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§1. Introduction

By a simple graph G, we mean that a graph with no loops or multiple edges. Let G1 = (V1, E1)

and G2 = (V2, E2) be simple graphs. Then

(1) The simple graph G = (V,E), where V = V1

⋃
V2 and E = E1

⋃
E2 is called the union

of G1 and G2, and is denoted by G1

⋃
G2 ([2]). When G1 and G2 are vertex disjoint, G1

⋃
G2

is denoted by G1 +G2 and is called the sum of the graphs G1 and G2.

(2) If V1

⋂
V2 6= ∅, the graph G = (V,E), where V = V1

⋂
V2 and E = E1

⋂
E2 is called

the intersection of G1, G2 and is written as G1

⋂
G2 ([2]).

(3) If G1 and G2 are vertex-disjoint graphs. Then the join, G1 ∨ G2 is the supergraph of

G1 +G2, in which each vertex of G1 is adjacent to every vertex of G2.

(4) The cartesian product G1×G2 is the simple graph with vertex set V (G1×G2) = V1×V2

and edge set E(G1 × G2) = (E1 × V2)
⋃

(V1 × E2) such that two vertices (u1, u2) and (v1, v2)

are adjacent in G1 ×G2 iff either

(i) u1 = v1 and u2 is adjacent to v2 in G2 , or

(ii) u1 is adjacent to v1 in G1 and u2 = v2 ([1]).

(5) The composition, or lexicographic product G1[G2] is the simple graph with V1 × V2 as

the vertex set in which the vertices (u1, u2) , (v1, v2) are adjacent if either u1 is adjacent to v1

1Received September 25, 2011, Accepted June 24, 2013.



98 E.M.El-Kholy, El-Said R.Lashin and Salama N.Daoud

or u1 = v1 and u2 is adjacent to v2.

The graph G1[G2] need not to be isomorphic to G2[G1] ([2]).

(6) The normal product, or the strong productG1◦G2 is the simple graph with V (G1◦G2) =

V1 × V2, where (u1, u2) and (v1, v2) are adjacent in G1 ◦G2 iff either

(i) u1 = v1 and u2 is adjacent to v2 , or

(ii) u1 is adjacent to v1 and u2 = v2, or

(iii) u1 is adjacent to v1 and u2 is adjacent to v2 ([2]).

(7) The tensor product or Kronecher productG1⊗G2 is the simple graph with V (G1⊗G2) =

V1 × V2, where (u1, u2) and (v1, v2) are adjacent in G1 ⊗G2 iff u1 is adjacent to v1 in G1 and

u2 is adjacent to v2 in G2.

Notice that G1 ◦G2 = (G1 ⊗G2)
⋃

(G1 ⊗G2) ([2]).

§2. Graph Folding

Let G1 and G2 be graphs and f : G1 → G2 be a continuous function. Then f is called a graph

map, if

(i) for each vertex v ∈ V (G1), f(v) is a vertex in V (G2);

(ii) for each edge e ∈ E(G1), dim(f(e)) ≤ dim(e).

A graph map f : G1 → G2 is called a graph folding iff f maps vertices to vertices and

edges to edges, i.e., for each v ∈ V (G1), f(v) ∈ V (G2) and for e ∈ E(G1), f(e) ∈ E(G2) ([3]).

The set of graph foldings between graphs G1 and G2 is denoted by µ(G1, G2) and the set

of graph foldings of G1 into itself by µ(G1).

§3. Incidence Matrices

Let G be a finite graph with the set of vertices V (G) = {v1, · · · , vr1
, vr1+1, · · · , vr} and the set

of edges E(G) = {e12, · · · , e1r1
, · · · , e1r, e23, · · · , e2r, · · · , e(r−1)r}.

The incidence matrix denoted by I = (λkd) is defined by λkd = 1 if vk, k = 1, · · · , r1, · · · , r
is a face of ed, d = 12, · · · , 1r1, · · · , 1r, 23, · · · , 2r, · · · , r(r − 1) in G, λkd = 0 if vk is not a face

of ed in G. The matrix I has order s × r, where s is the number of edges of G and r is the

number of vertices in G.

Let G1, G2 be finite graphs and f ∈ µ(G1, G2). Then f(G1) is a subgraph of G2. In

particular, if f ∈ µ(G1) with f(G1) = G′
1 6= G1, then G′

1 is a subgraph of G1. This suggests

that the incidence matrix I ′ of f(G1) = G′
1 is a submatrix of the incidence matrix I of G1

possibly after rearranging its rows and columns.

We claim that the matrix I can be partition into four blocks, such that I ′ appears in

the upper left corner block and a zero matrix O in the upper right one. The matrix R, the

complement of I ′ will be a submatrix of I ′ possibly after deleting the rows and columns of I ′

which are not images of any of the edges e1(r1+1), · · · , e1r, e2(r1+1), · · · , e2r, · · · , er1r and the

vertices vr1+1, · · · , vr, respectively.



Graph Folding and Incidence Matrices 99

The zero matrix O is due to the fact that non of the vertices vr1+1, · · · , vr is incidence with

any edge of the image.

I =

v1 v2


I ′ O

Q R




e1

e2

where

v1 = (v1, v2, · · · , , vr1
),

v2 = (vr1+1, · · · , vr),

e1 = (e12, · · · , e1r1
, e23, · · · , e2r1

, · · · , e(r1−1)r1
)T and

e2 = (e1(r1+1), · · · , e1r, e2(r1+1), · · · , e2r, · · · , er1(r1+1), · · · , er1r)
T .

Conversely, if the incidence matrix I of a graph G1 can be partitioned into four blocks with

a zero matrix at the right hand corner block. Then a graph folding may be defined, if there is

any, as a map f of G1 to an image f(G1) characterized by the incidence matrix I ′ which lie in

the upper left corner of I. This map can be defined by mapping:

(i) the vertices vj , j = r1 + 1, · · · , r to the vertices vi, i = 1, · · · , r1 if the jth column in R

is the same as the ith column in I ′, after deleting the zero from ith column;

(ii) the edges ek, k = 1(r1 + 1), · · · , r1r to the edges el, l = 12, · · · , (r1 − 1)r1 if ek and el

are incidence.

Example 3.1 Let G be a graph whose V (G) = {v1, v2, · · · , v8}, E(G) = {e12, e13, e15, e24, e26,
e34, e37, e48, e56, e57, e68, e78} and f : G→ G′ be a graph folding, see Fig.1.

-f

v1

v2

v3
v4

v5

v6

v7

v8

v1

v2

v5

v6

e12 e24
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e56

e57

e68

e78

e15

e26

e12

e56

G G′

Fig.1
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Then

I =

v1 v2 v5 v6 v3 v4 v7 v8


1 1 0 0 0 0 0 0

1 0 1 0 0 0 0 0

0 1 1 0 0 0 0 0

0 0 1 1 0 0 0 0

1 0 0 0 1 0 0 0

0 1 0 0 0 1 0 0

0 0 0 0 1 1 0 0

0 0 0 0 1 0 1 0

0 0 0 0 0 1 0 1

0 0 1 0 0 0 1 0

0 0 0 1 0 0 0 1

0 0 0 0 0 0 1 1




e12

e13

e15

e24

e26

e34

e37

e48

e56

e57

e68

e78

§4. Incidence Matrices and Operations on Graph Foldings

Let G1 and G2 be finite graphs with V1 = V (G1) = {v1, v2, · · · , vr1
, vr1+1, · · · , vr}, V2 =

V (G2) = {v1, v2, · · · , vs1
, vs1+1, · · · , vs}, E1 = E(G1) = {e12, · · · , e1r, e23, · · · , e2r, · · · er1r, · · · ,

e(r−1)r} and E2 = E(G2) = {e12, · · · , e1s, e23, · · · , e2s, · · · , es1s, · · · , e(s−1)s}.
Let f ∈ µ(G1) such that f(G1) = G′

1 6= G1 and g ∈ µ(G2) such that g(G2) = G′
2 6= G2,

and the incidence matrices I(G1) = (λk1d1
), where k1 = {1, 2, · · · , r1, r1 + 1, · · · , r}, d1 =

{12, · · · , 1r, 23, · · · , 2r, · · · , r1r, · · · , (r−1)r} and I(G2) = (λk2d2
), where k2 = {1, 2, · · · , s1, s1+

1, · · · , s} and d2 = {12, · · · , 1s, 23, · · · , 2s, · · · , s1s, · · · , (s− 1)s}, respectively.

Then the graph maps f
⋃
g : G1

⋃
G2 → G′

1

⋃
G′

2 defined by

(i) ∀v ∈ V1

⋃
V2, (f

⋃
g)(v) =





f(v) if v ∈ V1,

g(v) if v ∈ V2.

(ii) ∀e ∈ E1

⋃
E2, (f

⋃
g)(e) =





f(e) if e ∈ E1,

g(e) if e ∈ E2

and f
⋂
g : G1

⋂
G2 → G′

1

⋂
G′

2 defined by:

(i) ∀v ∈ V1

⋂
V2, (f

⋂
g)(v) = f(v) or g(v), where V1

⋂
V2 6= ∅.

(ii) ∀e ∈ E1

⋂
E2, (f

⋂
g)(e) = f(e) or g(e),

are graph foldings iff f and g are graph foldings.

The incidence matrices I(G1

⋃
G2) and I(G1

⋂
G2) can be obtained from I(G1) and I(G2)

as follows:

I(G1

⋃
G2) = (λkd), where k = {1, 2, · · · , r1, r1+1, · · · , r}⋃{1, 2, · · · , s1, s1+1, · · · , s} and

d = {12, · · · , 1r, 23, · · · , 2r, · · · , r1r, · · · , (r1 − 1)r}⋃{12, · · · , 1s, 23, · · · , 2s, · · · , s1s, · · · , (s1 −
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1)s} such that

λkd = 1 if λk1dl
= 1 in I(G1) or λk2d2

= 1 in I(G2) and λkd = 0 if λk1dl
= 0 in I(G1) or

λk2d2
= 0 in I(G2)

and I(G1

⋂
G2) = (λkd), where k = {1, 2, · · · , r1, r1+1, · · · , r}⋂{1, 2, · · · , s1, s1+1, · · · , s}, d =

{12, · · · , 1r, 23, · · · , 2r, · · · , r1r, · · · , (r1 − 1)r}⋂{12, · · · , 1s, 23, · · · , 2s, · · · , s1s, · · · , (s1 − 1)s}
such that

λkd = 1 if λk1dl
= 1 in I(G1) and λk2d2

= 1 in I(G2) and λkd = 0 if λk1dl
= 0 in I(G1)

and λk2d2
= 0 in I(G2).

Example 4.1 Let G1, G2 be two graphs with V (G1) = {v1, v2, v3, v4}, E(G1) = {e12, e14, e23,
e24, e34}, V (G2) = {v1, v2, v3, v5} and E(G2) = {v1, v2, v3, v5} and let f : G1 → G′

1, g : G2 →
G′

2 be graph foldings.

-
-

v1 v1

v2G1 v2

v3

v4 v4 G′
1

v1 v1

v2 v2 G′
2

v3

v5G2 v5

f

g

e12

e23

e14

e24

e34

e12
e14

e24

e15

e25

e35

e12

e23

e15

e25

e12

Fig.2

Then

I(G1) =

v1 v2 v4 v3


1 1 0 0

1 0 1 0

0 1 1 0

0 1 0 1

0 0 1 1




e12

e14

e24

e23

e34

I(G2) =

v1 v2 v5 v3


1 1 0 0

1 0 1 0

0 1 1 0

0 1 0 1

0 0 1 1




e12

e15

e25

e23

e35
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I(G1

⋃
G2) =

v1 v2 v4 v5 v3


1 1 0 0 0

1 0 1 0 0

1 0 0 1 0

0 1 1 0 0

0 1 0 1 0

0 1 0 0 1

0 0 1 0 1

0 0 0 1 1




e12

e14

e15

e24

e25

e23

e34

e35

I(G1

⋂
G2) =

v1 v2 v3
 1 1 0

0 1 1


 e12

e23

Let G1, G2 be finite graphs such that V1 = V (G1) = {v1, v2, · · · , vr1
, vr1+1, · · · , vr}, E1 =

E(G1) = {e12, · · · , e1r1
, · · · , e1r, e23, · · · , e2r1

, · · · , e2r, · · · , er1r, · · · , e(r−1)r}, V2 = V (G2) =

{vr+1, · · · , vs1
, vs1+1, · · · , vs}, E2 = E(G2) = {e(r+1)(r+2), · · · , e(r+1)s1

, · · · , e(r+1)s, e(r+2)(r+3),

· · · , e(r+2)s1
, · · · , e(r+2)s, · · · , es1s, · · · , e(s−1)s}, where eij is the edge incidence with vi and vj ,

eij = eji. Let f ∈ µ(G1) such that f(G1) = G′
1 6= G1 and g ∈ µ(G2) such that g(G2) = G′

2 6= G2

with incidence matrices are I(G1) and I(G2) respectively. Then

(1) The join graph map f ∨ g : G1 ∨G2 → G′
1 ∨G′

2 defined by

(i) ∀v ∈ V1

⋃
V2, (f ∨ g){v} =





f{v} if v ∈ V1,

g{v} if v ∈ V2.

(ii) ∀e = (v1, v2), v1 ∈ V1, v2 ∈ V2,

(f ∨ g){e} = (f ∨ g){(v1, v2)} = {(f(v1), f(v2))} ∈ G′
1 ∨G′

2.

(iii) if e = (u1, v1) ∈ E1, then (f ∨ g){e} = (f ∨ g){(u1, v1)} = {(f(u1), g(v1))}. Also,

if e = (u2, v2) ∈ E2, then (f ∨ g){e} = (f ∨ g){(u2, v2)} = {(g(u2), g(v2))}. Note that if

f{u1} = f{v1}, then the image of the join graph map (f ∨ g){e} will be a vertex of G′
1 ∨ G′

2,

otherwise it will be an edge of G′
1 ∨G′

2 ([4]), is a graph folding iff f and g are graph foldings.

The incident matrix I(G1

⋃
G2) can be defined from I(G1) and I(G2) as follows:

I(G1) =

v1 v′1


I(G′
1) O

Q R




e1

e′1

I(G2) =

v2 v′2


I(G′
2) O

Q R




e2

e′2

where, v1 = (v1, v2, · · · , vr1
), v′1 = (vr1+1, · · · , vr), e1 =

(
e12, · · · , e1r1

, e23, · · · , e2r1
, · · · , e(r1−1)r1

)T
,

e′1 =
(
e1(r1+1), · · · , e1r, e2(r1+1), · · · , e2r, · · · , er1(r1+1), · · · , er1r

)T
, v2 = {vr+1, · · · , vs1

}, v′2 =
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{vs1+1, · · · , vs}, e1 =
(
e(r+1)(r+2), · · · , e(r+1)s1

, e(r+2)(r+3), · · · , e(r+2)s1
, · · · , e(s1−1)s1

)T
, e′1 =(

e(r+1)(s1+1), · · · , e(r+1)s, e(r+2)(s1+1), · · · , e(r+2)s, · · · , es1(s1+1), · · · , es1s

)T
.

Then

I(G1 ∨G2) =

v∨ v′∨


I(G′
1 ∨G′

2) O

Q R




e∨

e′∨

where,

v∨ = (v1, v2, · · · , vr1
, vr1+1, · · · , vs1

), v′∨ = {vr1+1, · · · , vr, vs1+1, · · · , vs},
e∨ = (e12, · · · , e1r1

, e23, · · · , e2r1
, · · · , e(r1−1)r1

, e(r+1)(r+2), · · · , e(r+1)s1
, e(r+2)(r+3), · · · ,

e(r+2)s1
, · · · , e(s1−1)s1

, e1(r+1), · · · , e1s1
, e2(r+1), · · · , e2s1

, · · · , er1(r+1), · · · .er1s1

)T
and

e′∨ =
(
e1(r1+1), · · · , e1r, e2(r1+1), · · · , e2r, · · · , er1(r1+1), · · · , er1r, e(r+1)(s1+1), · · · , e(r+1)s,

e(r+2)(s1+1), · · · , e(r+2)s, · · · , es1(s1+1), · · · , es1s, e1(s1+1), · · · , e1s, e2(s1+1), · · · , e2s,

· · · , er1(s1+1), · · · , er1s, e(r1+1)(r+1), · · · , e(r1+1)s, · · · , er(r+1), · · · , ers1
, e(r1+1)(s1+1),

· · · , e(r1+1)s, · · · , er(s1+1), · · · , ers

)T
.

Thus, I(G1 ∨ G2) = (λkd), where k = 1, 2, · · · , r1, r1 + 1, · · · , r, r + 1, · · · , s1, s1 + 1, · · · , s,
d = ij, i 6= j and i, j = 1, 2, · · · , r1, r1 + 1, · · · , r, r + 1, · · · , s1, s1 + 1, · · · , s. It is clear

that if I(G1) has order m1 × n1 and I(G2) has order m2 × n2, then I(G1 ∨ G2) has order

(m1 +m2 + n1n2)(n1 + n2).

(2) The cartesian product graph map f × g : G1 ×G2 → G′
1 ×G′

2 defined by

(i) if v = (v1, v2) ∈ V1 × V2, v1 ∈ V1, v2 ∈ V2, then (f × g){(v1, v2)} = {(f{v1}, g{v2})} ∈
G′

1 ×G′
2.

(ii) if e = {({v1}i, {v2}j), ({v1}i, {v2}k)}, {v1}i ∈ V (G1) and {v2}j , {v2}k ∈ V (G2), then

f × g{({v1}i, {v2}j), ({v1}i, {v2}k)} = {({v1}i, g{v2}j), ({v1}i, g{v2}k)}.

But if e = {({v1}i, {v2}j), ({v1}k, {v2}j)}, where {v1}i, {v1}k ∈ V (G1), {v2}j ∈ V (G2), then

(f × g){({v1}i, {v2}j), ({v1}k, {v2}j)} = {(f{v1}i, {v2}j), (f{v1}k, {v2}j)}.

Note that if g{v2}j = g{v2}k , or f{v1}i = f{v1}k, the image of the edge e will be a vertex

([4]), is a graph folding iff f and g are graph foldings. The incidence matrix I(G1×G2) can be

defined from I(G1) and I(G2) as follows:
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I(G1 ×G2) =

v× v′×


I(G′
1 ∨G′

2) O

Q R




e×

e′×

where,

v× = ((v1, vr+1), · · · , (v1, vs1
), · · · , (vr1

, vr+1), · · · , (vr1
, vs1

)),

v′× = ((v1, vs1+1), · · · , (v1, vs), · · · , (vr1
, vs), (vr1+1, vr+1), · · · , (vr1+1, vs1

), · · · , (vr, vs1
)),

e× =
(
(e12, vr+1), · · · , (e12, vs1

), · · · , (e1r1
, vr+1), · · · , (e1r1

, vs1
), · · · (e(r1−1)r1

, vr+1), · · · ,
(e(r1−1)r1

, vs1
), (v1, e(r+1)(r+2)), · · · , (vr1

, e(r+1)(r+2)), · · · , (v1, e(r+1)s1
), · · · ,

(vr1
, e(r+1)s1

), · · · , (v1, e(s1−1)s1
), · · · , (vr1

, e(s1−1)s1
)
)T

and

e′× = ( (e1(r1+1), vr+1), · · · , (e1(r1+1), vs1
), · · · , (e1r, vr+1), · · · , (e1r, vs1

), · · · , er1r, vr+1),

· · · , (er1r, vs1
), (v1, e(r+1)(s1+1)), · · · , (vr1

, e(r+1)(s1+1)), · · · , (v1, e(r+1)s), · · · ,
(e(r+1)s, vr1

), · · · , (v1, es1s), · · · , (vr1
, es1s), (e12, vs1+1), · · · , (e12, vs), · · · , (e1r, vs1+1),

· · · , (e1r, vs), · · · , (e(r1−1)r1
, vs1+1), (e(r1−1)r1

, vs), (vr1+1, e(r+1)(r+2)), · · · ,
(vr , e(r+1)(r+2)), · · · , (vr1+1, e(r+1)s1

), · · · , (vr, e(r+1)s1
), · · · , (vr+1, e(s1−1)s1

), · · · ,
(vr , e(s1−1)s1

), (e1(r1+1), vs1+1), · · · , (e1(r1+1), vs+1), · · · , (e1r, vs1+1), · · · , (e1r, vs),

· · · , (er1r, vs1+1), · · · , (er1r, vs), (vr1+1, e(r+1)(s1+1)), · · · , (vr1+1, e(r+1)s1
), · · · ,

(vr1+1, es1s), · · · , (vr, e(r+1)(s1+1)), · · · , (vr, e(r+1)s), · · · , (vr, es1s)
)T

.

It is clear that if I(G1) has order m1 × n1 and I(G2) has order m2 × n2, then I(G1 ×G2)

has order (m1n2 +m2n1)× (n1n2).

(3) The tensor product graph map f ⊗ g : G1 ⊗G2 → G′
1 ⊗G′

2 defined by:

(i) if v = (v1, v2) ∈ V (G1 ⊗ G2) = V1 × V2, then (f ⊗ g){(v1, v2)} = {(f{v1}, g{v2})} ∈
V (G′

1 ⊗G′
2);

(ii) let e = {({v1}i, {v2}j), ({v1}k, {v2}l)}, where {v1}i is adjacent to {v2}k and {v2}j is

adjacent to {v2}l, then (f⊗g){e} = f{({v1}i, {v1}k)}⊗g{({v2}j , {v2}l, i.e., (f⊗g)(G1⊗G2) =

f(G1)× g(G2) ([4]) is a graph folding is a graph folding iff f and g are graph foldings.

The incidence matrix I(G1 ⊗G2) can be defined from I(G1) and I(G2) as follows:

I(G1 ⊗G2) =

v⊗ v′⊗


I(G′
1 ⊗G′

2) O

Q R




e⊗

e′⊗
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where,

v⊗ = ((v1, vr+1), · · · , (v1, vs1
), · · · , (vr1

, vr+1), · · · , (vr1
, vs1

)),

v′⊗ = ((v1, vs1+1), · · · , (v1, vs), · · · , (vr1
, vs), (vr1+1, vr+1), · · · , (vr1+1, vs1

), · · · , (vr, vs1
)),

e⊗ =
(
e(1,r+1)(2,r+2), e1,r+2)(2,r+1), · · · , e(1,s1−1)(2,s1), e(1,s1)(2,s1−1), · · · , e(r1−1,r+1)(r1,r+2),

e(r1−1,r+2)(r1,r+1), · · · , e(r1−1,s1−1)(r1,s1), e(r1−1,s1)(r1,s1−1))
T and

e′⊗ = (e(1,r+1)(2,s1+1), e(1,s1+1)(2,r+1), · · · , e(1,s1)(2,s), e(1,s)(2,s1), · · · , e(r1−1,r+1)(r1,s1+1),

e(r1−1,s1+1)(r1,r+1), · · · , e(r1−1,s1)(r1,s), e(r1−1,s)(r1,s1), e(1,r+1)(r1+1,r+2),

e(1,r+2)(r1+1,r+1), · · · , e(1,s1−1)(r1+1,s1), e(1,s1)(r1+1,s1−1) · · · , e(r1,r+1)(r,r+2),

e(r1,r+2)(r,r+1), · · · , e(r1,s1−1)(r,s1), e(r1,s1)(r,s1−1), e(1,r+1)(r1+1,s1+1), e(1,s1+1)(r1+1,r+1),

· · · , e(1,s1)(r1+1,s), e(1,s)(r1+1,s1), · · · , e(r1,r+1)(r,s1+1), e(r1,s1+1)(r,r+1), · · · , e(r1,s1)(r,s),

e(r1,s)(r,s1)

)T
.

It is clear that if I(G1) has order m1 × n1 and I(G2) has order m2 × n2, then I(G1 ⊗G2)

has order (2m1m2)× (n1n2).

(4) The normal product graph map f ◦ g : G1 ◦G2 → G′
1 ◦G2 defined by

(i) for any vertex v = (v1, v2) ∈ V (G1 ◦G2) = V1 ×G2, then

(f ◦ g){(v1, v2)} = {(f{v1}, g{v2})} ∈ V (G′
1 ◦G′

2);

(ii) for any edge e = {({v1}i, {v2}j), ({v1}k, {v2}l)}, then

(f ◦ g){e} = (f ◦ g){({v1}i, {v2}j), ({v1}k, {v2}l)}
= f{({v1}i, g{v2}j), ({v1}k, g{v2}l)}
= {(f{v1}i, g{v2}j), (f{v1}k, g{v2}l)}.

Note that if f{v1}i = f{v1}k and g{v2}j = g{v2}l, then (f ◦ g){e} will be a vertex ([4])

is a graph folding is a graph folding if f and g are graph foldings.

The incidence matrix I(G1 ◦G2) can be obtained from I(G1 ×G2) and I(G1 ⊗G2), since

G1 ◦G2 = (G1 ×G2)
⋃

(G1 ⊗G2).

It is clear that if I(G1) has order m1 × n1 and I(G2) has order m2 × n2, then If◦g has

order (m1n2 +m2n1 + 2m1m2)× (n1n2).

(5) The composition product graph map f [g] : G1[G2]→ G′
1[G

′
2] defined by:

(i) if v = (v1, v2) ∈ V (G1[G2]) = V 1 × V2, then f [g]{(v1, v2)} = {(f{v1}, g{v2})} ∈
(G′

1[G
′
2]);

(ii) let e = {({v1}i, {v2}j), ({v1}k, {v2}l)}. If {v1}i is adjacent to {v1}k, then f [g]{e} =

{({v1}i, g{v2}j), (f{v1}k, g{v2}l)}. If {v1}i = {v1}k and {v2}j is adjacent to {v2}l, then

f [g]{e} = {({v1}i, g{v2}j), (f{v1}i, g{v2}l)}.

Note that if f{v1}i = f{v1}k and g{v2}j = g{v2}l, then f [g]{e} will be a vertex, also if

g{v2}j = g{v2}l, then f [g] will be a vertex ([4]) is a graph folding is a graph folding if f , g are

graph foldings and the incidence matrix I(G1[G2]) can be obtained from I(G1) and I(G2) as

follows:
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I(G1[G2]) =

v2 v′2


I(G′
1[G

′
2]) O

Q R




e2
e′2

where,

v2 = ((v1, vr+1), · · · , (v1, vs1
), · · · , (vr1

, vr+1), · · · , (vr1
, vs1

)),

v′2 = ((v1, vs1+1), · · · , (v1, vs), · · · , (vr1
, vs), (vr1+1, vr+1), · · · , (vr1+1, vs1

), · · · , (vr, vs1
)),

e2 =
(
(v1, e(r+1)(r+2), · · · , (v1, e(s1−1)s1

), · · · , (vr1
, e(r+1)(r+2)), · · · , (vr1

, e(s1−1)s1
),

e(1,r+1)(2,r+1), · · · , e(r1−1,r+1)(r1,r+1), e(1,r+1)(2,r+2)), e(1,r+2)(2,r+1), · · · ,
e(r1−1,r+1)(r1,r+2), e(r1−1,r+2)(r1,r+1), · · · , e(1,r+1)(2,s1), e(1,s1)(2,r+1), · · · ,
e(r1−1,r+1)(r1,s1), e(r1−1,s1)(r1,r+1), e(1,r+2)(2,r+2), · · · , e(r1−1,r+2)(r1,r+2),

· · · , e(1,r+2)(2,s1), e(1,s1)(2,r+2), · · · , e(r1−1,r+2)(r1,s1), e(r1−1,s1)(r1,r+2), · · · ,
e(1,s1−1)(2,s1), e(1,s1)(2,s1−1), · · · , e(r1−1,s1−1)(r1,s1), e(r1−1,s1)(r1,s1−1), e(1,s1)(2,s1),

· · · , e(r1−1,s1)(r1,s1)

)T
and

e′2 =
(
(v1, e(r+1)(s1+1)), · · · , (v1, es1s), · · · , (vr1

, e(r+1)(s1+1)), · · · , (vr1
, es1s),

(vr1+1, e(r+1)(r+2)), · · · , (vr1+1, e(r+1)(r+2)), · · · , (vr1+1, e(s1−1)s1
),

(vr1+1, e(r+1)(s1+1)), · · · , (vr1+1, es1s), · · · , (vr, e(r+1)(r+2)), · · · , (vr, e(s1−1)s1
),

(vr , e(r+1)(s1+1)), · · · , (vr, es1s), e(1,r+1)(r1+1,r+1), · · · , e(r1,r+1)(r,r+1),

e(1,r+1)(r1+1,r+2), e(1,r+2)(r1+1,r+1), · · · , e(r1,r+1)(r,r+2), e(r1,r+2)(r,r+1), · · · ,
e(1,r+1)(r1+1,s1), e(1,s1)(r1+1,r+1), · · · , e(r1,r+1)(r,s1), e(r1,s1)(r,r+1), · · · ,
e(1,r+1)(r1+1,s), e(1,s)(r1+1,r+1), · · · , e(r1,r+1)(r,s), e(r1,s)(r,r+1), e(1,r+2)(r1+1,r+2), · · · ,
e(r1,r+2)(r,r+2), · · · , e(1,r+2)(r1+1,s), e(1,s)(r1+1,r+2), · · · , e(r1,r+2)(r,s), e(r1,s)(r,r+2),

· · · , e(1,s1)(r1+1,s1), · · · , e(r1,s1)(r,s1), · · · , e(1,s1)(r,s1), e(1,s)(r1+1,s1), · · · , e(r1,s1)(r,s),

e(r1,s)(r,s1), · · · , e(1,s)(r1+1,s), · · · , e(r1,s)(r,s), e(1,r+1)(2,s1+1), e(1,s1+1)(2,r+1), · · · ,
e(r1−1,r+1)(r1,s1+1), e(r1−1,s1+1)(r1,r+1), · · · , e(1,r+1)(2,s), e(1,s)(2,r+1), · · · ,
e(r1−1,r+1)(r1,s), e(r1−1,s)(r1,r+1), · · · , e(1,s1)(2,s), e(1,s)(2,s1), · · · , e(r1−1,s1)(r1,s),

e(r1−1,s)(r1,s1), e(1,s1+1)(2,s1+1), · · · , e(r1−1,s1+1)(r1,s1+1), · · · , e(1,s1+1)(2,s),

e(1,s)(2,s1+1), · · · , e(r1−1,s1+1)(r1,s), e(r1−1,s)(r1,s1+1), · · · , e(1,s)(2,s), · · · , e(r1−1,s)(r1,s))
T

It is clear that if I(G1) has order m1 × n1 and I(G2) has order m2 × n2, then I(G1[G2])

has order (n1m2 + n2m1)× n1n2.

Example 4.2 Let G1 and G2 be two graphs such that V (G1) = {v1, v2, v3, v4}, E(G1) =

{e12, e13, e14, e23, e34}, V (G2) = {v5, v6, v7}, E(G2) = {e56, e57}, and f : G1 → G′
1, g : G2 →

G′
2 be graph foldings, see Fig.3.
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-v1 -v2

v3

v4
f

v1

v2

v3

v5

v6

v7

g

v5

v6

e12

e13

e14

e23 e34

e12

e23

e13

e56

e67

e56

G1 G′
1 G2 G′

2

Fig.3

Their incidence matrixes are shown in the following.

I(G1) =

v1 v2 v3 v4


1 1 0 0

1 0 1 0

0 1 1 0

1 0 0 1

0 0 1 1




e12

e13

e23

e14

e34

I(G2) =

v5 v6 v7
 1 1 0

0 1 1


 e56

e67

Then we know that f ∨ g is a graph folding, see Fig.4.

-f ∨ g

v1

v2

v3

v4

v5

v6

v7

v1

v2

v3

v6

v5

G1 ∨G2 G′
1 ∨G′

2

Fig.4
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I(G1 ∨G2) =

v1 v2 v3 v5 v6 v4 v7


1 1 0 0 0 0 0

1 0 1 0 0 0 0

0 1 1 0 0 0 0

0 0 0 1 1 0 0

1 0 0 1 0 0 0

1 0 0 0 1 0 0

0 1 0 1 0 0 0

0 1 0 0 1 0 0

0 0 1 1 0 0 0

0 0 1 0 1 0 0

1 0 0 0 0 1 0

0 0 1 0 0 1 0

0 0 0 0 1 0 1

1 0 0 0 0 0 1

0 1 0 0 0 0 1

0 0 1 0 0 0 1

0 0 0 1 0 1 0

0 0 0 0 1 1 0

0 0 0 0 0 1 1




e12

e13

e23

e56

e15

e16

e25

e26

e35

e36

e14

e34

e67

e17

e27

e37

e45

e46

e47

We also know that f × g is a graph folding, seeing Fig.5,

-f × g

v15 v45

v25 v35

v26

v16

v36

v46

v27

v17

v37

v47

v15

v25 v35

v26

v16

v36

G1 ×G2 G′
1 ×G′

2

Fig.5

where v15 = (v1, v5), v
16 = (v1, v6), v

25 = (v2, v5), v
16 = (v2, v6), v

35 = (v3, v5), v
36 = (v3, v6), v

17 =

(v1, v7), v
27 = (v2, v7), v

37 = (v3, v7), v
45 = (v4, v5), v

46 = (v4, v6), v
47 = (v4, v7).
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I(G1 ×G2) =

v15 v16 v25 v26 v35 v36 v17 v27v37 v45 v46 v47




1 0 1 0 0 0 0 0 0 0 0 0

0 1 0 1 0 0 0 0 0 0 0 0

1 0 0 0 1 0 0 0 0 0 0 0

0 1 0 0 0 1 0 0 0 0 0 0

0 0 1 0 1 0 0 0 0 0 0 0

0 0 0 1 0 1 0 0 0 0 0 0

1 1 0 0 0 0 0 0 0 0 0 0

0 0 1 1 0 0 0 0 0 0 0 0

0 0 0 0 1 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 1 0 0

0 1 0 0 0 0 0 0 0 0 1 0

0 0 0 0 1 0 0 0 0 1 0 0

0 0 0 0 0 1 1 0 0 0 0 0

0 1 0 0 0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 1 0 0 0

0 0 0 0 0 0 1 1 0 0 0 0

0 0 0 0 0 0 1 0 1 0 0 0

0 0 0 0 0 0 0 1 1 0 0 0

0 0 0 0 0 0 0 0 0 1 1 0

0 0 0 0 0 0 1 0 0 0 0 1

0 0 0 0 0 0 0 0 1 0 0 1

0 0 0 0 0 0 0 0 0 0 1 1




(e12, v5)

(e12, v6)

(e13, v5)

(e13, v6)

(e23, v5)

(e23, v6)

(v1, e56)

(v2, e56)

(v3, e56)

(e14, v5)

(e14, v6)

(e34, v5)

(e34, v6)

(v1, e67)

(v2, e67)

(v3, e67)

(e12, v7)

(e13, v7),

(e23, v7)

(v4, e56)

(e14, v7)

(e34, v7)

(v4, e67)

Similarly, we know that f ⊗ g, f ◦ g and f [g] are also graph foldings, seeing Fig 6- Fig.8,

where vij = (vi, vj) for integers 1 ≤ i, j ≤ 7.

f ⊗ g G′
1 ⊗G′

2-v15 v25 v35 v45

v17 v27 v37 v47

v16G1 ⊗G2 v26 v36 v46

v15 v25 v35

v16 v26 v36

Fig.6
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I(G1 ⊗G2) =

v15 v16 v25 v26 v35 v36 v17 v27v37 v45 v46 v47




1 0 0 1 0 0 0 0 0 0 0 0

0 1 1 0 0 0 0 0 0 0 0 0

1 0 0 0 0 1 0 0 0 0 0 0

0 1 0 0 1 0 0 0 0 0 0 0

0 0 1 0 0 1 0 0 0 0 0 0

0 0 0 1 1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 1 0 0 0 0

0 0 0 1 0 0 1 0 0 0 0 0

0 1 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 1 1 0 0 0 0 0

0 0 0 1 0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 1 0 0 0 0

1 0 0 0 0 0 0 0 0 0 1 0

0 1 0 0 0 0 0 0 0 1 0 0

0 0 0 0 1 0 0 0 0 0 1 0

0 0 0 0 0 1 0 0 0 1 0 0

0 1 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0 0 0 1 0

0 0 0 0 0 1 0 0 0 0 0 1

0 0 0 0 0 0 0 0 1 0 1 0




e(1,5)(2,6)

e(1,6)(2,5)

e(1,5)(3,6)

e(1,6)(3,5)

e(2,5)(3,6)

e(2,6)(3,5)

e(1,6)(3,7)

e(1,7)(2,6)

e(1,6)(3,7)

e(1,7)(3,6)

e(2,6)(3,7)

e(2,7)(3,6)

e(1,5)(4,6)

e(1,6)(4,5)

e(3,5)(4,6)

e(3,6)(4,5)

e(1,6)(4,7)

e(1,7)(4,6)

e(3,6)(4,7)

e(3,7)(4,6)

-f ◦ g

v15 v45

v25 v35

v26

v16

v36

v46

v27

v17

v37

v47

v15

v25 v35

v26

v16

v36

G1 ◦G2 G′
1 ◦G′

2

Fig.7
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I(G1 ◦G2) =




I(G′
1 ◦G′

2) O

Q R




where,

I(G′
1 ◦G′

2) =

v15 v16 v25 v26 v35 v36




1 0 1 0 0 0

0 1 0 1 0 0

1 0 0 0 1 0

0 1 0 0 0 1

0 0 1 0 1 0

0 0 0 1 0 1

1 1 0 0 0 0

0 0 1 1 0 0

0 0 0 0 1 1

1 0 0 1 0 0

0 1 1 0 0 0

1 0 0 0 0 1

0 1 0 0 1 0

0 0 1 0 0 1

0 0 0 1 1 0




(e12, v5)

(e12, v6)

(e13, v5)

(e13, v6)

(e23, v5)

(e23, v6)

(v1, e56)

(v2, e56)

(v3, e56)

e(1,5)(2,6)

e(1,6)(2,5)

e(1,5)(3,6)

e(1,6)(3,5)

e(2,5)(3,6)

e(2,6)(3,5)

O = (0)15×6
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Q =

v15 v16 v25 v26 v35 v36




1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 1 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 1

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 1 0 0 0 0

0 0 0 1 0 0

0 1 0 0 0 0

0 0 0 0 0 1

0 0 0 1 0 0

0 0 0 0 0 1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0




(e14, v5)

(e14, v6)

(e34, v5)

(e34, v6)

(v1, e67)

(v2, e67)

(v3, e67)

(e12, v7)

(e13, v7),

(e23, v7)

(v4, e56)

(e14, v7)

(e34, v7)

(v4, e67)

e(1,6)(2,7)

e(1,7)(2,6)

e(1,6)(3,7)

e(1,7)(3,6)

e(2,6)(3,7)

e(2,7)(3,6)

e(1,5)(4,6)

e(1,6)(4,5)

e(3,5)(4,6)

e(3,6)(4,5)

e(1,6)(4,7)

e(1,7)(4,6)

e(3,6)(4,7)

e(3,7)(4,6)

R =

v15 v16 v25 v26 v35 v36




0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 1 0 0

0 0 0 0 1 0

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

1 1 0 0 0 0

1 0 1 0 0 0

0 1 1 0 0 0

0 0 0 1 1 0

1 0 0 0 0 1

0 0 1 0 0 1

0 0 0 0 1 1

0 1 0 0 0 0

1 0 0 0 0 0

0 0 1 0 0 0

1 0 0 0 0 0

0 0 1 0 0 0

0 1 0 0 0 0

0 0 0 0 1 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 1 0 0

0 0 0 0 0 1

1 0 0 0 1 0

0 0 0 0 0 1

0 0 1 0 1 0




(e14, v5)

(e14, v6)

(e34, v5)

(e34, v6)

(v1, e67)

(v2, e67)

(v3, e67)

(e12, v7)

(e13, v7),

(e23, v7)

(v4, e56)

(e14, v7)

(e34, v7)

(v4, e67)

e(1,6)(2,7)

e(1,7)(2,6)

e(1,6)(3,7)

e(1,7)(3,6)

e(2,6)(3,7)

e(2,7)(3,6)

e(1,5)(4,6)

e(1,6)(4,5)

e(3,5)(4,6)

e(3,6)(4,5)

e(1,6)(4,7)

e(1,7)(4,6)

e(3,6)(4,7)

e(3,7)(4,6)
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-f [g]

v15 v45

v25 v35

v26

v16

v36

v46

v27

v17

v37

v47

v15

v25 v35

v26

v16

v36

G1[G2] G′
1[G

′
2]

Fig.8

I(G1[G2]) =




I(G′
1[G

′
2]) O

Q R




, I(G′
1[G

′
2]) =

v15 v16 v25 v26 v35 v36




1 1 0 0 0 0

0 0 1 1 0 0

0 0 0 0 1 1

1 0 1 0 0 0

1 0 0 0 1 0

0 0 1 0 1 0

1 0 0 1 0 0

1 0 0 0 0 1

0 0 1 0 0 1

0 1 1 0 0 0

0 1 0 0 1 0

0 0 1 1 0 0

0 1 0 1 0 0

0 1 0 0 0 1

0 0 0 1 0 1




,

(v1, e56)

(v2, e56)

(v3, e56)

e(1,5)(2,5)

e(1,5)(3,5)

e(2,5)(3,5)

e(1,5)(2,6)

e(1,6)(2,5)

e(1,5)(3,6)

e(1,6)(3,5)

e(2,5)(3,6)

e(3,5)(2,6)

e(1,6)(2,6)

e(1,6)(3,6)

e(2,6)(3,6)

O = (0)15×6 and
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Q =

v15 v16 v25 v26 v35 v36




0 1 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 1

0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 0 0 0

0 0 0 0 1 0

1 0 0 0 0 0

0 0 0 0 1 0

1 0 0 0 0 0

0 0 0 0 1 0

0 1 0 0 0 0

0 0 0 0 0 1

0 1 0 0 0 0

0 0 0 0 0 1

0 1 0 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 1 0

0 0 0 0 1 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 1

0 0 0 0 0 1

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0




(v1, e67)

(v2, e67)

(v3, e67)

(v4, e56)

(v4, e67)

e(1,5)(4,5)

e(3,5)(4,5)

e(1,5)(4,6)

e(1,6)(4,5)

e(3,5)(4,6)

e(3,6)(4,5)

e(1,5)(4,7)

e(1,7)(4,5)

e(3,5)(4,7)

e(3,7)(4,5)

e(1,6)(4,6)

e(3,6)(4,6)

e(1,6)(4,7)

e(1,7)(4,6)

e(3,6)(4,7)

e(3,7)(4,6)

e(1,7)(4,7)

e(3,7)(4,7)

e(1,5)(2,7)

e(1,7)(2,5)

e(1,5)(3,7)

e(1,7)(3,5)

e(2,5)(3,7)

e(2,7)(3,7)

e(2,7)(3,5)

e(1,6)(2,7)

e(1,7)(2,6)

e(1,6)(3,7)

e(1,7)(3,6)

e(2,6)(3,7)

e(1,7)(2,7)

e(1,7)(3,7)

e(2,7)(3,7)

R =

v15 v16 v25 v26 v35 v36




1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 1 0

0 0 0 0 1 1

0 0 0 1 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 0 0 1

0 0 0 1 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 0 0 1

1 0 0 1 0 0

0 0 1 1 0 0

1 0 0 0 1 0

0 0 1 0 1 0

1 0 0 0 0 1

0 0 1 0 0 1

1 0 0 0 0 0

1 0 0 0 0 0

0 1 0 0 0 0

1 0 0 1 0 0

0 0 1 1 0 0

1 0 0 0 0 0

1 0 0 0 0 0

0 1 0 0 0 0

1 0 0 0 1 0

0 0 1 0 1 0

1 1 0 0 0 0

1 0 1 0 0 0

0 1 1 0 0 0

1 0 0 0 0 1

0 0 1 0 0 1




(v1, e67)

(v2, e67)

(v3, e67)

(v4, e56)

(v4, e67)

e(1,5)(4,5)

e(3,5)(4,5)

e(1,5)(4,6)

e(1,6)(4,5)

e(3,5)(4,6)

e(3,6)(4,5)

e(1,5)(4,7)

e(1,7)(4,5)

e(3,5)(4,7)

e(3,7)(4,5)

e(1,6)(4,6)

e(3,6)(4,6)

e(1,6)(4,7)

e(1,7)(4,6)

e(3,6)(4,7)

e(3,7)(4,6)

e(1,7)(4,7)

e(3,7)(4,7)

e(1,5)(2,7)

e(1,7)(2,5)

e(1,5)(3,7)

e(1,7)(3,5)

e(2,5)(3,7)

e(2,7)(3,7)

e(2,7)(3,5)

e(1,6)(2,7)

e(1,7)(2,6)

e(1,6)(3,7)

e(1,7)(3,6)

e(2,6)(3,7)

e(1,7)(2,7)

e(1,7)(3,7)

e(2,7)(3,7)
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