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81. Introduction

By a simple graph G, we mean that a graph with no loops or multiple edges. Let G1 = (V1, E1)
and Gy = (Va, F3) be simple graphs. Then

(1) The simple graph G = (V, E), where V =V, |JV; and E = E; |J E> is called the union
of G1 and Gs, and is denoted by G1|JG2 ([2]). When G; and G3 are vertex disjoint, G1 | G
is denoted by G1 + G2 and is called the sum of the graphs G; and Go.

(2) It Vi Va2 # 0, the graph G = (V, E), where V = Vi (Vo and E = E; () E» is called
the intersection of G1, G2 and is written as G1 (G2 ([2]).

(3) If G1 and G are vertex-disjoint graphs. Then the join, G1 V G2 is the supergraph of

G1 + G2, in which each vertex of (G; is adjacent to every vertex of Gs.

(4) The cartesian product G1 x G is the simple graph with vertex set V(G x G2) = V1 x Va
and edge set E(G1 x G2) = (E1 x V2)J (V1 x E3) such that two vertices (u1,uz) and (v1,v2)
are adjacent in G; x G3 iff either

(i) up = v and us is adjacent to vg in Gy , or

(79) uq is adjacent to vy in Gy and uz = vy ([1]).

(5) The composition, or lexicographic product G1[Gs] is the simple graph with V; x V3 as
the vertex set in which the vertices (u1,us) , (v1,v2) are adjacent if either u; is adjacent to vy
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or u; = v1 and us is adjacent to vs.
The graph G1[Gs2] need not to be isomorphic to Ga[G1] ([2]).

(6) The normal product, or the strong product G10Gs is the simple graph with V/(G10G2) =
Vi x Vo, where (u1,uz2) and (v1,vs) are adjacent in Gy o Go iff either
(1) w1 =1 and ug is adjacent to ve , or
(#i) wq is adjacent to v; and us = va, or
(797) uy is adjacent to v1 and wug is adjacent to ve ([2]).
(7) The tensor product or Kronecher product G; ®G3 is the simple graph with V(G1®G2) =
V1 x Va, where (u1,us2) and (v1,v2) are adjacent in G; ® G iff uy is adjacent to v1 in G; and
ug is adjacent to ve in Gs.

Notice that G; 0 G2 = (G1 ® G2) U (G1 ® G2) ([2)).

82. Graph Folding

Let G and G5 be graphs and f : G; — G5 be a continuous function. Then f is called a graph
map, if

(1) for each vertex v € V(Gy), f(v) is a vertex in V(G2);

(49) for each edge e € E(G1), dim(f(e)) < dim(e).

A graph map f : G; — G2 is called a graph folding iff f maps vertices to vertices and
edges to edges, i.e., for each v € V(G1), f(v) € V(G2) and for e € E(G1), f(e) € E(G2) ([3])-

The set of graph foldings between graphs G and G» is denoted by u(G1,G2) and the set
of graph foldings of G; into itself by u(G1).

83. Incidence Matrices

Let G be a finite graph with the set of vertices V(G) = {v1, -+ ,vry, Up, 41, , vy} and the set
of edges E(G) = {6125 Tt Clpgy €L, €230 00, €2y 0t 56(7‘—1)7‘}'

The incidence matrix denoted by I = (Agq) is defined by Agg = 1ifvg, k=1, ,rq,--- 7
isaface of eq, d=12,--+ ,1rq,--- ,11,23,- -, 2r, - ,r(r — 1) in G, A\xq = 0 if v is not a face

of eq in G. The matrix I has order s x r, where s is the number of edges of G and r is the
number of vertices in G.

Let G1, G2 be finite graphs and f € p(G1,G2). Then f(G1) is a subgraph of G2. In
particular, if f € u(Gy) with f(G1) = G} # G1, then G} is a subgraph of G;. This suggests
that the incidence matrix I’ of f(G1) = G is a submatrix of the incidence matrix I of Gy
possibly after rearranging its rows and columns.

We claim that the matrix I can be partition into four blocks, such that I’ appears in
the upper left corner block and a zero matrix O in the upper right one. The matrix R, the
complement of I’ will be a submatrix of I’ possibly after deleting the rows and columns of I’
which are not images of any of the edges ey, 1), " ;€1r, €2(r141)," "+ , €20, ** , €y and the

vertices v, 41, , Ur, respectively.
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The zero matrix O is due to the fact that non of the vertices v, 41, - -

any edge of the image.

U1 V2
I 0] €1
I =
Q R €2
where

5l:(’Ula/U27 : 77UT1)7
Uy = (v’l“1+17 ! 7UT)7
e ( )T d
€1 = (€12, ) €17y, €23, ) €21y y €(r1—1)m an
_ T
€2 = (el('r1+1)7 ct €l 62(T1+1)7 tr L, €2p,y 76T1(T1+1)7 e 76T1T)

99

, Uy 18 incidence with

Conversely, if the incidence matrix I of a graph G; can be partitioned into four blocks with
a zero matrix at the right hand corner block. Then a graph folding may be defined, if there is
any, as a map f of G; to an image f(G1) characterized by the incidence matrix I’ which lie in

the upper left corner of I. This map can be defined by mapping:

(i) the vertices v;, j =11 + 1, ,r to the vertices v;,i = 1,--- , 7y if the j' column in R

is the same as the i*" column in I’ after deleting the zero from i** column;

(1) the edges eg, k=1(r; +1),---
are incidence.

Example 3.1 Let G be a graph whose V(G) = {v1, v, -

, 717 to the edges e;, [ = 12,--- | (r; — 1)r if ) and ¢

7U8}7 E(G) = {612761&615,62476267

€34, €37, €48, €56, €57, €68, €78} and f: G — G’ be a graph folding, see Fig.1.
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84. Incidence Matrices and Operations on Graph Foldings

Let G; and G2 be finite graphs with V4 = V(G1) = {v1,ve, -

V(G2) = {v1,v9, - --

yUsyy Usi 41, "

e(r—1)r} and By = E(G2) = {e12, -+ , €15, €23, -

y €25y 7"

Let f € u(Gh) such that f(G1) = G} # G1 and g € u(G2) such that g(G2) = G

;vs}; El = E(Gl) = {6127 e

, €1, €23, "

5 €s15y " 7"

y Upyy Upy 41,0

e(s—l)s}'

, €2py

7UT}7 ‘/2

"67"17’7"'

and the incidence matrices I(G1) = (Akyd,), Where k1 = {1,2,--- ,ri,r + 1,--- 7}, di

{12,--- 17,23, , 2, o7, - -
1,---,s}and dp = {12,---,15,23,- -+, 25, - --

Then the graph maps fJg: G1|JG2 — G UG, defined by

(1) voeVilUVe (fUg)(v) =

flv) if veWw,

g(v) if veVs.

(i1) Ve e ExUEa, (fUg)(e) =

fle) if ee€ Fy,

g(e) if e€ FEy

and f(Ng: Gi(G2 — G ()G defined by:

(i) Yo e Vi Ve, (fNg)(v) = f(v) or g(v), where Vi () V2 # 0.

(Zl) Ve € El mE27 (fﬂg)(e) = f(e) or g(e)u
are graph foldings iff f and g are graph foldings.
The incidence matrices I(G1 |J G2) and I(G1 [ G2) can be obtained from I(G;) and I(Gs)

as follows:

I(G1UG2) = (Mga), where k = {1,2,--- jry,m+1,--- ,rFU{L,2,- -

d:{12,-..,17‘,237---,27',...7,r.1,r.,.”

,(r=1)r} and I(G2) = (Akyd, ), Where ko = {1,2,--- |

, 818, , (s — 1)s}, respectively.

,(r = DryU{12,---,1s,23,--- 25, -

78187"'

,81,81+1, - ,s}and

7(81_
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1)s} such that

)\kd =1 Zf /\kldz =11n I(Gl) or )\k2d2 =11n I(Gg) and )\kd =0 Zf )\kldl =01 I(Gl) or
)\kzdz =01n I(Gg)

and I(G1 () G2) = (Aka), where k = {1,2,--+ [ry,m+1, -+ ,r} (1,2, ,s1,81+1,--+ ,s},d=
{12,--- ,1r, 23, -+ 2r -~ ,ryry -+, (rp — Drp{12,---,15,23,- -+ , 258, , 818, -+, (51 — 1)s}
such that

)\kd =1 Zf )\kldl =11n I(Gl) and )\k2d2 =11 I(Gg) and /\kd =0 Zf /\kldz =01 I(Gl)
and Agyd, = 0 in I(G2).

Example 4.1 Let Gl,GQ be two graphs with V(Gl) = {1)1,1)2,’03,’04}, E(Gl) = {612,814,823,
624,634}, V(GQ) = {’Ul,’UQ,’U3,’U5} and E(Gg) = {’1}1,’[}2,’03,’05} and let f : Gl — Gll, g G2 —
GY, be graph foldings.

(%1 U1
€14 €14
€12 €12
G, v €24 v f Vs | €24 el
€23
€34
U1 U1
3
e1s e1s €15 €12
Gy U5 €25 V2 g Vs €25 V2 ()
€23
ess
V3
Fig.2
Then
U1 V2 V4 Ug U1 V2 Us U3
(11 0|0 en (11 0]0] en
1 0 1]0 €14 1 0 110 €15
I1(Gy) = I(G2):
0 1 110 €24 01 10 €25
01 01 €23 01 01 €23
_O 0 1 1_ €34 _O 0 1 1_ €35
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1
1
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Let G1, G2 be finite graphs such that Vi = V(G1) = {v1,v2,+ ,0ry, Upy 41,7+ , U}, Bp =
E(G1) = {e12, -+ €1, €17, €23, 1 €20y, " €2y 5 Cpipy  , €rm1)r )y Vo = V(G2) =
{Urg1, 0 Vs, Us 41,0, 0s ), B = E(Ga) = {e(r+l)(7‘+2)a S € )sey T 5 (1) sy €(r42) (143)

L e(r42)s10 " s C(r42)sy T 1 Cssy Tt €(s—1)s ), Where eg; is the edge incidence with v; and vy,
ei; = eji. Let f € u(Gy) such that f(G1) = G} # G1 and g € u(G2) such that g(Gs) = G4 # Go
with incidence matrices are I(G1) and I(G3) respectively. Then

(1) The join graph map fV g: Gy V Gy — G} V GY defined by

f{v}if ven,
g{v} if ve Vs
(’LZ) Ve = (1)1,1)2),’01 S Vl,’UQ S V2,

(fVvo)lel = (fVa)lvi,va)} = {(f(v1), f(v2))} € G} V G,

(i0) if € = (un,on) € By, then (f v g){e} = (f v g){(un,n)} = {(f(un),g(0n))}. Also,
if e = (ug,v2) € Es, then (f V g){e} = (f V g){(uz2,v2)} = {(g(u2),g(v2))}. Note that if
f{u1} = f{v1}, then the image of the join graph map (f V g){e} will be a vertex of G| V G5,
otherwise it will be an edge of G} V G ([4]), is a graph folding iff f and g are graph foldings.

(i) YweWUVa, (fVg{v}=

The incident matrix I(G1|JG2) can be defined from I(G1) and I(G2) as follows:

71 v} Dy v
1(Gh) o &t 1(G5) o e
1(Gy) = 1(G2) =
Q | r | = Q | R | &
_ _ _ T
Whefe,’Ul = (U17U27"' 7U7‘1)7U/1:(U7‘1+17"' 7U7‘)7el = (6127"' y€1ry5, €23, , €20y, " 76(7“171)7“1)

—/ — —
€1 = (61(T1+1)7 ccr 61y 62(T1+1)7 R =7 P 76T1(T‘1+1)7 e 7€T1T) , Vo = {UT+17 e 7U81}7 Vg =
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{0s141, 05}, B = (€ra1)(r42)s " 2 €rt1)s1 E(r42)(r43)s " * » E(r42)s15 " ,6(51—1)31)T7 e =
(e(r—i-l)(sl-l-l)v U C(r4 1) sy E(r42) (s141)s T 5 E(r2)sy T 1 Csy(s1 1)y T 76515)T-
Then
Dy v,
I(GY vV GY) 0 ey
I(G1V Gsy) =
Q R c
where,
Ty = (V1,02, ", Vpy, Uy 41,770 5 Usy )y Ty = {Ury 15 5 Uy Uy 41, Us }
By = (€12, ", €1r,€23, " €215 5 lr —1)rys C(r1)(r42)s " 5 E(r1)s15 C(r+2)(r4+3)s """ 5
E(r42)s1y """ 5 €(s1—1)s1s E1(r41)s """ s ELsyy €2(rg1)s " »€2s15" " 5 Ery(r1)y """ -erlsl)T and
E/v = (61(7‘1-1-1)7"' y €1rs €2(ry+1)y """ 5 €2yt s Cry(r41)y T s Crirs E(r 1) (s141)0 T s E(r41)ss
E(r42)(s141)r " " s €(r4+2)sy " 1 Csy(s1+1)y "7 1 €s1sy Cl(sy+1)y 7 1 €lsy €2(s;4+1)5 77" 5 €25,
“Cri(siH1)s "y Crisy C(ri 1) (r 1)y T s C(ri41)sy T s Cr(r1)s T 5 Crsyy E(r 1) (51+1)
CC(ri41)sy T s Cr(siH1)y ;ers)T-

Thus, I(Gy V G2) = (Akd), where k = 1,2, ry,ry + 1, yrr + 1,-- 81,81 + 1, , 8,
d =15, 1 # jand i,j = 1,2,--- ;71,71 + 1,---,r,r+1,--- 81,81 + 1,---,s. It is clear
that if I(G1) has order my X ny and I(G2) has order ma X ng, then I(G; V G3) has order
(m1 + mo + nlng)(nl + ’ng).

(2) The cartesian product graph map f x g: G1 X Go — G} x GY defined by
(1) ifv=(v1,v2) € V1 X Va,v1 € V1,09 € Vi, then (f x g){(vi,v2)} = {(f{v1},g9{v2})} €
G} x G,
(@) if e = {({v1}i, {v2};), {viti, {v2}i)}, {v1}i € VI(G1) and {va};, {v2}i € V(G2), then
Fxg{({vi}i, {v2}y), v} {v2}e)} = {({v1}is g{v2};), (o1}, g2 }e) }-

But if e = {({v1}4, {v2};), {vi}e, {ve};)}, where {vi}s, {vi}r € V(G1), {v2}; € V(G2), then

(f < o {{vi}i, {v2})) {oa ke, fv2}))} = {(F{ontis {va}g), (f{vade, {va}))}-

Note that if g{va}; = g{va}x , or f{vi}; = f{vi}s, the image of the edge e will be a vertex
([4]), is a graph folding iff f and g are graph foldings. The incidence matrix (G X G2) can be
defined from I(G;) and I(G2) as follows:
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Ux Ty
(G} v GY) (@) ex
I(Gy x Ga) =
Q R e
where,
Tx = ((V1,0r41), 5 (U1, Vs, )55 (U U1 )y 5 (Vg5 U5y ),
WX = ((v1,vs141)5 5 (V1,08), 5 (U, Vs)s (Vg 41, Ve )5 o005 (Vg 41, Vs )50 (00, 0s,),
ex = ((e12,0r41), - 5 (12,08, )y -+ (€15 Upg1 )y -+ (€105 Vs, )y o+ (€0 1)1 > Vrge 1)+
(e(ri—1)r1>Vs1 ) (V1 €y (r42))s o (Vs €1y (r42))s 5 (V15 €(rg1)sy )y o
(Vrys €(rg1ys)s > (V15 €(s1—1)sy )5 " 7(’UT176(5171)51))T and
€ = ((e1(m41)sVrg1)s 5 (€10 4105 Us1 )y o+ 5 (€10, Vrg1)y o+ 5 (€10, Vs )5 oo s €y Urg),
(err s1), (V1 €1y (si41) )5 (Urys €1y (s141) ) 5 (V1 €0rg)s)s o
(e(’r-i-l)svv?“l)a T (Ul, 6515)7 T (Un,esls), (6127Usl+1); T (612, Us), Ty (elr, Usl+1)7
(1 vs), (e =1y s Usi+1)s (€(ry —1)r1s Us)s (Ury 415 €r 1) (r42))s 7
(Vrs era1)r42))s 5 (Uri 415 €t 1)sy ) s (Ve €rgt)sy )s oo > (Vs €(s1—1)s1 )57
(vr, 6(51—1)51), (61(r1+1), Vsy41), (61(7‘1+1)7vs+1)a (e Vs 1), (€1, vs),
(e Vs 1)y (s Vs)s (Ve 1y € 1) (s141))s 5 (Ury 415 € 1)sy )
(Uri+15€s18)s 7+ (Vs €1y (s141))s* *+  (Urs €(rg1)s)s o+ 5 (Up, €515))

It is clear that if I(G1) has order my x nq and I(G2) has order mg X ng, then I(G1 x G2)
has order (ming + mani) X (nin2).

(3) The tensor product graph map f ® g: G1 ® G2 — G} ® G} defined by:

(i) if v = (v1,v2) € V(G1 ® G2) = Vi x Va, then (f @ g){(v1,v2)} = {(f{v1},g{v2})} €
V(G ® Gy);

(i7) let e = {({v1}i, {v2};), {v1}k, {ve})}, where {v1}; is adjacent to {v2}y and {va}; is
adjacent to {va}i, then (f@g){e} = fF{({v1}i, {v1}r)} @g{({va}s, {vahi, Le., (f@Y)G1RG2) =
f(G1) x g(G2) ([4)]) is a graph folding is a graph folding iff f and g are graph foldings.

The incidence matrix I(G; ® G2) can be defined from I(G1) and I(Gs2) as follows:

Vg U/®

e ea| o o
I(G1 ® Gy) =




Graph Folding and Incidence Matrices 105

where,

Vg = ((Ulvvr-i-l)v T (Ulv US1)7 B (UT17UT+1)7 T (UT17USI))7
5/® = ((U17U81+1)7 ) (UlvUS)v T (UT17U5)7 (UT1+17 UT+1)7 T (UT1+17U51)7 T (’UN USl))v
ey = (e(l,r+1)(2,r+2)761,7‘+2)(2,7‘+1)a T 6(1,s1-1)(2,81) €(1,81) (2,51 —1) T 5 E(r—1,r4+1) (1,7 +2)>
C(ry—1,r+2)(r1,r+1) """ 5 €(r1—1,81—1)(71,51)> e(rl—l,sl)(rl,s1—l))T and
El@ = (e(l,r—i-l)(?,sl—i-l)a6(1,81+1)(2,r+1)a T €(1,81)(2,8) €(1,8)(2,81) 0 777 s C(r—1,74+1) (11,81 +1) s
€(ry—1,814+1)(r1,r4+1)s """ 5 €(r1—1,81)(r1,8)s €(r1—1,8)(r1,51) E(1,r+1)(r1+1,r4+2)>
6(1,r+2)(rl+1,r+1)7 e 76(1,5171)(r1+1,51)7 6(1,51)(7"14»1,5171) e 76(T1,r+1)(r,r+2)7
€(ry,r42)(rr41)s """ 9 €(r1,81—1)(r,81) €(r1,81) (1,81 —1)s €(1,r41) (r141,51+1) €(1,514+1) (r1+1,74+1)>
* 5 €(1,81)(r141,8) €(1,8) (r1i+1,51) """ 9 E(ry,r+1)(rys14+1)5 €(ry,s141) (rr 1) T 77 5 €(ry,81) (1,8) )
s s)(ron)) -
It is clear that if I(G1) has order my x nq and I(G2) has order mg X ng, then I(G; ® G2)
has order (2mimsz) X (ning).

(4) The normal product graph map f o g: Gy o G2 — G} o G5 defined by

(¢) for any vertex v = (v1,v2) € V(G1 0 G2) = Vi x Ga, then
(f o g){(v1,02)} = {(f{v1}, g{va})} € V(G 0 GY);
(i7) for any edge e = {({v1}4, {v2};), ({v1}k,{v2}i)}, then

(fogl{e} = (fog{({vi}is{v2})), {vate, {va}i)}
= f{l{{vi}i, g{v2}s), o1t g{va})}
{(f{v}is glva}y), (f{vi}e, g{va}i)}-

Note that if f{v1}; = f{vi}r and g{va}; = g{v2}:, then (f o g){e} will be a vertex ([4])
is a graph folding is a graph folding if f and g are graph foldings.

The incidence matrix I(G1 o G2) can be obtained from I(G1 x G2) and I(G; ® G2), since
G10G2 = (G1 X G2) | J(G1 ® G2).

It is clear that if I(G1) has order m; x ny and I(Gz) has order mgo X ng, then Iy, has

order (ming + mang + 2mims) X (n1n2).

(5) The composition product graph map f[g] : G1[G2] — G[G5] defined by:

(1) if v = (v1,v2) € V(Gi[Ga]) = V1 x V3, then flgl{(vi,v2)} = {(f{v}, 9{va})} €
(G11Ga));

(13) let e = {({v1}i, {v2};), {vrtw, {va}i)}. If {v1}; is adjacent to {v1}g, then flgl{e} =
{({v1}is g{va};), (f{vite, g{va}ti)}. I {v1}i = {vi}x and {ve}; is adjacent to {va2};, then
flale} = {{v1}i, gfva}y), (F{vi}is g{wah)}-

Note that if f{vi}; = f{v1}r and g{v2}; = g{v2};, then f[g]{e} will be a vertex, also if
g{va}; = g{v2}s, then f[g] will be a vertex ([4]) is a graph folding is a graph folding if f, g are
graph foldings and the incidence matrix I(G1[G2]) can be obtained from I(G1) and I(G3) as
follows:
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I(G1[Ga]) =

where,

((Ulavr-i-l) (Ulavsl)u R (UT‘17U7‘+1)7 ) (UT17US1))7
((U Usl—i-l) (Ulu Us)a Tty (U’I‘17US)7 (UT‘1+17U7‘+1)7 Tty (U’I‘1+17 Usl)a Tty (U’I‘7US1))7

((Ulue(rJrl Y(r+2) """ (Ula e(slfl)sl)a Tty (Uh 5 e(r+1)(r+2))u Tty (Un 3 e(slfl)sl)a

CI

CI

('b

€(1,r+1)(2,r4+1)s """ 5 E(ri—1,r+1)(r1,r+1)5 €(1,r+1)(2,742))» E(1,r+2)(2,r+1)5 """ »
C(ri—1,r+1)(r1,r+2)s €(r1—1,74+2)(r1,7+1)> * " 5 €(1,r+1)(2,81) E(1,81)(2,7+1) """ 5
C(ri—1,r+1)(r1,51) €(r1—1,51)(r1,r+1)s €(1,r+2)(2,7+2)s """ 5 €(r1—1,74+2)(r1,r+2)>
» €(1,r+2)(2,51)5 €(1,81)(2,r4+2) " " 5 E(r1—1,7+2)(r1,81)> E(r1—1,81)(r1,r+2) """ s
€(1,51—1)(2,51)> €(1,51)(2,51—1)> """ » €(r1—1,51—1)(r1,81) €(r1—1,51)(r1,51—1)5 €(1,81)(2,51)>
s €(r—1 51)(7‘1,81))T and
e = ((Ulue(rJrl (s141))s s (V1 €s18)y 5 (Urs €rg1)(si41) ) - 0 5 (Urys €515,
(Vri+1s €r41)(r12))> > (Uri 415 €y (r42)) s 77+ (U115 €(s1— 1)1 )
(Vri 415 €r41)(s141))s -7 s (Uri 415 €s18)5 5 (Urs €1y (r2) ) -+ 5 (Ur €51 = 1)1 )
(Vry €r41)(s141) )5 = 5 (Ury €s18)5 €L ) (rr41r41)s " 5 €(rayr 1) (ryr 1)
C(1,r41)(r1+1,742) €(1,r42) (r1+1,74+1) s~ 5 C(rp,r 1) (r,r+2)s C(r1,r+2) (rr+1) 77 s
€(1,r+1)(r14+1,51)1 €(1,51) (r1+1,r+1)5 """ 5 €(ri,r+1)(r,51)) €(r1,81) (rr+1) """ s
C(1,r+1)(r1+1,8) €(1,8) (ra4+1,r4+1)s """ 5 E(r1,r41)(r,8) 1 €(r1,8) (rr+1)s €(1,r42) (ra+1,r42)5 7 >
C(ry,r+2)(r,r4+2)s """ 5 (1, r+2)(r1+1,8)5 €(1,8) (r1+1,r+2)5 " 5 €(r1,r+2)(r,8)s €(r1,8)(r,r+2)>
1 €(1L,s1)(r141,81) """ €(r1,s1)(mys1)0 " 9 €(1,s1) (1y51)9 €(1,8) (ri41,81)5 T 5 €(r1,81) (ry8) 5
€(ri,s)(rys1)y " 9 €(L,s)(ri+1,8)0 "7 5 €(r1,8) (rys) s E(1,r+1)(2,514+1)5 €(1,81+1)(2,r4+1) """ s
C(ri—1,r+1)(r1,s1+1)s E(r1—1,s1+1)(r1,r+1)s """ 5 €(1,r+1)(2,8)s €(1,8)(2,r+1)7 """ »
Cri—1,r+1)(r1,s)s €(r1—1,8)(ri,r+1)s """ 1 €(1,81)(2,8)1 €(1,8)(2,81)1 "~ * s €(r1—1,81)(71,8)>
€(ri—1,s)(r1,51) €(1,814+1)(2,814+1)5 """ s €(r1—1,814+1)(r1,81+1)s """ s €(1,814+1)(2,8)>
€(1,5)(2,s1+1)s """ 1 €(r1—1,51+1)(r1,8)1 E(r1—1,8)(r1,814+1)s " "~ 5 €(1,5)(2,8)3 " " ° 76(7“171,5)(7“1,5))T
It is clear that if I(G1) has order my x n; and I(G2) has order ma X na, then I(G1[G2])

has order (nymsg + nami) X ninas.

Example 4.2 Let G; and G2 be two graphs such that V(G1) = {v1,v2,v3,v4}, E(G1) =
{e12, €13, €14, €23, €34}, V(G2) = {vs,v6,v7}, E(G2) = {es6,€e57}, and f: G1 — G, g: Go —
G/, be graph foldings, see Fig.3.
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U1 V1 Vs
Us
€12 €14 12 €56
V2 V4 —f> (%) €13 Ve g—> €56
€23 €34 €923 €67
Vg
U3 VU3 U7
G G Go G,
Fig.3
Their incidence matrixes are shown in the following.
V1 Vg V3 V4
[ 1 1 00 1 €12
Vs Ve U7
1 0 1]0 €13
I(Gl) = I(Gz) = 1 110 €56
01 1|0 €23
— 0 1 1 €7
1 0 0 1 €14
L 0 0 1 1 ] €34
Then we know that f V g is a graph folding, see Fig.4.
s
U1
fvyg
Vg
V2
U3 GV G,

Fig.4
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V1 V2 U3 Us Vs Vg4 U7

1 0 0 O 0 0 €12
€13
€23
€56
€15
€16
€25
€26
€35

I((;l V'(;g) =
€36

€14
€34
€67
€17
€27
€37
€45

€46

o O O O O B O O +HF|OoO O O O = = O O = =
_ = = O O O O B =, O O O O oo o o o o
_ o O H = B B O O O O O O o o o o

S O O O B O O O OO0 O = = O O o = o
o ©O ©O B O O O +H Ol +H O O O O O =
o O B O O O O O Ol ~H O = O = = O O
o B, O O O O = O Ol O =B O = O = O O

€47

We also know that f x g is a graph folding, seeing Fig.5,

25, 34

46 16

26 3

17 U47

27 37
i !
(;1 X (;2 (;1 X (;2

Fig.5

15 36

where v1° = (v, v5), 010 = (v1,v6),v?° = (v, v5), V16 = (v2,v6),v3° = (v3,v5),v

(U1,U7)=U27 = (U2707),U37 = (U3av7),v45 = (U4705),U46 = (U47'U6)7U47 = (U4,U7)-
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15 )16 )25 4426 4,35 4,36 4,17 1)27’037 40 1}46 ,U47

v

N~~~ o~~~ o~~~ o~ o~~~ o~~~ T~~~ o~ —
g £ & &£ £ & 8 5 588 &L L s s 585 5 S 888 s
A S O A S
[a\} [a\} ™ [3] [ [\ -~ -~ -~ <t <t < < -~ -~ -~ [a\] [ae) [ -~ <t <t -~
— — — — N N — N ) — — [2e] a¢] — N 2] — — N ~ — el ~
0 0 0 O Y S D P L O U U S S5 S5 0 O S o O
S~—" SN~—" S~— S~—" S~—" S~— S~—" S~—" S~—" S~— S~—" S~—" S~—" S~— S~— S~— S~—" ~ S~—" S~—" S~—" S~—" SN~—"
T 1
o o o o O o o o O o O o o o O o O o o o — —
o o o o O o o o O [ R o o o O o o o o A o O —
O O O O 0O 0 O O OlH O H O O oo o0 o o0 oo A o o o
O 0O 0 o 0 0 0O © Ol o o oo O O - - o o — ©
o o o o O o o o O o O o o o - (e o 4 o o O [an}
o o o o O o o o O o O (e — o o A — o o - o [an}
o o O o o — O O o O o A o O — O O O o O O (e}
©c o -~ © - © © © H|loc o 4~ © o o o o o o o o o o
o Y o o © 4 © 4 ol o o o o 4~ 0 O © o o o o ©
- @ o0 o - © © 4 Ol © o o © © O O © © © © ©o ©
o — O o (e o O o o o o o o O o o o o o (e}
— [ o O (e o O — o o o o O o O o o o o o (e}
L ]
Il
—~~
[a\}
G)
X
i
)
N
=

Similarly, we know that f ® g, f o g and f[g] are also graph foldings, seeing Fig 6- Fig.8,

where v*

<T.

»J

<1

(v4,v4) for integers 1

030

,025

Gl ® G,

36

,026
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I(Gl & GQ)

25
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,Ul5 ,016 1)25 ,026 1)35 36

<

17

27,37

v

45 1)46 ,U47

o O O O O O O B O O O O O Ol o o = o =
o O O H O O B O O O O B o o o = o = O
O O O O O O O O O O o o o ol o o = ©
o O O O O O O O O B o O +H O+ o o o o =
o O O O O B O O O O o o o o+ o +» o o o
o R O O B O O O B O B O O OOl FRr o R O O©

15 45

26

46

47

27

37

G10G2

Fig.7

S O =B O O O O O O O = O = Ol o o o o o <

S O O O O O O O B O O O o o O o o o o <

_ O O O O O O o OO B O +H O Ol o o o o o <

25

26

o O O O = O B O O O O O O Ol o o o o o
_ O =, O O = O =, O O O O O oo o o o o o
O B O B O O O O O O O o o oo o o o o o

15

€(1,5)(2.6)
€(1,6)(2.5)
€(1,5)(3,6)
€(1,6)(3.5)
€(2,5)(3.6)
€(2,6)(3,5)
€(1,6)(3,7)
€(1,7)(2.6)
€(1,6)(3.7)
€(1,7)(3,6)
€(2,6)(3,7)
€(2,7)(3.6)
€(1,5)(4.6)
€(1,6)(4,5)
€(3,5)(4,6)
€(3.6)(4.5)
€(1,6)(4,7)
€(1,7)(4,6)
€(3,6)(4,7)

€(3,7)(4,6)

35

36

G} o G,
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1(Gy 0 Gy)

I(Gl (e} Gg)

where,

1)15 ,Ulﬁ 1)25 ,U26 ,U35 1)36

I(G) oG

S,
PP N N D -S>
N9 2 3 8 83 2 &8 8 8 R Ee @9
VOV VW YV Y Vv R D P ZZ D ZZ o g
1
o o o 4 o 4 o o 4 o o 4 o —H O
o o 4 o 4 o o o 4 o o o A O o
o 4 o O O 4 o 4 o - O o o o -
— O o o 4 o o 4 o o 4 O o — O
o 4 ©o 4 O o 4 o o o 4 o —+H O O
— O - O O o 4 o o +H4 o - o O o
1

[

—~

~

(0)15x6
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15 ,016 1)25 ,026 1)35 1)36

v

15 1)16 ,025 1}26 ,US5 ,036

S

B TP e E S E T T T T T E S OS2 28 gt ot
777766670776776xxxxwfxwfxxxxxxwfxwfxx
¥ Y 3 OS5 s 8 S 2 Do ozoe R @ R @ & @B e nog v & e K
& & & &8 & 248 g d T &I 2424 4 da d 4 4 8 38 5 5 505
T 1
o O O O O O O oo oo o HHEH I - O O o o o oo o oo +H o - ©
o - O +H O O O o o O - O O 4 O o O oo o - o +H o o - ©o -
- O 4 O O O O o o o 4 O o O oo oo o o o oH o 4 o o o o©
o O o o o o 4 o - +4 o o +4 O o o 4 o -+ O o o o o o o o -
o O O O o 4 O 4 O 4 O O O o 4 O O oo +H o o o o o o o o
o O o ©o 4 O O 4 4 O o 4 O O o 4 o 4 O o o o o o o -+ o o©
L ]
I

I R T -
auuaeeeavvueauexxxxwfxwfxxxxxxwfxwfxx
- S S R N R . S N SN SN S O O O
g & & &5 &85 Fgd T LT I 2D L ddZS Db S D8 g
LrggEzziiegreEeeessE gy o 2 2o o 808
r 1
o O o 4 o O 4 O O O oo oo o o oo H o 24— o oo 4 o o -+ ©
o O 4 O O O O O O O O oo oo oo o o oo o —+H o o o o o©
o O O O o 4 O O O O O oo oo oH o o-H O o o o o o o o o
O O O O O O O O O O O O 0O O o oo o oo o oo o o o o o
o - O o - O O o o oo oo o o - o oo o - o o + o o o
- O O O O O O O O O o o oo oo o oo o o o Ho o o o o o o©

Q=
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o15 vt
25 G
046

1

026

VA7
.
027 037

G1[G2]

I(GilGe]) | O

I(G1[Ge]) =

0= (0)15><6 and

1}15
,025 ,U35
’UG
flg
,026 ,U36
G1[GY)]
Fig.8
1}15 ,016 ,U25 1}26 ,U35 1}36
11000 0]
001100
00001 1
101000
1000 10
001010
100100
I(G1[GY)]) =
100001
00100 1
011000
010010
001100
010100
01000 1
(00010 1
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(v1,e56)
(v2, €56)
(vs, €56)
€(1,5)(2,5)
€(1,5)(3,5)
€(2,5)(3,5)
€(1,5)(2,6)
€(1,6)(2,5)
€(1,5)(3,6)
€(1,6)(3,5)
€(2,5)(3,6)
€(3,5)(2,6)
€(1,6)(2,6)
€(1,6)(3,6)

€(2,6)(3,6)
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O O O O O O O O O O O O O O OO O O O o O o o O+ O FHF O O O O O o o o o o =

O O O O O O O O O O O O O O B O O O O 0O 0O 0O O 0O 0O 0O O 0O o0 O o0 o oo o o o o o
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O O O O O O O O O +H O O O O 0O 0O O 0O 0O 0O O 0O O O O 0O O 0O 0O O oo o oo o o o = o

w
ot

SO O O O O O O O O O O O FH B O O O O O O O O O o0 o0 o0 O+ O RFrR O R O O O o o o <
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w
=]

O O O O O O O +H +H O O O O O 0O 0O 0O 0O 0O o0 O = O FHF O FHF O O O O o0 O 0o o0 o +H o o <

(v1, es7)
( )
(vs, e67)
( )
(v4, es7)
€(1,5)(4,5)
€(3,5)(4,5)
€(1,5)(4,6)
€(1,6)(4,5)
€(3,5)(4,6)
€(3,6)(4,5)
€(1,5)(4,7)
€(1,7)(4,5)
€(3,5)(4,7)
€(3,7)(4,5)
€(1,6)(4,6)
€(3,6)(4,6)
€(1,6)(4,7)
€(1,7)(4,6)
€(3,6)(4,7)
€(3,7)(4,6)
€(1,7)(4,7)
€(3,7)(4,7)
€(1,5)(2,7)
€(1,7)(2,5)
€(1,5)(3,7)
€(1,7)(3,5)
€(2,5)(3,7)
€(2,7)(3,7)
€(2,7)(3,5)
€(1,6)(2,7)
€(1,7)(2,6)
€(1,6)(3,7)
€(1,7)(3,6)
€(2,6)(3,7)
€(1,7)(2,7)
€(1,7)(3,7)

€(2,7)(3,7)

S = O FH = O = O = = O = O = =2 O = O = O +H O O O O O O O O o o o oo o o o o =

O O B O H O O FHF O O O O B O O O O 0O 0O 0O O 0O O 0O 0O 0O O 0O 0O O oo o oo o o o = o

_ O = = O = O O O O =2 O O O O = O = O 2 O O O O O O 0O O 0O 0O 0o o o o o = o o
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[N
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O O O O O O O O O O B +H O O O O 0O 0O 0O B +HF o O O O =+ o o o O+ e O = o o o

w
ot
w
(=]

O O O O O B H O O O O 0O O 0O 0O 0O O +rHr O O O O +H H O OO O H+H R OO R R O O O <
_ = O O O O O O O O O O o o O +r +H O O ©o O+ +H O oo ©o O+ K+ o o o o = o o o o <

(v1, es7)
( )
(vs, eq7)
( )
(v4, €s7)
€(1,5)(4,5)
€(3,5)(4,5)
€(1,5)(4,6)
€(1,6)(4,5)
€(3,5)(4,6)
€(3,6)(4,5)
€(1,5)(4,7)
€(1,7)(4,5)
€(3,5)(4,7)
€(3,7)(4,5)
€(1,6)(4,6)
€(3,6)(4,6)
€(1,6)(4,7)
€(1,7)(4,6)
€(3,6)(4,7)
€(3,7)(4,6)
€(1,7)(4,7)
€(3,7)(4,7)
€(1,5)(2,7)
€(1,7)(2,5)
€(1,5)(3,7)
€(1,7)(3,5)
€(2,5)(3,7)
€(2,7)(3,7)
€(2,7)(3,5)
€(1,6)(2,7)
€(1,7)(2,6)
€(1,6)(3,7)
€(1,7)(3,6)
€(2,6)(3,7)
€(1,7)(2,7)
€(1,7)(3,7)

€(2,7)(3,7)
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