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Abstract: The aim of our study is to give a definition of the folding of groups and study the
folding of some types of groups such as cyclic groups and dihedral groups, also we discussed

the folding of direct product of groups. Finally the folding of semigroups are investigated.
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81. Introduction

In the last two decades there has been tremendous progress in the theory of folding. The notion
of isometric folding is introduced by S. A. Robertson who studied the stratification determined
by the folds or singularities [10]. The conditional foldings of manifolds are defined by M. El-
Ghoul in [8]. Some applications on the folding of a manifold into it self was introduced by P.
Di. Francesco in [9]. Also a folding in the algebra’s branch introduced by M.EI-Ghoul in [7].
Then the theory of isometric foldings has been pushed and also different types of foldings are
introduced by E. El-Kholy and others [1,2,5,6].

Definition 1.1([4]) A non empty set G on which is defined s > 1 associative binary operations
x 1s called a multi-semigroup, if for all a,b € G,axb € G, particularly, if s = 1, such a

multi-semigroup is called a semigroup.
Example 1 Z, ={0,1,2,...,p— 1} is a semigroup under multiplication p, p € Z*.

Definition 1.2([4]) A subset H is a subsemigroup of G if H is closed under the operation of
G ; that it if axbe H for all a,b e H.

Definition 1.3 A multi-group (G, O) is a non empty set G together with a binary operation
set O on G such that for « € O, the following conditions hold:

(1) Ya,b € G thenaxb € G.

(2) There exists an element e € G such that axe =e*xa = a, for all a € G.

1 1

(3) For a € G there is an element a=' in G such that axa ™' =a ' xa=e.

Particularly, if |O| = 1, such a multi-group is called a group and denoted by G
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A group G is called Abelian if a *b = bx a for all a,b € G. The order of a group is its

cardinality, i.e., the number of its elements. We denote the order of a group G by |G]|.

Definition 1.4([3]) The group G is called a cyclic group of order n, if there exists an element
g € G, such that G = {g) = {g |g" = 1}. In this case g is called a generator of G.

Definition 1.5([3]) The dihedral group Da,, of order 2n, is defined in the following equivalent
ways: Doy = {a,b | a®> =b" =1,bab= a}.

Definition 1.6([3]) A subset H is a subgroup of G ,H < G, if H is closed under the operation
of G ; that it if axb € H for all a,b € H.

Definition 1.7([3]) The trivial subgroup of any group is the subgroup {e}, consisting of just
the identity element.

Definition 1.8([3]) A subgroup of a group G that does not include the entire group itself is
known as a proper subgroup, denoted by H < G.

Theorem 1.1 Every subgroup of a cyclic group is cyclic.

82. Group Folding

In this section we give the notions of group folding and discuss the folding of some kinds of

groups

Definition 2.1 Let G1,G2 are two groups, The group folding g.f of G1 into Go is the map
f . (Gl,*) — (GQ,O) st.
Vae Gy, fla)=b,fla)=0b""

where b € Gy and f(G1) is subgroup of Ga.
Definition 2.2 The set of singularities Y f is the set of elements a; € G such that f(a;) = a;.

Definition 2.3 A group folding is called good group folding g.g.f if H is non trivial subgroup
of G.

Proposition 1.1 The limit of group folding of any group is {e} .

Proof Let G be any group and since any group has two trivial subgroups (G, *), ({e} , *) ,where
({e},*) is the minimum subgroup of G. Then if we define a sequence of group folding
fi : (G, %) — (G, %), such that f(a;) =b; , f(a; ') = b; *. We found that lim f;(G) = {e}. O

Theorem 2.1 Let G be cyclic group G = {g: g? =1}, where p is prime. Then there is no
g.g.f map can be defined on G.

Proof Given G is cyclic group of order p, since p is prime. Then there is no proper subgroup

can be found in GG. Hence we can not able to defined any g.g.f map on group G. O
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a1 Q2

Theorem 2.2 Let G be cyclic group G = {g : g* = 1}, wherep = ¢7'¢5% -+ - qo™ and q1,q2," -+ ,qn

are distinct prime number. Then the limit of g.g.f map of G is the proper subgroup , H =
P

{g9: ()% =1},

a1 2

Proof Since G be cyclic group and |G| = p = ¢7'¢5% - ¢, q1,q2, "+ ,qn are distinct
prime number. Then there exist proper subgroup H < G such that |H| = k. So we can defined
g.g.f map fi; : G — G, such that fi(G) = H, after this there exist two cases.

Case 1. If k is prime number then we can not found a proper subgroup of H and so
dim fi(G) = H and k= q;,1 i <n, fi(G) = H={g%: (g)7 =1}.

Case 2. If kisnot prime. Then k = g7 ¢5? - - - ¢&™, m < n, hence there exist a proper subgroup
H < H, ’fl’ = k. Thus we can defined a g.g.f map fo : H — H, such that fo(H) = H. Again
if |H| is prime. Then _li}m (G =H, k=q,1<i<m, fi(G)=H= {gqi : (g‘li)q% = 1} or,
if |f_I| =k is not prim;. Toﬁen we can repeat the Case I again. Finally the limit of g.g.f of G
is the subgroup H = {g‘ﬁ : (gqi)q% = 1}. O

Corollary 2.1 Ifp = q“ then the limit of g.g.f map of G is a subgroup H = {gq : (gq)g = 1} .

Example 2 Let G = {g:¢'? =1} be a cyclic group, |G| = 12 = 22.3, so we can defined a
g.g.f map as the following f; : G — G, such that:

f1(1) =1, f1(8*) = g% f1(9"") = 9",
filg") = g* f1(9°) = ¢°, f1(g®) = 47,
f(g®) =g f1lg") = 9",

fig®) = g* f1(¢”) = ¢°,

filg) = ¢°% filg") = ¢°

and f1(G) = H = {1, 92, g%, 4%, g%, glo}, since the order of H is not prime then we can defined
a g.g.f map as the following f5 : H — H such that

g4,gs} is proper subgroup of H. Since the order of H is prime, then

(g")* =1}

Proposition 2.2 For any dihedral group Day, = {a,b |a =b™ = 1,bab =1}, we can defined a
g.g.f map.

oS pNe D}

Theorem 2.3 Let Dy, be a dihedral group ,where n = q7'q3*---q%m and q1,q2, -+ ,qm are
distinct prime number. Then the limit of g.g.f of Da, is one of these H; = {l,abi} Q=
1,2,---,nor H; = {bqi (bqi)q% = 1}71': 1,2,---,m.
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Proof Let Da, = {a,b|a=0b"=1,bab= 1} be a dihedral group of order 2n. Then the
group Ds,, has n proper subgroups H; = {1, abi} ,i=1,2,....,n of order 2, and so we can defined
a g.g.f map f: Dy, — Do, such that f(Da,) = H;.

Also since the dihedral group has proper cyclic subgroup H = {b|b™ = 1}. Then we can
defined a g.g.f map f : Do, — Day,, such that f(Da,) = {b|b™ = 1}, and since the subgroup

H = {b|b™ = 1} be cyclic group of order n = ¢7"¢5? - - - ¢%m. Thus by applying the Theorem
2.2 we get that lim f;(D2,) = H = {bQi|(bqi)qli = 1} i=1,2,--,m. 0

83. Group Folding of the Direct Product of Groups

In this section we discuss the group folding of direct product of groups. Let f1 : (G1,%) —
(G1,%), fa: (Ga,%) — (Ga,%) are two g.g.f maps. Then we define the direct product of the
f1, f2 as the following:

fl X fg : (Gl X Gg,*) — (Gl X Gg,*)
Va € G1,b € G2, (f1 x fa) (a,b) = (fi(a), f2(D))

Theorem 3.1 The direct product of two g.g.f maps are g.g.f map also, but the converse is

not always true.

Proof Since f1 : (G1,*) — (G1,%), fa : (G2,%) — (Ga,*) are two g.g.f maps then there
exist two proper subgroups Hy, Hs of G1, G2 respectively, such that f1(G1) = Hy, f2(G2) = Ha.
As the direct product of the any two proper subgroups are proper subgroups. Hence H; x Hy <
G1 X G2. Now we will proof that the map, f* = f1 X fo : G1 x G — G1 X G4 is g.g.f map.
Let a,b € G1,G2 and ¢,d € Hy, Hs respectively, then we have:

[ (a,b) = (f1 x f2) (a,b) = (fi(a), f2(b)) = (¢,d) € H1 x Ha,
o) =(fAxf)(aho )= (cd ) e H x Ha.
Hence the map f* is g.g.f map. To proof the converse is not true, let G; = {91 | g7 = 1}

,Go = { g2 | g5 = 1} be cyclic groups and since the order of them are prime then from Theorem

2.1, we can not able to define a g.g.f map of them. But the direct product of Gy, G is

Gl X G2 = {(17 1)7 (1792)7 (1795)7 (917 1)7 (91792)7 (glugg)} .
and since the |(G; x G2)| = 6. Hence G x G2 has a proper subgroup H = {(1,1), (1, g2)} and
so we can define the g.g.f map f* : Gy X Ga — G X G2 as the following:
1) =(1,1),
792) = (1792)7 f*(glu 1) = (17 1)7
91792) = (1792)7
glvgg) = (1792)

This completes the proof. O
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84. Folding of Semigroups

In this section we will be discuss the folding of semigroups into itself. Let (G, *) be a commu-

tative semigroup with identity 1, i.e. a monoid.

Definition 4.1([4]) A nonzero element a of a semigroup G is a left zero divisor if there exists
a nonzero b such that a b = 0. Similarly, a is a right zero divisor if there exists a nonzero

element ¢ € G such that cxa = 0.

The element a is said to be a zero divisor if it is both a left and right zero divisor. we will

denote to the set of all zero-divisors by Z(G), and the set of all elements which have the inverse
by I(G).

Definition 4.2 The zero divisor folding of the semigroup G, z.d.f, is the map f, : (G,*) —
(G, ), st.

0 ifx=0
fo(z) = a ifexa=0, x,a#0
v iferat0, 2,a40

where a € Z(Q).

Note that f,(G) may be semigroup or not. We will investigate the zero divisor folding for
Z,, semigroups.

Definition 4.3 Let Z;, be a semigroup under multiplication modulo p. The z.d.f map of Zj,
is the map f,: (G,.) — (G,.), st.

0 ifx=0
f(@) =19 ¢ ifrg=0, z,q #0
T ifzq# 0, z,q#0

where g € Z(Zy ), is the greatest divisor of p.
Proposition 4.1 If the order of Z, is prime. Then f.(G) = G, i.e. f. is identity map.

Proof Since the order of semigroup Z, is prime. Then the semigroup Z, has not got any
zero divisor, and so the z.d.f which can defined on Z, the identity map f.(z) = z, for all
T € L. 0

Theorem 4.1 Let Z,be semigroup of order p, then z.d.f of Z, into itself is a subsemigroup
under multiplication modulo p. Has one zero divisor if 4 | p or has not any zero divisor if 41 p.

Proof Let Z, be semigroup under multiplication modulo p. Then Z,, consists of two subsets
Z(Lp), 1(Zp).
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Case 1. If p is even, then the z.d.f map defined as follows:

0 ifz=0:
f(x) =9 L ifzeZ(Z,), vis even;
z ifxeZ(Zy), xis odd orz € I(Zy),
where P is the greatest divisor of p. Hence f,(Z,) = I(ZP)U{O, B, T, ,xn}, where 1, -+ , T,

are odd zero divisors and z;.x; # 0, for all ¢,j = 1,--- ,n. Notice that f.(Z,) = I(Z,) U

{0, g, T1,- - ,:En} is subsemigroup under multiplication modulo p. If 4 | p then 5% =0, hence

the subsemigroup f.(Z,) has one zero divisor g Otherwise, if 4 1 p then g, g # 0. And so

H =1(Z,) U {0, g,xl, e ,:En} is subsemigroup under multiplication modulo p without any

zero divisor.
Case 2. If p is odd, then the z.d.f map defined as follows:
0 ifz=0;
f(x) =< q ifze€ Z(Z,), xis odd;

z ifxe Z(Zy), xisevenor z € I(Zy),

where ¢ is the greatest divisor of p. Hence f,(Z,) = I(Z,)J{0,q, 1, -+ ,&n}, where z1,--- , 2y
are even zero divisors and z;.z; # 0 for all 4,5 = 1,---,n. Notice that f,(Z,) = I(Z,) U
{0,q, 21, ,zn} is subsemigroup under multiplication modulo p, and since p is odd. Then
f2(Z — p) has not any zero divisor. O

Corollary 4.1 If Z, be semigroup under multiplication modulo p and p = (¢)™,m € N. Then
f2(Zyp) = I(Zy) U{0,q™ 1} is subsemigroup under multiplication modulo p.

Example 3. (1) Let Z1o = {0,1,2,3,---,9} be semigroup under multiplication modulo 10.
Since p = 10 is even then the z.d.f map defined as follows:

0 ifz=0;
f(x) =14 5 ifze{2,4,86};
¢ ifze{1,3,7,9,5).
Thus f.(Z10) = {0,1,3,7,9,5}. Obviously, f.(Z1) is a subsemigroup under multiplication
modulo 10. Since 4 1 10, then f.(Z10) has not any zero divisor.

(2) Let Z12 ={0,1,2,3,cdots, 11} be a semigroup under multiplication modulo 12. Since
p = 12 is even then the z.d.f map defined as follows:

0 ifx=0;
f(x) =14 6 ifxc{2,4,6,810};
z ifr €{1,3,5,7,9}.

Hence f.(Z12) = {0,1,3,7,9,5,6}. Obviously, f.(Z12) is a subsemigroup under multiplication
modulo 12 and 6 is a zero divisor.
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