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Abstract: A connected graph with n vertices and q edges is called odd graceful if it is

possible to label the vertices x with pairwise distinct integers f(x) in {0, 1, 2, 3, · · · , 2q − 1}

so that when each edge, xy is labeled |f(x) − f(y)|, the resulting edge labels are pairwise

distinct and thus form the entire set {1, 3, 5, · · · , 2q − 1}. In this paper we study the odd

graceful labeling of class of Tn trees.
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§1. Introduction

Unless mentioned otherwise, a graph in this paper shall mean a simple finite graph without

isolated vertices.

For all terminology and notations in graph theory, we follow Harary [1] and for all termi-

nology regarding odd graceful labeling, we follow [2]. A connected graph with n vertices and q

edges is called odd graceful if it is possible to label the vertices x with pairwise distinct integers

f(x) in {0, 1, 2, 3, · · · , 2q− 1} so that each edge, xy, is labeled |f(x)− f(y)|, the resulting edge

labels are pairwise distinct. (and thus form the entire set {1, 3, 5, · · · , 2q − 1}). In this article

we study the odd graceful labeling of typical class of Tn trees.

§2. On Tn-Class of Trees

Definition 2.1([3]) Let T be a tree and x and y be two adjacent vertices in T . Let there be two

end vertices (non-adjacent vertices of degree one) x1, y1 ∈ T such that the length of the path

x− x1 is equal to the length of the path y − y1. If the edge xy is deleted from T and x1, y1 are

joined by an edge x1y1; then such a transformations of the edge from xy to x1y1 is called an

elementary parallel transformation (or an EPT of T) and the edge xy is called a transformable

edge.
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Definition 2.2 If by a sequence of EPT’s, the tree, T can be reduced to a Hamiltonian path,

then T is called a Tn-tree (transformed tree) and such a Hamiltonian path is denoted as PH(T ).

Any such sequence regarded as a composition mapping (EPT’s) denoted by P is called parallel

transformation of T [3].

A Tn-tree and a sequence of nine EPT’s reducing it to a hamiltonian path are illustrated

in Fig.1 to Fig.3.

In Fig.2, let d1, d2, · · · d9 are the deleted edges and e1, e2, · · · , e9 are the corresponding

added edges ( Given in broken lines).

An EPT PH
i (T ); for i = 1, 2, · · · , 9. The hamiltonian path PH(T ) for the tree in Fig. 1 is

given in Fig.3.
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Theorem 2.3 Every Tn tree is odd graceful.

Proof Let T be a Tn tree with (n + 1) vertices. By definition there exist a path PH(T )

corresponding to Tn. Let Ed = {d1, d2, · · · , dr} be the set of edges deleted from tree T and

Ep is the set of edges newly added through the sequence {e1, e2, · · · , er} of the EPT’s used to

arrive at the path (Hamiltonian path) PH(T ). Clearly Ed and Ep have the same number of

edges. Now we have V (PH(T )) = V (T ) and E(PH(T )) = {E{T }−Ed} ∪Ep: Now denote the

vertices of PH(T ) successively as v1, v2, · · · , vn+1 starting from one pendant vertex of PH(T )

right up to other. Define the vertex numbering of f from V (PH(T ))→ {0, 1, 2, · · · , 2q − 1} as
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follows.

f(vi) = 2
[ i− 1

2

]
if i is odd, 1 6 i 6 n+ 1

= (2q − 1)− 2
[ i− 2

2

]
if i is even, 2 6 i 6 n+ 1

where, q is the number of edges of T and [.] denote the integer part.

Now it can be easily seen that f is injective. Let g∗f be the induced mapping defined from

the edge set of PH(T ) in to the set {1, 3, 5, · · · , 2q − 1} as follows:

g∗f (uv) = |f(u)− f(v)| whenever uv ∈ E(PH(T )).

Since PH(T ) is a path, every edge in PH(T ) is of the form vivi+1 for i = 1, 2, · · · , n.

Case 1 When i is even, then

g∗f(vivi+1) = |f(vi)− f(vi+1)|

=

∣∣∣∣∣(2q − 1)− 2

[
i− 2

2

]
− 2

[
i+ 1− 1

2

]∣∣∣∣∣

=

∣∣∣∣∣(2q − 1)− 2

{[
i− 2

2

]
+

[
i

2

]}∣∣∣∣∣

=

∣∣∣∣∣(2q − 1)− 2

[
i− 2 + i

2

]∣∣∣∣∣

=

∣∣∣∣∣(2q − 1)− 2

[
2i− 2

2

]∣∣∣∣∣

=

∣∣∣∣∣(2q − 1)− 4

[
i− 1

2

]∣∣∣∣∣ (1)

Case 2 When i is odd, then

g∗f(vivi+1) = |f(vi)− f(vi+1)|

=

[
2

[
i− 1

2

]
−
(

(2q − 1)− 2

[
i+ 1− 2

2

])]

=

∣∣∣∣∣2
[
i− 1

2

]
− (2q − 1) + 2

[
i− 1

2

]∣∣∣∣∣

=

∣∣∣∣∣(2q − 1)− 4

[
i− 1

2

]∣∣∣∣∣ (2)

From (1) and (2), we get for all i,

g∗f(vivi+1) =

∣∣∣∣∣(2q − 1)− 4

[
i− 1

2

]∣∣∣∣∣ (3)

From (3), it is clear that g∗f is injective and its range is {1, 3, 5, · · · , 2q − 1}. Then f is odd

graceful on PH(T ).

In order to prove that f is also odd graceful on Tn, it is enough to show that g∗f (ds) = g∗f(es).

Let ds = vivj be an edge of T for same indices i and j, 1 6 i 6 n+ 1; 1 6 j 6 n+ 1 and ds be
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deleted and es be the corresponding edge joined to obtain PH(T ) at a distance k from ui and

uj . Then es = vi+kvj−k. Since es is an edge in PH(T ), it must be of the form es = vi+kvi+k+1.

We have (vi+k, vj−k) = (vi+k, vi+k+1) =⇒ j − k = i+ k + 1 =⇒ j = i+ 2k + 1. Therefore

i and j are of opposite parity =⇒ one of i, j is odd and other is even.

Case a When i is odd, 1 6 i 6 n. The value of the edge es = vivj is given by

g∗f(ds) = g∗f (vivj)

= g∗f (vivi+2k+1)

= |f(vi)− f(vi+2k+1| (4)

=

∣∣∣∣∣(2q − 1)− 2

[
i− 2

2

]
− 2

[
i+ 2k + 1− 1

2

]∣∣∣∣∣

=

∣∣∣∣∣(2q − 1)− 2

{[
i− 2

2

]
+ 2

[
i+ 2k

2

]}∣∣∣∣∣
= |(2q − 1)− (2i+ 2k − 2)|
= |(2q − 1)− 2(i+ k − 1)| (5)

Case b When i is even, 2 6 i 6 n.

g∗f(ds) = |f(vi)− f(vi+2k+1)|

=

∣∣∣∣∣2
[
i− 2

2

]
−
(

(2q − 1)− 2

[
i+ 2k + 1− 2

2

])∣∣∣∣∣

=

∣∣∣∣∣2
[
i− 2

2

]
+ 2

[
i+ 2k − 1

2

]
− (2q − 1)

∣∣∣∣∣
= |(2i+ 2k − 2)− 2− (2q − 1)|
= |(2q − 1)− 2(i+ k − 1)| (6)

From (4), (5) and (6) it follows that

g∗f(ds) = g∗f (vivj) = |(2q − 1)− 2(i+ k − 1)|, 1 6 i 6 n (7)

Now again,

g∗f (es) = g∗f (vi+kvj−k) = g∗f(vkvi+k+1)

= |f(vi+k)− f(vi+k+1)|

=

∣∣∣∣∣(2q − 1)− 2

[
i+ k − 2

2

]
− 2

[
i+ k + 1− 1

2

]

= |(2q − 1)− (2i+ 2k − 2)|
= |(2q − 1)− 2(i+ k − 1)|, 1 6 i 6 n (8)

From (7) and (8), it follows that

g∗f (es) = g∗f (ds).
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Then f is odd graceful on Tn also. Hence the graph Tn-tree is odd graceful. The proof is

complete. 2
For example, an odd graceful labelling of a Tn-tree using 2.3, is shown in Fig.4.
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An odd graceful labeling of a Tn-tree using Theorem 2.3.
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