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81. Introduction

Let (M™, L) be an n-dimensional Finsler space on a differentiable manifold M™, equipped with
the fundamental function L(z,y). In 1971, Matsumoto [2] introduced the transformation of

Finsler metric:
L*(z,y) = L(z,y) + B(z,y) (1.1)

where (3(z,y) = b;(z)y’ is a differentiable one-form on M™. In 1984 Shibata [6] has studied the
properties of Finsler space (M™, L*) whose metric function L*(z,y) is obtained from L(x,y)
by the relation L*(z,y) = f(L,[) where f is positively homogeneous of degree one in L and
(. This change of metric function is called a f—change. The change (1.1) is a particular case
of f—change called Randers change. The following theorem has importance under Randers
change.

Theorem (1.1)([2]) Let (M™,L*) be a locally Minkowskian n-space obtained from a locally
Minkowskian n-space (M™, L) by the change (1.1). If the tangent Riemannian n-space (MY, gx)

to (M™, L) is of imbedding class r, then tangent Riemannian n-space (MJ,g%) to (M™,L*) is
of imbedding class at most r + 2.

In [5] it has been proved that Theorem (1.1) is valid for Kropina change of Finsler metric
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function given by

L2(x, y)
Blz,y)
In 1990, Prasad, Shukla and Singh [4] proved that Theorem (1.1) is valid for the transformation

L (ayy) = (1.2)

b . :
o 18 proportional

given by (1.1) in which b;(x) in /3 is replaced by h-vector b;(x, y) such that 3
)

to angular metric tensor.

Recently Prasad, Shukla and Pandey [3] have proved that Theorem (1.1) is also valid for

exponential change of Finsler metric given by
L*(z,y) = LeP/T.

In the present paper we consider Kropina-Randers change of Finsler metric given by

2
PR

and prove that Theorem (1.1) is valid for this transformation also.

§2. The Finsler Space (M", L*)

Let (M™, L) be a given Finsler space and let b;(x)dz® be a one-form on M". We shall define
on M" a function L*(x,y) (> 0) by the equation
L2

L*=—+7, 2.1

3 (2.1)

where we put B(x,y) = b;(x)y’. To find the metric tensor gi;, the angular metric tensor hjj,

the Cartan tensor C}; and the v-curvature tensor of (M™, L*) we use the following results:
&,8=b; O;L=1, 9l = L™ hyj, (2.2)

where 9; stands for — and hi; are components of angular metric tensor of (M™, L) given by

hij = Gij — lllj = L818JL

The successive differentiation of (2.1) with respect to y* and y? gives

2L L?
l: = —1I;+ (1 — —) b, 2.3
N L? L L?
hij =2 (@ + 1> {hij + lilj — B(leJ + ljbi) + F bibj} . (2.4)

From (2.3) and (2.4) we get the following relation between metric tensors of (M™, L) and
(M™, L*):

. 2 AL2 314 AL?
9ij = 2 (@ + 1) 9ij + Flilj + (F + 1> bibj — F(libj +15b;). (2.5)
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The contravariant components of the metric tensor of (M™, L*) is derived from (2.5) and are

given by
2 2( 32032 2 2072 _ g2y1
2(8%2 + L?) b2(82 + L?)3
B3L o . 3? .
—————(I'"V + b)) — ————-b"V
+ b2 (32 +L2)2( +U0) 202(32 + L?)
S 3 32
where we put I* = g¥l;, b® = ¢gb;, b* = g¥b;b; and A = b* — I

Differentiating (2.5) with respect to y* and using (2.2) we get the following relation between
the Cartan tensors of (M™, L) and (M"™, L*):

*

1.
ijk  — §3kgij (2.7)

L? 2L 6L*
= 2 <@ + 1> Oijk — F(hwmk + hjkmi + hikmj) — Fmimjmk,

where m; = b; — %li. It is to be noted that
’I?’LllZ = O, 7’)’LzbZ =A= mimi, hijlj = 0, hijmj = hijbj = m;, (28)
A N X B
where m' = g¥m; =b" — =",

The quantities corresponding to (M™, L*) will be denoted by putting * on those quantities.
To find C3f = g*"C3,, we use (2.6), (2.7) and (2.8). We get

L2

64 C 7 3L4 A
—————C N — ————-m;mpm
202L2(32 + L2) gk V233 (3% + L2) 7 k
AB3 i BB +3AL%) ;
MRV RE ok + 2b2(52 + L2
) L2 ) .
where n’ = F{WQ + L)' — 28LI"} and C j = Chjxpb".

Throughout this paper we use the symbol . to denote the contraction with b*. To find the

v-curvature tensor of (M™, L*) we use the following:

) ) 2L2
Cijkm' = C45, Cypn' = F(ﬁz + L*)C jy, (2.10)
2AL
mn' = 64 (62 + L2), m'm; = A,
7 2L2 2 2 h [ N? [
hijn = F(ﬂ + L )mj, Oijhhk = Oijk7 hth = hj'

The v-curvature tensor Sy, ., of (M", L*) is defined as

Shijk = CpiCrij — Chi Cr. (2.11)

[Z¥] rik
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From (2.7), (2.8), (2.9), (2.10) and (2.11) we get the following relation between v-curvature
tensors of (M™, L) and (M™, L*):
L2
Shiik =2 (@ + 1> Shijk + dnjdir — dnidij + Eni By — EnjEi, (2.12)

where

VIR P R S,

dig = ¥ =5 [C,U T ET it +L2)mzmj} : (2.13)
V2L 2L?

s == b+ .

By direct calculation we get the following results which will be used in the latter section of the

paper:
20

ob? = —2C,;, ;A =-20,— T3 (2.15)

§3. Imbedding Class Numbers

The tangent vector space M)} to M™ at every point x is considered as the Riemannian n-space
(M, g;) with the Riemannian metric g, = g;;(x,y)dy'dy’. Then the components of the Cartan

tensor are the Christoffel symbols associated with g,:
i Lo 3 3
ik =39 (Okgjn + 0jgnk — Ongi)-

Thus C’; . defines the components of the Riemannian connection on M’ and v-covariant deriva-
tive, say
Xilj = 0;X; — XnC (3.0)

is the covariant derivative of covariant vector X; with respect to Riemannian connection C’; , on
M. Tt is observed that the v-curvature tensor Sp;jr of (M™, L) is the Riemannian Christoffel
curvature tensor of the Riemannian space (M", g,) at a point x. The space (M™, g,) equipped
with such a Riemannian connection is called the tangent Riemannian n-space [2].

It is well known [1] that any Riemannian n-space V™ can be imbedded isometrically in a

1
771(” * ) If n 4 r is the lowest dimension of the Euclidean space

Euclidean space of dimension
in which V™ is imbedded isometrically, then the integer r is called the imbedding class number
of V™. The fundamental theorem of isometric imbedding ([1] page 190) is that the tangent

Riemannian n-space (M}, g,) is locally imbedded isometrically in a Euclidean (n + r)—space if

r(r
and only if there exist r—number ep = +1, r—symmetric tensors Hpy;; and ————= covariant
vector fields H(p g); = —H(q,p)i; P,Q = 1,2,--- ,r, satisfying the Gauss equations

Snijk = Y ep{HpynjH(pyix — Hpyis Hipynr}s (3.1)
P
The Codazzi equations
Hpylk = Hipynli = Y colH@uiH.rk — HouwHom; s (3.2)

Q
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and the Ricci-Kiihne equations

Hpgili — Heajli + D en{HmpriHrei — Harr;Hroy) (3.3)
R

+  ¢""{HpyniHQr — HpynHiuri} = 0-

The numbers ep = +1 are the indicators of unit normal vector Np to M™ and H p);; are the

second fundamental tensors of M"™ with respect to the normals Np.

Proof of Theorem (1.1) In order to prove Theorem (1.1), we put

. 2 1/2 .
(a) Hipyi; = |2 @—1—1 Hpyij, €p=¢€p, P=1,2,---r
(b) H(*TJrl)ij = dij, 6:4—1 =1 (34)

(c) H(*rJrQ)ij = Eij, €ry2 = —1.
Then it follows from (2.12) and (3.1) that
r+2
S}tijk = Z Ei{H(*A)th(*A)ik - H(*A)th(*A)ij}v
A=1

which is the Gauss equation of (M7, g%).

Moreover, to verify Codazzi and Ricci Kiihne equation of (M?, g%), we put

(a) H(*P,Q)i:_H(*Q,P)i:H(PqQ)i’ P,Q:LQ”... T
X X 1
(b)  Hip,y1yi=—Hip1,py = EH(P).ia P=12---,r
(©  Hipyio = —Hiyop =0, P=1,2--r (3.5)
L%/2

m;.

(A Higrq0 = —Hipor1) = YDV

The Codazzi equations of (M, g%) consists of the following three equations:

() Hipyle —Hipyirl ;= D co{H{gyii Hig pyk — HigynHio r);} (3.6)
Q
+ el i o, pye — HogveH (vr1,p)5

t 6ol Hir oy H g, pyr = HipgoyinH v,

(b) H(*r-',-l)ika _H(*r-l-l)iij: ZQ: co{H Qi HQrrik = HiginH Qi)
+ ol H g0y Hir ooy — HigoyinH (pio,r 1)

(c) H(*r+2)ika _H(*r+2)iijZ %%‘[H{Q)ijﬂ(*g,rw)k — H{gin(qry2);}
+ €:+1{H{r+1)in{r+1,r+2)k - H{rJrl)ikHEerrl,rJrQ)j}'
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To prove these equations we note that for any symmetric tensor X;; satisfying X;;1* = X;;19 = 0,
we have from (2.9) and (3.0),

* * 1
Xigly, =Xl ;- = Xijle = Xl + 55{CanXj = Ciy X} (3.7)
L? L?
 (Xiymp — X)) & e
R gy e T ) )
B
In view of (3.4) an ), equation (3.6)a is equivalent to

<,/ H(P)Uﬁ _< (22 >H(P)m>* (3.8)

L
=4/2 (@ + 1) > cofHguiiH.pie — HoyieHiq.p)
Q

__{H(P kdw _H(P zk}

: | V22 :
Since ( 2 (é—z + 1)>’k_ Ok ( 2 (é—z + 1)) = —m myg, applying formula (3.7) for

H py;; and using equation (2.13), we get

L2 | L2 | L?
( 2(@+1>.H(P)ij>}k_ ( 2(@+1>.H(P)ik>}j: (62 +1)

1
<{Hpyijle = Hepyirls} = 3{H(p) ks = Hep) jin},

which after using equation (3.2), gives equation (3.8).
In view of (3.4) and (3.5), equation (3.6)b is equivalent to

* * /2(62 +L2)
dijly —dik| j= g ZfQ{H(Q)iJ’H(Q)~k — H@nHq) .5} (3.9)
L%\/2
——{F; i L
(52 1 12)p /_{ jmik — Eigm;}
To verify (3.9), we note that
C.ijle = Cliklj = bnSfy, (3.10)
1 _
bl = —EC,,k, hijlk — hiklj = L™ (hijli — harl;) (3.11)
w=—C; ﬁh» L= 3.12
mz|k—_ .zk_ﬁ ik — i ( . )

The v-covariant differentiation of (2.13) will give the value of d;;|. Then taking skew-symmetric
part of di;|x in j and k, we get
dijlk — dinlj = A(C.ijlr — Cuirlj) + Blhijlx — hirlj) + D(milgm; (3.13)
+mj|kmi - mi|jm;€ - mk|jmi) + (&CA)CU - ((%A)Czk
+(8kB)hij — ((%B)hik + (BkD)mlmJ — (5jD)mimk,
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2032 + L2) V2 42

where A=+r—— - - Yz

, D=———...
b3 b/ (7 + 7) b3\ /20 + L)
Applying formula (3.7) for d;; and using (3.13), (3.10), (3.11), (3.12), (2.15), we get
* * 2 2 + L2
dijl, —dikl; = %bhsﬁk (3.14)
213
hijmi — hipm,).
+b6(L2+62)3/2\/6_L( Jmk ka)

Substituting (3.1) and (2.14) in the right hand side of (3.14), we get equation (3.9).
In view of (3.4) and (3.5), equation (3.6)c is equivalent to

S
Uik TR B (L2 + 32)V/BL
The v-covariant differentiation of (2.14) and use of (2.15) will give the value of E;;|;. Then
taking skew-symmetric part of E;;|x in j and k and using (3.11), (3.12), we get

2v2L3
33./B% + L2
2v2L°
_52(L2 +52)3/2
Applying formula (3.7) for E;; and using (3.16), we get (3.15). This completes the proof of

(dijmk — dikmj). (315)

Eijlk — Eilj =— (Cijmi — Cpmy) (3.16)

(hijmk — hikmj).

Codazzi equations of (M2, g).
The Ricci Kithne equations of (M, g*) consist of the following four equations:
(&) Hipayl; —Hipoyli + 2 o{H{nrmiH(na) (3-17)
Q
—H(g pyiHr gt + Gl pyi(1.)
—H{ 1 pyiHi1.0)i) T Gl H g pyiH (r2.0))
* * *hk * *
—H{y5 pyiH 2,00t + 97 AH pyni (ks
—HipyjHigyi} =0, PQ=12--r

*

() Hppndly —Hiprnsli + D el HinpyiH{r sy = Hirpyi Higrsi)
R

+ €:+2{H;r+2,P)iHEkr+2,r+1)j - H(*r+2,P)jH(*r+2,r+1)i}
+g*hk{HEkP)hiHEkr+l)kj —HpyHipnye b =0, P=1,2,---,r

*

(c) H(*P,r—i-2)i|j _H(*P,r—i-2)j|i + ZGE{HFR,P)iH{R,rw)j - H(*R,P)jH{R,r-i-mi}
R

+ E:Jrl{HEerrl,P)iHEerrl,rJrQ)j - H(*r+1,P)jH(*r+1,r+2)i}
+g*hk{HEkP)hiHEkr+2)kj = HipypiHipoyeib =0, P=1,2,---,r

*

() Hiopr g2l —His1m12)li + ZGE{H(*R,TJrl)iHEkR,Terj = H{g 1)
R

XH (g 0y} + g*hk{H(*rJrl)hiH(*rJrQ)kj — H{, yniHqoyrit = 0.
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In view of (3.4) and (3.5), equation (3.17)a is equivalent to

H(PQ)| H(PQ)J| +Z€R{H<RP iH(r,0); — Hr,p)jHrq)i} (3.18)

! xhk
+o{Hp) il s — HepyHgyit + 7" {HpyniHo)ks
L2
—Hpyn;HQyri }-2 7 +1)=0. PQ=1,2-,r

Since H(p)ijli = 0= H(pg)l*, from (2.6), we get

2
9" HpyniH )wj — HpynjH(qyri} <ﬁg + 1) q" (@ + 1> {Hpyni x

Hrj — HpyniHiui} — W{waH(P).j — Hpy jHp).i}-
Also, we have H(p q)il ; —H(p.q)jl;= H(p.q)il;—H(p,q)jli;- Hence equation (3.18) is satisfied
identically by virtue of (3.3).
In view of (3.4) and (3.5), equation (3.17)b is equivalent to

1 1 1 |
<6H(P).i> ; <bH(P) ]>‘ 3 ZER{H(R pyill(ry; — Hr.p);H(r).i} (3.19)
*hk 2
+y9 {H(P)hldkj P)h]dkz} 2(62 ) =0. PaQ:1527"' ) T
Since bh|j = —ghkC,jk, H(p)hili =0, we have
H(P)»ilj —Hp) ;= Hpy.ilj — Hpy jli = [Hpynil; — H(P)hj|i]bh (3.20)
—g"" {HpyniCkj — HpynjCki }

1* . 1 1
=0 (g) = =C. (3.21)

and
1.2 1) o B
") NZZEToN

B
— L _{Hpy.d; — Hpydi}.
0 2(L2+62){ (P).idhj — Hepy.jd.i}

9" {Hpynidij — H(pynjdri}y |2 ( hk x (3.22)
{Hpynidr; — Hpynjdyi} —

After using (2.13) the equation (3.22) may be written as

" L2 1
9" {H pynid; — Hpynjdri}y |2 <52 + 1) gghk X (3.23)

1
{HppniCors = HpyngCowit — 33 1H(p).iC.g — Hp) 5O}

From (3.2), (3.20), (3.21) and (3.23) it follows that equation (3.19) holds identically.
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In view of (3.4) and (3.5), equation (3.17)c is equivalent to

v2L?
v2(L2 + 32)y/BL {H(p).im;

— H(p)_jmi) (3.24)

L2
+4/2 (@ + 1> 9" {H pyniEr; — HipynjExi} = 0,

Since E;;1" = E;;I7 = 0, from (2.5), we have

[o [ L? whk _ B hk
2 (@ + 1>9 {HpyniErj — HpynjEri} = WQ X

p
{HpyniErj — HpynjEri} — m{H(F).iE,j — Hpy;Ei}.
In view of (2.14) the right hand side of the last equation is equal to

V2L2
_bQ(LQ +62)\/6_L{H(P)'imj - H(P).jmi}-

Hence equation (3.24) is satisfied identically.
In view of (3.4) and (e3.5), equation (3.17)d is equivalent to

S B (e | 5
(L2 + )AL )l b(L2+ )AL )i -25)
+ "% (dniErj — dnjEyi) = 0.

Since E;;1* =0, d;;I* = 0, from (2.6), it follows that

52
2(L2 + 3?)
62
TR )

" {dniExj — dnjFri} = 9" {dniEy; — dpjEri}

{d;E; —d;E;}.

In view of (2.13) the right hand side of the last equation is equal to

2L
_m{o.imj —C. jm;}.

Also,

V2L? A V2L? |
(‘b(m +52)\/6_Lm1> i <_b(L2 +52>¢6—Lmﬂ> ;

\/§L2 * * . \/§L2
=@ gL e T O (m) "

P L P
“\ ez m)vEL) "
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*

Since mj| ; —myl,;= L™ (lym; — lym;) and

5 < V2L ) V2L 2L

TWIE+ BOVEE ) T Wt AWVALY R+

we have

*

e N (L Ve (3.26)
W12+ )L )l b(L2 + ) VBL" ) |
2L

= TE@Er g O Camak

Hence equation (3.25) is satisfied identically. Therefore Ricci-Kiithne equations are satisfied
for (M}, g%) given in (3.17) are satisfied.

Hence Theorem (1.1) given in introduction is satisfied for Kropina-Randers change of
Finsler metric.

References

[1] Eisenhart L.P., Riemannian Geometry, Princeton, 1926.

[2] Matsumoto M., On transformations of locally Minkowskian space, Tensor N. S., 22 (1971),
103-111.

[3] Prasad B.N., Shukla H. S. and Pandey O. P., The exponential change of Finsler metric
and relation between imbedding class numbers of their tangent Riemannian spaces, (under
publication).

[4] Prasad B. N., Shukla H. S. and Singh D.D., On a transformation of the Finsler metric,
Math. Vesnik, 42 (1990), 45-53.

[5] Singh U.P., Prasad B.N. and Kumari Bindu, On a Kropina change of Finsler metric, Tensor
N. S., 64 (2003), 181-188.

[6] Shibata C., On invariant tensors of S—changes of Finsler metrics, J. Math. Kyoto Univer-
sity, 24 (1984), 163-188.





