated by the

work of Stavrions and Diakogiannis [16].

Let us consider an n- dimensional Finsler space (Mn, L) and an adaptable 1-form on Mn

we shall use a Lagrangian function on Mn , given by the equation:

L = L{(aijk(x)yiyjyk)
1
3 , ϕ(x)b̂iy

i}, (2.2)

where bi(x) = φ(x)b̂i, the vector b̂i represents the observed an isotropic of the microwave

background radiation. A coordinate transformation on the total space TM may be expressed

as

x̄i = x̄i(x0, x1, x2, x3), (2.3)

A fundamental function or a Finsler metric is a scalar field L(x, y) which satisfies the

following three conditions:

(1) It is defined and differentiable for any point of TMn − (0);

(2) It is positively homogeneous of first degree in yi, that is, L(x, py) = pL(x, y) for any

positive number p;

(3) It is regular, that is, gij(x)
∂2

∂yi∂yj

(
L2

2

)

constitute the regular matrix (gij).The inverse

matrix of gij is indicated by (gij). The homogeneity condition (2) enables us to consider the
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integral s =

∫ a

b

L(
dx

dt
)dt along an arc , independently of the choice of parameter t except the

orientation. The manifold Mn equipped with a fundamental function L(x, y) is called a Finsler

space Fn = (Mn, L) and the s is called the length of the arc. Thus the following two conditions

are desirable for L(x, y) from the geometrical point of view.

(4) It is positive-valued for any point TMn − (0);

(5) gij(x, y) define a positive-definite quadratic form.

Here we have to remark that there are some cases where the conditions (1), (4) and (5)

should be restricted to some domain of TMn − (0).The value L(x, y) is called the length of the

tangent vector y at a point x. We get L2 = gij(x, y)y
iyj. The set

(
y

L(x, y)
= 1

)

in the tangent

space at x or geometric-cally the set of all the end points of such y is called the indicatrix at

x. If we have an equation f(x, y) =0 of the indicatrix at x,then the fundamental function L is

defined by
(f(x, y))

L
= 0. The tensor gij is called the fundamental tensor. From L we get two

other important tensors

li = ∂̇iLhij = L ˙̇∂i
˙̇∂j .

The former is called the normalized supporting element, because li = girlr is written as
yi

L(x, y)
and satisfies L(x, y) = 1. The latter is called angular metric tensor. It satisfies hijy

j = 0

and the rank of hij is equal to (n− 1).

The Cartan torsion coefficients Cijk are given by

Cijk =
1

2
∂̇kgij . (2.4)

The torsions and curvatures which we use are given by [17, 18, 19, 20]

Pijk = Cijk|ly
l, (2.5)

Sjikh = CiksC
s
jh − CihsC

s
jk, (2.6)

Pihkj = Cijk|h − Chjk|i + Cr
hjCrik|ly

l − Cr
ijCrkh|ly

l, (2.7)

Sl
ikh = gljSjikh, (2.8)

P l
ikh = gljPjikh , (2.9)

Differentiating equation (2.1) with respect to yi, the normalized supporting elements li =

∂̇iLis given by

li = ∂̇iL =
∂L

∂yi
, (2.10)

li = ∂̇iL =
∂L

∂y

(
aijky

jyk

γ2

)

+
∂L

∂y
φ(x)b̂i,

li = ∂̇iL = Lγ

(
ai(x, y)

γ2

)

+ Lβφ(x)b̂i, (2.11)
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where

(aijky
jyk) = ai(x, y). (2.12)

Again differentiating equation (2.11) with respect to yj , we have

∂̇i∂̇jL = ∂̇j ∂̇iL = ∂̇j

{
Lγ

γ2
ai(x, y)

}

+ ∂̇j{Lβφ(x)β̂i},

∂̇i∂̇jL =

[
Lγ

γ2
aij + Lββφ

2b̂ib̂j +
Lγβ

γ2
φ(ai b̂jaj b̂i + aiaj)

]

, (2.13)

∂̇jφ(x)b̂i = 0,

where

2aijky
k = aij(x, y). (2.14)

The angular metric tensor hij = L∂̇i∂̇jL as

hij = L∂̇i∂̇jL = L

[

Lγ

γ2
aij + Lββφ

2b̂ib̂j +
Lγβ

γ2
φ(ai b̂j + aj b̂i) +

(Lγγ − 2Lγ

γ )

γ4
aiaj

]

, (2.15)

hij = L∂̇i∂̇iL =
[

u−1aij + u0φ
2b̂ib̂j + u−2φ(aib̂j + aj b̂i) + u−4aiaj

]

, (2.16)

where

u−1 =
LLγ

L2
, u0 = LLββ, u−2 =

LLγβ

L2
, u−4 =

L(Lγγ − 2Lγ

γ )

γ
. (2.17)

§3. Anisotropic Cosmological Model with Finsler Space of (γβ) Metric

The Lagrangian function on Mn, given by the equation L = L(γ, φ(x)b̂iy
i), where γ =

(aijky
iyjyk)

1
3 . For the anisotropy, we must insert an additional term to the cubic metric

line element. This additional term fulfills the following requirements:

(1) It must give absolute maximum contribution for the direction of movement parallel to

the anisotropy axis;

(2) The new line element must coincide with the cubic metric one for the direction vertical

to the anisotropy axis;

(3) It must not symmetric with respect to replacement yi = −yi;

(4) We see that a term which satisfies the above conditions is β = φ(x)bi, where bi(x)

reveals this anisotropic axis.

Now let bi(x) = φ(x)b̂i where b̂i the unit vector in the direction is bi(x). Then φ(x) plays

the role of length of the vector bi(x), φ(x) ∈ R. β is the Finslerian line element and γ is cubic

one.

We have

γ = cdτ = µd(ct) = µdx0, (3.1)
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where µ

√

1 − v2

c2
and v is the 3- velocity in cubic space-time. One possible explanation of

the anisotropy axis could be that it represents the resultant of spin densities of the angular

momenta of galaxies in a restricted area of space ( bi(x) space like).

The Finsler metric tensor gij is

gij = ∂̇i∂̇j
L2

2
= hij + lilj , (3.2)

Thus,

gij = hij + lilj

= L

[

Lγ

γ2
aij + Lββφ

2b̂ib̂j +
Lγβ

γ2
φ(aib̂j + aj b̂i) +

(Lγγ − 2Lγ

γ )

γ4
aiaj

]

+

(
Lγ

γ2
ai + Lβφb

i

)(
Lγ

γ2
)aj + Lβφb̂j

)

gij = hij + lilj = [u−1aij +m0φ
2b̂ib̂j +m−2φ(aib̂j + aj b̂i) +m−4aiaj, (3.3)

where

m0 = LLββ + (L2
β),m( − 2) =

(
LLγβ

γ2

)

+
LγLβ

γ2
,m−4 =

L

γ4

(

Lγγ − (2Lγ)

γ

)

+
L2

γ

γ4
, (3.4)

where, we put yi =aijy
j and aij is the fundamental tensor for the Finsler space Fn. It will

be easy to see that the determinant ‖ gij ‖ does not vanish, and the reciprocal tensor with

components gij is given by

gij =

[
1

(u−1
aij − z2φ

2B̂iB̂j − z0φ(aib̂j + aj b̂i) − z−2a
iaj

]

, (3.5)

where

z2 =
φ0u

2
−1φ

2(η−2 + φ2m−4ā
2 − 2m−2ā)

η−2u−1(u−1 + c2)

z0 =
m−2u−1 − φ2m−4ā

η−2u−1
, (3.6)

z−2 =
m−4u−1 − c2m−4

η−2u−1
.

As

c2 = φ2b2, ā = aiB
j = aimaibm = aibj ,

b2 = Bibi = aimbmbi, (3.7)

φB̂i = aijφb̂j , φâi = âijφâj ,

where gij is the reciprocal tensor of gij and aij is the inverse matrix of aij as it may be verified
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by direct calculation, where b2 =
ˆ
bib̂

i = 0,±1 according whether b̂i is null, space like or time

like. It is interesting to observe that, that if yi represents the velocity of a particle (time like)

then b̂i is bound to be space like. This follows from the fact that one possible value of b̂iyi is

zero. Therefore we have decided to calculate Cartan covariant tensor C.

§4. The Cartan Covariant Tensor C

The Cartan covariant tensor C with the components Cijk is obtained by Differentiating equation

(3.3) with respect to yk. We get

Cijk =
1

2
∂̇kgij ,

Cijk =
1

2



2u−1aijk + moβφ
3
bibjbk +

∏

(ijk)

(

Kiajk + m−2φ
2
aib̂j b̂k +

m−2γ

γ2
φaiaj b̂k

)

+
m−4γ

γ2
aiajak



 ,

(4.1)

where
∏

(ijk) represent the sum of cyclic permutation of i, j, k.

Ki = m−4ai +m−2φb̂i. (4.2)

If φ = 0, i.e., absence of anisotrophy, then Ki = m−4ai.

From equations (4.1)and (4.2), we have

Cijk =
1

2u−1
[2u2

−1aijk + d−2φ
3bibjbk +

∏

(ijk)

(Kihjk + d−4φ
2aibjbk

+d−6φaiajak) + d−8aiajak], (4.3)

where

d−2 = u−1m0β − 3m−2u0, d−4 = u−1m−2β − u0m−4 − 2m−2u−2

d−6 = u−1m−4β − 2m−4u−2 −m−2u−4, d−8 = u−1
m−4γ

γ2
− 3m−4u−4. (4.4)

After simplification, we have

Cijk =
1

2u( − 1)



22
u−1

aijk +
∏

(ijk)

(HjkKi)



 , (4.5)

where

Hij = hij +
d−2

3(m−2)3
KiKj . (4.6)

In equation (4.6), we replace the covariant indices j by k and k by s, we have

Ciks =
1

2u2
−1



aiks +
∏

(iks)

(HksKi)



 . (4.7)
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Now Cijkg
jh = Ch

ik Multiplying equation (3.5) and equation (4.1) and after simplification,

we have

Ch
ik =

1

2u2
−1

[2u( − 12ah
ik + (δh

i Kk − lhliKk) + (δh
kKi − lhlkKi) +

d(−2)

(m−2)3
KhKiKk + hikK

h], (4.8)

where Ki = Khg
hk , lh = ghili, a

h
ik = ajikg

jh.

Now in equation (4.8) interchange the covariant indices h by s, i by j and k by h, we have

Cs
jh =

1

2u−1

[

2u2
−1a

s
jh + (δs

jKh − lsljKh) + (δs
hKj − lslhKj) +

d−2

(m( − 2)3
KsKjKh + hjhK

s

]

.

(4.9)

Therefore, Sjikh = CiksC
s
jh − CihsC

s
jk yields

Sjikh =
1

4(u−1)2
θ(kh)[(4(u−1)

4as
jhasik + 2(u−1)

2(as
ikKsHjh

+as
jhKsHik) − (ljKh + lhKj)Aik − (liKk + lkKi)Ajh

+H
′

ikKjKh +H
′

jhKiKk)], (4.10)

where Aik = 2(u−1)
2aik − K̄

L2hik, H
′

ik = 2(u−1)
2 2d−2

3(m3
−2
asikKs + (1 + K2

L4 )hik and

K2

L4
= KsKs,

K̄

L2
= Ksls, Ksgis = Ki, aiskl

s =
aik

L
.

Thus S-curvature as defined in the equation (2.6) above represents the anisotropy of matter.

If bi|h = 0 then for L(γ, β)- metric, we have ai|j = 0, aij|k = 0. Because of li|j = 0hij|k = 0,

differentiating covariant derivative of equation (4.6) with respect to h, we get Cijk|h = u−1aijk|h.

Therefore the v torsion tensor Pijk is written as

Pijk = Cijk| hyh = Cijk|0 = u−1aijk|0. (4.11)

Therefore Sjikh = CiksC
s
jh − CihsC

s
jk yields

Sjikh =
1

4(u−1)2
θ(kh)[4(u−1)

4as
jhasik + 2(u−1)

2(as
ikKsHjh

+as
jhKsHik − (ljKh + lhKj)Aik − (liKk + lkKi)Ajh

+H
′

ikKjKh +H
′

jhKiKk)], (4.12)

where Aik = 2(u−1)
2aik − K̄

L2hik and

H
′

ik = 2(u−1)
2 2d−2

3m3
−2

asikKs +

(

1 +
K2

L4

)

hik,

K2

L4
= KsKs,

K̄

L2
= Ksls, Ksgis = Ki, aiskl

s =
aik

L
.
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Thus S-curvature as defined in the equation (2.6) above represents the anisotropy of matter.

If bi|h = 0 then for L(γ, β)- metric we have

ai|j = 0, aij|k = 0. (4.13)

Because of li|j = 0hij|k = 0, differentiating covariant derivative of equation (4.6) with respect

to h we get

Cijk|h = u−1aijk|h. (4.14)

Therefore, the v torsion tensor Pijk is written as

Pijk = Cijk|hy
h = Cijk|0 = u−1aijk|0. (4.15)

Now the v curvature tensor Phijk ([19, 20]) is written as

Phijk = θ(hi)(Cijk|h + Cr
hjCrik|0),

Cr
hjCrik|0 = (u−1)

2ar
hjarik|0 +

1

2
ahik|0Kj −

1

2
Laik|0(lhKj

+ljKh) +
1

2
ajik|0Kh +

d−2

2(m−2)3
arik|0K

rKjKh +
1

2
hjhK

rarik. (4.16)

Thus

Phijk = θ(hi)[aijk|h +
1

2
aijk|0Kh

− 1

2L
aik|0(lhKj + ljKh) + arik|0K

rHjh + arik|0A
r
hj ], (4.17)

where Ar
hj = (u−1)

2ar
hj + d−2

b(m−2)3
arik|0K

rKjKh

Sjikh =
1

4(u−1)2
θ(kh)[4(u−1)

4as
jhasik + 2(u−1)

2(asikKsHjh

+as
jhKsHik − (ljKh + lhKj)Aik − (liKk + lkKi)Ajh

+H
′

ikKjKh +H
′

jhKiKk)]. (4.18)

From equation (3.5) and equation (4.12), we have

Sh
ijk = Ssijkg

sh =
1

4u3
−1

θ(jk){4u4
−1a

r
hkarij + 2u2

−1(H
h
k arijK

r + arh
k KrHij)

−(lhKk + lkK
h)Aij − (liKj + ljKi)A

h
k +H

′

ijKkK
h +H

′h
k KiKj}

−[
1

4u2
−1{z2φ2

B̂sB̂h + z0φ(B̂sah + B̂has)

+z2a
sah}θ(jk)[4u

4
−1a

r
skarij + 2u2

−1(arijKrHsk + ar
skKrHij)

−(lsKk + lkKs)Aij − (liKj + ljKi)Ask

+H
′

skKsKk +H
′

hkKiKj]}], (4.19)
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Sh
ijk =

1

(4(u−1)3)
θ(jk)4(u−1)

4ar
hkarij + 2(u−1)

2(Hh
k arijK

r

+arh
k KrHij) − (lhKk + lkK

h)Aij − (liKj + ljKiA
h
k +H

′

ijKkK
h

+H
′h
k KiKj −

1

(4(u( − 1)2)
Mh

ijk, (4.20)

where

Mh
ijk = [θ(jk){z2φ2B̂sB̂h + z0φ(B̂sah + B̂has)

+z2a
sah}{4(u−1)

4ar
skarij + 2(u−1)

2(arijKrHsk

+ar
skKrHij) − (lsKk + lkKs)Aij − (liKj + ljKi)Ask

+H
′

skKsKk +H
′

hkKiKj}], (4.21)

Ksa
sh = Kh, lsa

sh = lh, Hska
sh = Hh

k , Aska
hs = Ah

k . (4.22)

From equation (4.17) and equation (3.5), we have

P h
ijk = Psijkg

sh =
1

u(−1)
θ(hi)[aijk|sa

sh +
1

2
aijk|0K

h − 1

2
Laik|0(l

hKj

+KjK
h) + arik|0K

rHh
j + arik|0A

rh
j ] − [θ(hi){z2φ2B̂sB̂h + z0φ(B̂sah

+B̂has) + z2a
sah}{aijk|s +

1

2
aijk|0Ks −

1

2
Laik|0(lsKj + ljKs

+aris|0K
rHjs + arik|0A

r
hj}], (4.23)

P h
ijk =

1

u−1
θ(hi)[aijk|sa

sh +
1

2
aijk|0K

h − 1

2L
aik|0(l

hKj +KjK
h)

+arik|0K
rHh

j + arik|0A
rh
j ] −Nh

ijk, (4.24)

where,

Nh
ijk = [θ(hi)z2φ

2B̂sB̂h + z0φ(B̂sah + B̂has) + z2a
sahaijk|s

+
1

2
aijk|0Ks −

1

2L
aik|0(lsKj + ljKs) + aris|0K

rHjs + arik|0A
r
hj ]. (4.25)

§5. Concluding Remarks

The above discussed applications may be considered as Finslerian extension of the Cubic root

structure of space-time. The important results and properties associated with Cartan’s tensor

have been presented in section 4. Here we may observe that when Cijk is equal to zero then the

metric tensor gij is reduced to the Reimannian one. Historically we may say that y-dependent

as discussed in the above sections has been combined with the concept of anisotropy. As we

know that the cosmological constant problem of general relativity can be extended to locally

anisotropic spaces with Finslerian structure. According to S. Weinberg [22] everything that
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contributes to the energy density at the vacuum acts just like a cosmological constant. In the

Finslerian framework of space-time the anisotropic form of the microwave background radiation

may contribute to that content, if we consider a metric of the form of Eq. (2.1).

The field equations in a Finslerian space-time are to be obtained from a variational princi-

ple. We observed that for the similar metric Stavrions and Diakogiannis [16] have also obtained

the relationship between the anisotropic cosmological models of space time and Randers Finsle-

rian metric. Here it is further mentioned that the Finslerian geodesics satisfy the Euler-Lagrange

equations of geodesics

d2xb

ds2
+ Γb

ijy
iyj + σ(x)rae(∂j b̂e − ∂eb̂j)y

j = 0.

In this equation we observe the additional term rae(∂j b̂e − ∂eb̂j)y
j = 0.

where σ =
√

rifyiyj and Γb
ij are the cubic Christoffel symbols. This term expresses a rotation

of the anisotropy. We may say that the equations of geodesics of the cubic space-time may be

generalized as shown in the above calculations. It is also mentioned that if yi represents the

velocity of a particle (time like) then b̂i is bound to be space like. This follows from the fact

that one possible value of b̂iyiis zero. All the above connections, in which the matter density is

hidden, can be considered as a property of the field itself. A weak Fn space-time is proposed

for the study and detection of gravitational waves, in virtue of the equation of deviation of

geodesics. We have already considered an interesting class of Fn.
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